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Abstract. Let 0 < p < 2, let {Xy; n > 1} be a sequence of inde-
pendent copies of a real-valued random variable X, and set S, = X1 +
...+ Xy, n > 1. Motivated by a theorem of Mikosch (1984), this note
is devoted to establishing a strong law of large numbers for the sequence
{maxi<r<n |Sk|; n = 1}. More specifically, necessary and sufficient con-
ditions are given for

lim ( max \Sk|)(10g”)71 =e!/P as.

n—oo 1<kLn ’

where log z = log, max{e,z}, x > 0.
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1. A THEOREM OF MIKOSCH

Throughout this note, let { X, X,,; n > 1} be a sequence of independent and
identically distributed (i.i.d.) real-valued random variables defined on a probability
space (2, F,P). As usual, let S, = "', X, n > 1, denote their partial sums.
For a,b € R = (—00, 00), we denote max{a, b} by a V b and min{a, b} by a A b.
Write log x = log.(e V ),z > 0.If 0 < p < 2, then

S.
lim —— =0 almost surely (a.s.)
n— oo nl/P
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20 S. Chang et al.

if and only if
E|X|P < oo, where EX =0 whenever p > 1.

This is the celebrated Kolmogorov—Marcinkiewicz—Zygmund strong law of large
numbers (SLLN); see Kolmogoroff [[1] for p = 1 and Marcinkiewicz and Zygmund
[B] for p # 1. The origin of the current investigation is the following strong limit
theorem established by Mikosch [9] (see Addendum 7.5.16 of Petrov [[I], p. 258)
which is related to the Kolmogorov—Marcinkiewicz—Zygmund SLLN.

THEOREM 1.1 (Mikosch [9]). Suppose that E| X |? < oo for some 3 > 0 and
EX = 0if 3 > 1. Let
Bo =sup{f >0: E\X\B <oo} and p=LoN2.
Then

(logn)~*
(1.1) lim sup =1 as.

n—oo

on
nl/P
REMARK 1.1. Since, forn > 3,

(logn)~*

)

Sn

—1/p (logmn)~t _
¢ [l N ‘nl/p

(M) is equivalent to

(1.2) lim sup ]Sn](log")_l =P as.

n—oo

REMARK 1.2. Recently Zou and Liu [I1] proved for 0 < p < 2 that (I2)
holds if and only if

P(X =0)<1, EX =0,
and sup{f > 0: E|X|® < 00} > 2 ifp=2,
EX =0and sup{3>0: E|X|° <oc}=p ifl<p<2,

1.3

(13) either sup{3 >0: E|X|® < 00} =1
or E|X| <ocoand EX #0 ifp=1,
sup{8>0: E|X|® <0} =p fo<p<l

We now look at the following two examples.

Probability and Mathematical Statistics 39, z. 1, 2019
© for this edition by CNS



Strong laws of large numbers 21

EXAMPLE 1.1. Assume that {X, X,,; n > 1} is a Rademacher sequence;
that is, { X, X,;; n > 1} is a sequence of i.i.d. random variables with P(X = 1) =
P(X = —1) = 1/2. Then

EX =0 and EX?=1,
and hence, by Theorem 1.1,

logn)~! 1/2

limsup | S, |¢

n—oo

=€ a.s.

On the other hand, for this example, it is well known that
P (S,, = 0 infinitely often (i.0.)) = 1,

and hence »
liminf|S,|1¢™ " =0 as.
n—oo

Thus, for this example,

. 7]‘ .
lim |S,|1%8™ ™" does not exist a.s.
n—oo

EXAMPLE 1.2. Let {X, X,,; n > 1} be a sequence of i.i.d. real-valued ran-
dom variables with a symmetric distribution given by

c1(logk)?

P(X =k)=P(X =—k) = 2

k=1,2,3,. ..,
where ¢; = (272 (log k)2/k:2)71. Then

sup{f > 0: E|X|® < 00} =1,
and hence, by Remark 1.2,

lim sup ]Sn](log"r1 =e as.
n—oo
On the other hand, for this example, Kesten [6], pp. 1182-1183, showed that
.Sl
liminf — =0 a.s. Va > 0.
n—oo N
Thus
. (logn)~!
liminf|S,|1°8™ " = lim inf * | 22 <e” as.Va>0,
n—oo n—oo n
and hence

liminf S, €™ " <1 as.

n—oo

Thus, for this example,

. 71 .
lim |S,|198™"" does not exist a.s.
n—oo
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22 S. Chang et al.

