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Abstract. Gamma distributions can be characterized as the laws of
stochastic integrals with respect to many different Lévy processes with dif-
ferent nonrandom integrands. A Lévy process corresponds to an infinitely
divisible distribution. Therefore, many infinitely divisible distributions can
yield a gamma distribution through stochastic integral mappings with dif-
ferent integrands. In this paper, we pick up several integrands which have
appeared in characterizing well-studied classes of infinitely divisible dis-
tributions, and find inverse images of a gamma distribution through each
stochastic integral mapping. As a by-product of our approach to stochastic
integral representations of gamma random variables, we find a remarkable
new general characterization of classes of infinitely divisible distributions,
which were already considered by James et al. (2008) and Aoyama et al.
(2010) in some special cases.
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1. INTRODUCTION AND PRELIMINARIES

Let I(R?) be the class of all infinitely divisible distributions on R¢ and
Log(RY) = {p € IRY): [ log™ |z|u(dz) < oo},
R4

where log™ |z| = (log|z|) V 0. Let {Xt(“)} be a Lévy process on R? with E(Xl(“))
= u € I(R?), where and in what follows £ denotes “the law of.” Recently, many
stochastic integral mappings have been studied. Namely, for a nonrandom measur-
able function f, we define

= y) = £(] S0AX). we D@y € 1@,

where D (@) is the domain of the mapping ®, that is, the class of 1 € I(R?) for
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100 T. Aoyama et al

which fo t)dXx," (1) 5 definable. (See, e.g., [18].) The well-studied mappings are
the followmg

(i) U-mapping [8]: For p € D(U) = I(RY), U(p) = (fo th ))
(i) Y-mapping [4]: For p € D(T)=I1(R?), Y(p) = (fo log(t~ )dX(”))
(iii) ®-mapping ([10], [20], [21]): For pu € D(®) = Log(R?),

o(u) = £( [ e ldX M),
0

(iv) U-mapping [4]: Let p(z) = f;o e “u~tdu,z > 0, and denote its inverse
function by p*(¢). For ju € D(V) = Log(RY), U(u) = L( [i p*()dx ).

(v) G-mapping [15]: Let g(z) = f;o exp(—u?)du, z > 0, and denote its in-
verse function by g*(¢). For u € D(G) = I(R?), G(n) = L( OW V2 *(t)dXt(”)).

(vi) M-mapping [13]: Let m(z) = [ exp(—u?)u'du, = > 0, and denote
its inverse function by m*(t). For u € D (M) = L,g(RY),

(fm (H)dxM).

We also use the notation <I>sz, urt, YL, L ol gL and ML as the transfor-
mations of Lévy measures in each mapping. For instance, if v is the Lévy measure
of p, then <I>]I;(1/) is the Lévy measure of ®f(u), provided that ®¢(u) is definable.

These mappings are related to the following subclasses of I(R?), which are
defined in terms of Lévy measures. To explain it, we need the polar decomposition
of Lévy measures (see, e.g., [4]).

Let v be the Lévy measure of the characteristic function of some y € I(R?)
with 0 < v(R?) < oo. Then there exist a measure A on S = {¢ € R¢: |¢| = 1}
with 0 < A(S) < oo and a family {v¢, £ € S} of measures on (0, 00) such that
ve(B) is measurable in & for each B € B((0,00)), 0 < v¢((0,00)) < oo for each
£e S, and

(1.1) v(B) = tgA(dg)(jfljgg(r»g)yg(clr'), B e B(R?\ {0}).

Here A and {v } are uniquely determined by v up to multiplication of a measurable
function ¢(£) and ¢(§) ! with 0 < ¢(€) < 0o, and v is called the radial component
of v. If v fulfills (1.1), then we say that (X, v¢) is a polar decomposition of v.

Classes in I(R?) we are going to be concerned with in this paper are defined
in the following way in terms of v:

(i) The class U(R?) (the Jurek class): ve(dr) = l¢(r)dr, where l¢(r) is mea-

surable in £ € S and nonincreasing and right-continuous in 7 € (0, 00).

(ii) The class B(R?) (the Goldie—Steutel-Bondesson class): ve(dr) =
L¢(r)dr, where £¢ (1) is measurable in £ € S and completely monotone in r € (0, 0o
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Stochastic integral representations of gamma random variables 101

(iii) The class L(R?) (the class of selfdecomposable distributions): ve(dr) =
71 ke(r)dr, where ke(r) is measurable in £ € S and nonincreasing and right-
continuous in r € (0, 00).