Motivated by the theorem of Mikosch [9] and two examples above, this note
is devoted to establishing an SLLN for the sequence {maxi<p<n |Sk|; n > 1} of
the maximum of partial sums of i.i.d. real-valued random variables. Necessary and
sufficient conditions are given for

X -1
lim ((max [Sg)18™ " =el/P as, where0 < p < 2.
n—oo 1<k<n

Our main results are Theorems 2.1-2.4 stated in Section 2. In regard to Exam-
ple 1.1 above, it follows from Theorem 2.1 that

lim ( max |Sk|)(log”)71 —=¢'/? as.,
n—oo 1<k<n

and in regard to Example 1.2 above, it follows from Theorem 2.3 that

li (logn)~1
Jim (o2 |Sk])

= € a.s.

2. THE SLLN FOR THE SEQUENCE OF THE MAXIMUM OF PARTIAL SUMS

We start with some notation. Let X be a given real-valued random variable.
Write
p1 =sup{r >0: lim 2"P(|X]| > x) =0},
Tr— 00
p2 =sup{r > 0: liminf2"P(|X| > z) = 0}.
Tr— 00
Clearly, p; and pg are two parameters of the distribution of the random variable X

and satisfy
0 < p1 < p2 <00

We say that X is a symmetric random variable if

PX<z)=PX >—z) VzeR.

Let {X,; n > 1} be a sequence of independent copies of a real-valued random
variable X . Let 0 < p < 2. In this section, the SLLN for {maxi i<y |Sk|; n > 1}
is presented by the following Theorems 2.1-2.4.

THEOREM 2.1. The following three statements are equivalent:

(2.1) lim ( max \Sk\)(bg”)_l =e'? as.,
n—oo 1<k<n

(2.2) 0 < limsup( max 1S,y os) ™ < M2 s,
2.3) P(X=0)<1, EX=0, and pi>2.
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Strong laws of large numbers 23

REMARK 2.1. It is easy to see that (1) holds for Example 1.1. Furthermore,
(Z) holds for any real-valued random variable X satisfying

EX=0 and 0<EX?< oco.

However, the converse is not true. Thus, we see that Theorem 2.1 is a kind of
supplement to the classical Hartman and Wintner [8) law of the iterated logarithm
(LIL) for the partial sums of i.i.d. random variables.

THEOREM 2.2. Let1 < p < 2. Then

lim ( max \Sk\)(log”r1 = e'/? as. ifand only if EX =0 and p1 = ps2 = p.

n—oo 1<k<n

THEOREM 2.3. (i) Let X be a real-valued random variable such that

2.4 either E|X| < ococand EX #0 or p; = p2 = 1.
Then
(2.5) lim ( max |S,))12" " = ¢ as.

n—oo 1<kn
(1) If X is a real-valued symmetric random variable, then

(I3) holds if and only if p1 = p2 = 1.

REMARK 2.2. We now reconsider Example 1.2. Clearly, X is symmetric.
Since
X cilogk)®  ei(logn)?
Z ]{72 ~

k=n

asn — oo,

we see that
p1=p2=1,
and hence, by Theorem 2.3, (Z3) holds.

THEOREM 2.4. Let 0 < p < 1. Then

lim ( max |Sk\)(log")_1 = e'/? as. ifand only if p1 = py = p.

n—o00 1<k<n

To prove Theorems 2.1-2.4, some preliminary lemmas will first be established
in Section 3. These lemmas may be of independent interest. Our main results will
then be proved in Section 4. We refer the reader to Chow and Teicher [[I] for any
basic results in probability theory that are used in this note.
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24 S. Chang et al.

3. PRELIMINARY LEMMAS

To prove the SLLN for the sequence of the maximum of partial sums, we use
the following preliminary lemmas.

LEMMA 3.1. Let {an; n > 1} be a nondecreasing sequence of positive real
numbers such that

lim a, = co.
n—oo

Then, for any sequence {bn; n > 1} of real numbers such that sup,,>; |bn| > 0,
we have

(3.1) limsup( max |by|)/* =1V limsup |b,|"/*".

n—oo 1<k<n n—oo

Proof. Set v = limsup,_,._ [bn|"/*"

no > 1 such that |by,,| > 0. Note that

. Since sup,,»1 [b,| > 0, there exists

l/an > 1/an an ~ 1/an S
(ax [be]) /" > [bn| and  (max [bi))/" > o[, 0> o,

We thus see that

lim sup( max bg) /% > lim sup \bn|1/“" =7,

n—oo 1<k<n n—o0

and it follows from lim,, ., a,, = oo that

lim sup( max |by|)"/* > limsup \bno\l/a" =1,
n—oo 1<k<n n—oo

and hence

(3.2) lim sup( max |by])Y/% > 1V ~.

n—oo 1<k

We now show that

(3.3) lim sup( max |b])/% <1V ~.
n—oo 1<kSn
Clearly, (3.3) holds if v = oo.
We now turn our attention to the case 0 < v < oo. For given € > 0, there
exists a positive integer n. > ng such that

‘bn|1/an Syte Vn 2> ne,

and hence
Qn

bal < (y+€)* < ((LVy)+€)™ Vn>ne
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Strong laws of large numbers 25

Since {a,; n > 1} is a nondecreasing sequence of positive real numbers and
(1V~y)+e>1, wesee that

el < (AVY) +€)* Vn<k<n
Thus we have

(max |bp)V/% < ((max |bp))Y% v ( max |by])"/ "

1<k<n 1<k<ne, ne<k<n
< l/an > ne.
< (lgczg?(%\bk]) V(IVy)+e) Vn=n

Since lim,, .o, a, = 00, we get

limsup( max [bg))/*" <1V (1V7y)+e) =(1Vy) +e

n—oo 1\ X
Letting € N\, 0, we obtain (3.3), which together with (3.2) yields the conclusion

(3.1). The proof of Lemma 3.1 is now complete. =

Note that, for r > 0,

if lim 2"P(|X| >xz) =0, then E|[X|" <00 VO <,

T—00

and
if E|X|" < oo, then lim z"P(|X|>z)=0V0<r <.
T— 00

We thus infer that
p1 =sup{r >0: lim 2"P(|X|>z) =0} =sup{r > 0: E|X|" < oo}.
r—0Q0

Thus, by Lemma 3.1 and Remark 1.2, we have the following strong limit theo-
rem for the sequence of the maximum of partial sums of i.i.d. real-valued random
variables. This theorem will be used in the proofs of Theorems 2.1-2.4.

THEOREM 3.1. Let 0 < p < 2. Let {X,;; n > 1} be a sequence of indepen-
dent copies of a real-valued random variable X. Then

lim sup( max \Sk\)(log"r1 =el/? as.

n—o0 S
if and only if
P(X=0)<1, EX =0, and p; > 2 ifp=2,
EX =0and p1 =0p ifl<p<2,
either p1 =1 or E|X| <ooand EX #0 ifp=1,
p1=0p fo<p<Ll
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26 S. Chang et al.

The following lemma will be used in the proof of Theorem 2.1.

LEMMA 3.2. Let {X,; n > 1} be a sequence of independent copies of a real-
valued nondegenerate random variable X . Then

(3.4) lim inf( max |Sk])(1°g")71 >e'/? as.

n—oo 1<k<n

Proof. If 0 < EX? < 0o and EX = 0, then it follows from the so-called
other LIL due to Chung [?] and Jain and Pruitt [8] that

(3.5) lim inf w -
n—oo \/n/loglogn /8

If 0 < EX? < co and EX # 0, then it follows from the Kolmogorov SLLN that

(EX?)'/? as.

(3.6) i jnf PeXsk<n [kl e o nlSe/ml

n—co  /n/loglogn ~ n—oo v/n/loglogn

IfEX? = oo, then it follows from Theorem 3.2 of Csaki [3] (see Addendum 7.5.19
of Petrov [I0], p. 258) that

3.7) lim PAXiken |Gkl _ oo

n—oo /n/loglogn

Thus, from (3.5)—(3.7) we obtain

.. e MaAXi<En ’Sk|
liminf ———m———

n—oo /n/loglogn

>0 a.s.,

which ensures that

lim inf( max \Sk|)(l°gn)7l
n—oo 1<k<n

(logn)~!

.. (logn)~1 (maxlékgn ‘Sk‘> )

= liminf | (v/n/loglogn =
n—0o0 <( /loglogn) v/ n/loglogn

> el/? a.s.,

i.e., (3.4) holds. m

The following lemma will be used in the proofs of Theorems 2.2-2.4.

LEMMA 3.3. Let {X,,; n > 1} be a sequence of independent copies of a real-
valued random variable X such that 0 < ps < 2. Then

(3.8) lim inf( max |Sk])(l°g”)_1 > el/r2 g,
n—oo 1<k<n
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Strong laws of large numbers 27

Proof. For given py <7 < oo, let r1 = (r+ p2)/2 and 7 =1 — (r1 /7).
Then pa < 11 < r < oo and 7 > 0. By the definition of p2, we have

lerroloxrllP(]X\ > ) = 00,
and hence for all sufficiently large z,
P(|X|>z) >z .
Thus, for all sufficiently large n,
AP(|X| > nl/T) > (') = pl= 01/ — 7,

and hence
.

1/r 1/r\\" —nP(|X|>nl/" —-n
P(lg£§n|Xk]<n/)z(l—]P’(\X|>n/)) < e MPIXI>RYT) e,

Since
i T
S e < oo,
n=1

by the Borel-Cantelli lemma, we have

(logn)’1< 1/r ; _ < 1/r : _
P((lrgnl?gxn‘XkD <e''"io.) P<1211?§n|Xk’ <n'/"i0.) =0,

which implies

s (logn)~1 S ol/r
(3.9) lﬂgf(lg]?gn | X%|) >e/" as.
Letting r \, p2, from (3.9) we obtain
(3.10) liminf( max |Xz|)(8™ ™" > el/r2 g5,

n—oo 1<k<n

Note that, for eachn > 1,
| Xk = |Sk — Sk—1| < |Sk| + |Sk—1] V1I<k<n.

Thus
max |Xy| <2 max |Sk| Vn> 1.
1<k<n 1<k<n

It thus follows from (3.10) that

lim inf( max |5'k|)(1°g")71
n—oo 1<k<n

(logn)~* »
> lim inf (2) lim inf( max | X3|)(1°8™ " > ¢!/ as.,

n—oo n—oo 1<kn

i.e., (3.8) holds. =
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The following lemma will be used in the proof of Theorem 2.2.

LEMMA 3.4. Let {X,; n > 1} be a sequence of independent copies of a real-
valued random variable X such that

EX =0 and 1<pi <2Aps.
Then

(3.11) lim inf( max |Sg|)18™ " < e/ g,
n—oo 1<k<n

Proof. Let h = ((2A p2) — p1)/4. Since 1 < p1 < 2 A ps, we infer that
h >0, p1 < p1 + 3h < 2 A p2, and by the definition of ps,

lim inf 27 T3hP(| X | > z) = 0.

Tr— 00
Hence, by letting 2 = tY/(P121) we obtain
lim inf £177P(| X | > t1/%) = 0,
t—o00

where

_h
p1+ 2h

Then, proceeding inductively, we can choose an increasing sequence {n,,; m > 1}

of positive integers such that n; = 1 and

n >0 and b= p1+2h€(p1,2Ap2).

. . 1
nm:mln{k>2 V(nm—1+1): P<X|>k1/b)<kl+n}’ m > 1.

Write, for (z,y) € (0,2) x (0,2),

2z 2 1+n 1
=14+-—=—= d = — -
pr(z,y) =145 -7 , o p2(2,y) = —n+ — )
Since
. 2 P1 2
lim z,y)=1+-————
Jim e1(z,y) A
Y \PL1
_ b2 —pi =2 (=2 (b=p1) _,
p1b p1b
and ) ) )
. - —
lim wa(x,y)z—wr n_*:u<07
z,/'p1 P1 1 p1
Y \P1
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we can choose r and ¢ such that 1 < r < p1, p1 < ¢ < b, and

2 r 2 1+n 1
=1+-—-—-— 0 d = — -
prrg) =1+ -+ ;<0 pa(r,q) = —n + .
and hence
1 1 1 1
r - - L 1/q
E|X|" < o0, b<q<p1’ and P(|X|>n,) )gnﬁ"’ m >

Write, for 1 < i < nyp, m > 1,

fim = E(XT(IX] < nl9),  Xmi = XaI(1Xi] < 19) = pim.

Note that

k k
Sk = kit + 3. X + 3. X (1X5] > nl/?), 1<k <np, m
=1 =1
We thus have
(3.12)

1<k<nm <k<n

We now show that

(3.13) i "mlml

1
m— 00 nﬁ{q

0,

k
max ‘ Py Xmﬂ-‘
1<ksnm * i=1

(3.14) n}gnoo /g =0 as.,
m
and
T 1/q
5 ) 20X > i)
. 1= _
(3.15) n%gnoo nl/q =0 a.s.
m

To verify (3.13), let s = r/(r — 1). It follows from r > 1 that

1 1
s>1 and -+ -=1.
r S
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30 S. Chang et al.

Since EX = 0 and E|X|" < 0o, using Holder’s inequality, we have

Mo V| | E(XT(1X| > 0 %))

_ nnEIXIDY (E(I(X] > nat®))*
h nk/a
_ i (ELXJD)Y (X > mi )T
= n;&
r\1/r(,—1=n\1-1/r
< nm(E|X| ) 15;%” ) _ (E|X’r)1/rnﬁf(nq)7 m>1,
nm

and hence, by recalling that 2 (r, ¢) < 0, (3.13) follows.

We now verify (3.14). Note that for each m > 1, X,,,;, 1 <@ < nyp, are i.i.d.
real-valued random variables such that EX,, ; = 0, 1 < ¢ < n,,. Thus, using Kol-
mogrov’s inequality, we see that, for all e > 0 and m > 1,

Tm

IF’( max ‘ZXmZ‘>en1/q)

1<k<nm

ar(gl ’)< WE(X2I(1X| < ni))

< <
eQngn/q € nn{q
R E(XIX2TI(X] < i) ]E(XQI(nl/b < |X| < ni9)
- 2/q + 2/q
nmng/w O 2l <X < nl/q)
< (EIXT") 22l T
€2 €2 Nm

< BIX[7/ni ) 4 (1))

nl
Nm

< (EIX[/€) 2P 4 (1/e )% (EIX]"/e)X™ + (1/6)2,7m,

where we let A = 2¢1("9) Then 0 < X < 1 since @1 (r, q) < 0. Hence

o0
1/
mZ=1P(1<Hk1€<D7§m}Z§sz| > €en q)

]E|X]T 0 1
2

ZA’”

> 1
Z—m<oo Ve>0,

which, by applying the Borel-Cantelli lemma, yields (3.14).
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To verify (3.15), note that

[e%e) Nm ')
ZP(Z|X|I\X|>nl/‘1 #0) = 3 P( max 1 X, > nk/9)
m=1  i=1 m=1 ISiSnm
< Y naP(IX] > nif) < Z*xzﬁ,ﬁoo
m=1 m=1 Tlm 27

Thus, applying the Borel-Cantelli lemma, we have
Nm
P(Y X I(1X] > nyl?) # 0io0.) =0,
i=1

which ensures (3.15).
It thus follows from (3.12)—(3.15) that

maxi<k<n,, | Skl

lim =0 as.
m— o0 1/q ’
Nm
and hence
.. .MaXi<k<n |Sk|
liminf —————= =0 as.,
n— 00 nl/q

which ensures that
—1

-1
liminf( max |Sg|)1°8™ " = lim inf e!/4
n—oo 1<k<n n—00

(maxlgkgn || > (logn)

nl/q
et < ellr g,

where the first inequality follows from the observation that if 0 < a,; — 0 and
0 <b; — 0, then anj < 1 for all large 5. Thus (3.11) holds. =

The following Lemmas 3.5 and 3.6 will be used in the proofs of Theorems 2.3
and 2.4, respectively. Their proofs are similar to that of Lemma 3.4.

LEMMA 3.5. Let {X,; n > 1} be a sequence of independent copies of a real-
valued symmetric random variable X such that py = 1 < pa. Then

(logn)~*
(3.16) lﬂg}f(lﬁlﬁfnw’c') <e as.

Proof. Leth = ((2A p2) —1)/4,n = h/(1+ 2h), and b = 1 + 2h. Since
1 < pg,wehave h > 0,1 > 0,b € (1,2 A p2), and by the definition of ps,

lim inf ¢+7P(|X| > t1/y = 0.
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Then, proceeding inductively, we can choose an increasing sequence {n,,; m > 1}
of positive integers such that n; = 1 and

1
nm:min{k>2m\/(nm1+1): P(|X| > k%) < }, m > 1.

Write
2 x 2
qb(x,y):l—i—f———;, (l‘,y)E(O,Q)X(O,Q).
Since p; = 0 and

2 1 1-b
li =l+----2=""T12<0
xl/rgleb(ff:,y) +t1 7% 5 <0,
Y \P1

we can choose r and ¢ such that

2 2
O0<r<l<g<bdb and (p(rjq):1+7_f_7<07
q

b b
and hence
- 1 1 1/ 1
E|X|" < oo, 5<7<17 and  P(|X[>n, %) < 4, m>1
q m

Since {X,,; n > 1} is a sequence of independent copies of the real-valued sym-
metric random variable X, using Lévy’s inequality and Chebyshev’s inequality, we
have form > 1,

(3.17) P( max [y > 2ent/7) < 2P(|S,,, | > 2enk/9)

1\ INm

<2P(| Y. XI(1X;] < nl{9)| > enl/9)
=1

Nm
+2P(| S X I(1X;| > nl/9)] > enl/4)
=1

CE(X2I(X] < nl/?
<<2)n (X X] < ))+2nmP(|X|>n},{Q)ve>0.

) 2
€ nn{q
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Let ¢ = 299 Then 0 < ¢ < 1 (since ¢(r, q) < 0). Note that

nmE(X2I(1X] < i)

(3.18) e
E(IX|"X2T(X] < nil?)  nmB(X2I(n" < |X| < ni?))
- +
2/q 2/q
/5~ /) 2/ 1/q
TN, P < |X
< (E|x|) < IX] < ron )
nm nm

1
E|X|")nerd) 4 -
< (BIXT) 0™ +

m

ry (om)\e(r,q) i — moy -
< (E[X]") (2™) + o = (EIXT)C +2,7m vm >
and
(3.19) n P(|Xy>n1/q)<i<ivm>1
. m m X nfgn X 277m = .

It thus follows from (3.17)—(3.19) that

1/q
(3.20) Z P( lggx |Sk| > 2en,/?)

<IE|X| ng—i— Z 2nm>+2z Sy < Ve>0.

Applying the Borel-Cantelli lemma, we see that (3.20) implies

i X1k | Skl

1
m— o0 nm{q

=0 a.s.,

which ensures that
-1

-1
liminf( max |Sg|)1°8™ " = liminf e!/4
n—oo 1<k<n n—0oo

<max1<k<n |Sk| ) (log )

nl/q

<el<e as.,

i.e., (3.16) holds. m

LEMMA 3.6. Let {X,,; n > 1} be a sequence of independent copies of a real-
valued random variable X such that 0 < p1 < 1 A pa2. Then

(3.21) lim inf( max |Sy|)(°e™" Y edlm g

n—oo 1<k<n
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Proof. Let h = ((1Ap2) —p1)/4, n = h/(p1 + 2h), and b = p; + 2h.
Since 0 < p1 < 1 A pa, wehave h > 0,7 > 0,b € (p1,1 A p2), and by the defini-
tion of po,

lim inf tHP(| X > /%) = 0.

Then, proceeding inductively, we can choose an increasing sequence {n,,,; m > 1}
of positive integers such that n;y = 1 and

1
nm:min{k>2m\/(nm1—|—1): P(|X| > k%) < }, m > 1.

Write

Since

. 1 po 1 pibtpi—pi—=b (p1—1)(b—p)
lim ¢(z,y) =14+ ———— = =

S MV =y oib pib

Y \p1

<0,

we can choose r and ¢ such that

1 1
O<r<p<q<b and o =147 <0
and hence
1 1 1 1
EX["<oo, ;<-<-—, and P(X|>n}9)<——, m>1
b q m nln

Using Markov’s inequality, we have for m > 1,

(322) P( max |Si| > 2en}/?) <P(S | Xi| > 2en/)

< P( Zm | X T(1X;] < nlf7) > enl/?) +P( Zm | X T(|1X;] > nl/) > enl/9)

i=1 =1
1N\ n E(IXI(1X] < nk/
< (e) 2 (|1/q| ) + P X[ > n}/9) Ve >0.
Nm
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Let 7 = 299 Then 0 < 7 < 1 (since ¢(r, q) < 0). Note that

nnE (| X |T(|1X] < npl®))

(3.23) n}n/q
nE (| X[ X 11X < npl?)) . nnE(| X[ I(ni < |X| < ni9))
- N N
, ST nmn%q]}”(n%b < |X| < n}r{q)
< (EIX[7) /g /g
N Nm
1
< (E|X|") nd™D) 4 —5
Nim
< (EIX]) @M% 4 - BIX[) " 4 Ym > 1
X onm onm =z
and
1/q 1/b 1
(3.24) nmP(|X| > n9) < npP(|1 X| > n,/ )ézn—m Vm>1

It thus follows from (3.22)—(3.24) that

o0
P Si| > 2enl/a
mZZI (lggim‘ k‘ Enm)
1 o0 o0 1 o0
< S| EIX|T m —_— — < Y > 0,
(BT Z e © i) ¢ X g oo e

which, by applying the Borel-Cantelli lemma, yields

Max1<k<n,, [kl

lim =0 as.
m—o00 1/‘]
Nm
Hence
.. .MaXi<k<n Skl
liminf —————= =0 a.s.,
n—0o0 nl/q

which ensures that

o -1
liminf( max |Sg|)1°8™ " = liminf e!/4
n—oo 1<k<n n—o0

et < ellr g,

logn)~1t
maxi<k<n | Skl (log )
nl/q

ie., (3.21) holds. m
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4. PROOFS OF THEOREMS 2.1-2.4

With the preliminary results provided in the previous sections, Theorems 2.1—
2.4 may be proved.

Proof of Theorem 2.1. By Theorem 3.1 with p = 2 and Lemma 3.2,
(2.1) and (2.3) are equivalent.

Clearly, (2.2) follows from (2.1).

It remains to show that (2.2) implies (2.1). It follows from (2.2) that X is
a nondegenerate random variable. By Lemma 3.2, (3.4) holds, and hence (2.1)
follows. =

Proof of Theorem 2.2. The “if” part follows from Theorem 3.1 with
1 < p < 2and Lemma 3.3.

We now establish the “only if” part. Since 1 < p < 2, by Theorem 3.1, it
follows from

4.1) lim ( max |Sg|)(8™ " = el/P as.
n—oo 1<k<n

that EX = 0 and p; = p. If py # p, then p; < po (since p; < p2). By Lemma 3.4,

we have
lim inf( max ]Sk\)(log")_l <el/r=¢l/P as,

n—oo 1<k<n

which contradicts (4.1). Thus (4.1) implies that EX = 0and p; = p2 = p. =

Proof of Theorem 2.3. (i)If p; = p2 = 1, then (2.5) follows from The-
orem 3.1 with p = 1 and Lemma 3.3.
If E| X| < oo and EX # 0, then, by the Kolmogorov SLLN,

i TAXI<k<n | Sk
m —

n—oo

= |EX]| as.,

and hence

) g, | (logm)!
lim (max [S,)1€" " = lim e (W) —¢ as.,
n—oo 1<k<n n—oo n

i.e., (2.5) holds.

(i1) From part (i), we only need to prove the “only if” part. Since X is a sym-
metric random variable, by Theorem 3.1 with p = 1 and Lemma 3.5, (2.5) implies
thatpy = po=1. =
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REMARK 4.1. We now construct a counterexample to show that (2.4) is not
necessary for (2.5) to hold. In fact, for given 1 < p < o0, let X be a real-valued
random variable with probability distribution given by

P(X:dn):;—z, n>1,

mn
where

" © 1\7!
d, =2, n>1, and 02—<Zd> > 0.
n

n=1

Let {X,,; n > 1} be a sequence of independent copies of X. Then
EX:OO) 101:]-7 P2:P>1a
and (2.5) holds by S, > ndy, n > 1, and Theorem 3.1 withp = p1 = 1.

Proof of Theorem 2.4. By using Theorem 3.1 with 0 < p < 1 and
Lemma 3.3, the “if” part follows.

Since 0 < p < 1, the “only if”” part follows from Theorem 3.1 with0 < p < 1
and Lemma 3.6. =
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