(iv) The class T(R?) (the Thorin class): ve(dr) = r~ke(r)dr, where ke(r)
is measurable in £ € S and completely monotone in 7 € (0, 00).

(v) The class G(R?) (the class of generalized type G distributions): ve(dr) =
ge(r?)dr, where g¢(r) is measurable in £ € S and completely monotone in 7 €
(0, 00).

(vi) The class M (R?) (the class M): ve(dr) = ge(r?)r~1dr, where ge(r) is
measurable in £ € S and completely monotone in r € (0, 00).

Then we know the following characterizations of these classes by the map-
pings above.

PROPOSITION 1.1. (i) U(RY) =U(I(RY)); [8].
(i) B(RY) =T (I(R)); [4]
(i) L(RY) = ®(Log(R?)) ( [10] [20], [21]).
(iv) T(RY) = (Ilog (RY)); [4
W) G ]Rd (I ) (I2] for symmetric case and [15] for general case).
(vi) M (]Rd) = M(Ilog(]Rd)) ([3] for symmetric case and [13] for general
case).

The relations among the classes are the following:

(1.2) URY > BRY)ULRY, BRY NLRY > T(RY,
(1.3) G(RY) > B(RY)

and

(1.4) M (R > T(RY).

The relations (1.2) can be seen from their definitions, (1.3) is shown in [15] and
(1.4) is proved in [3] for symmetric case, but it is also true for general case. There-
fore, T(R?) is the smallest class among these six classes. Many concrete one-
dimensional infinitely divisible distributions belonging to these classes are known.
(See [11].)

Since one of the main topics in this paper is a gamma distribution, we hence-
forth consider only distributions in I(R).

Let 7. be a gamma random variable with parameters ¢ > 0 and A > 0.
Namely,

P(yex € B) = XT'(¢) ! J "t dz, B e B(R),
BN(0,00)

and 0
Elexp(izyen)] = exp {c [(e" — Dz~ te Mdz}.
0
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102 T. Aoyama et al

Therefore, £(7,,») belongs to all six classes mentioned above. Since the six map-
pings above are injective (see, e.g., [4], [8], [10], [13]), the inverse image of L(.,»)
through each mapping is unique. Our first interest is what they are. Namely, since

1
Ik tht(”“), for a unique 1y € I(R),

—O

[ log (t_l)dXt(“T), for a unique py € I(R),
0

[o¢]
. f e—tht(’”)), for a unique p1e € Iiog(R),
(1.5) Yex =
fp* t)dx ") for a unique 1y € Tiog(R),
&
[g*® dX(“g for a unique pg € I(R),
0

fm t)dX ”M), for a unique f1aq € Tiog(R),

where < means equality in distribution, we want to find pqy, v, b, o, ptg and

HM.
This paper is organized as follows. Section 2 answers this question. The proofs

are given in Section 3 in a more general setting. This general setting allows us to
find a new general characterization of classes of infinitely divisible distributions,
which is discussed in Section 4.

2. RESULTS

Let 1 be the characteristic function of 1 € I(R). The answer to the question
stated after (1.5) is the following.

PROPOSITION 2.1. We have
2.1 —exp{ f Z_1)e AT (A 427! dm},

1/)\
(2.2) fiv(z) = exp{c [ (" — 1)z~ da},
0

(2.3) he(z) = exp {c)\ofo(eizx - 1)e_>‘md:v},
0
(2.4) iy (z) = exp {c(exp(iz)\_l) - 1)},

(2.5) tg(z) = exp {QW_I/QC}O(eim — 1)zt exp(—)\2x2/4)d:c},
0

(2.6) pm(z) = exp {ﬂ_l/QcATfo(eizx — 1) exp(—A*2?/4)dx }.
0
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Stochastic integral representations of gamma random variables 103

We can prove Proposition 2.1 by the direct calculation of the cumulant func-
tions of the stochastic integrals, but we give another proof in a more general setting
in the next section.

The explicit forms of py4, e, pry and paq are given as follows.

COROLLARY 2.1. Let {N(t)} be a Poisson process with parameter 1. Let
us consider {y; x,t > 0}, with yox = 0, a gamma process with parameter X\ > 0
and let {7; \} be an independent copy of {v; »}. Let W1, W, ... be i.i.d. standard
normal random variables. Assume that the processes and the random variables
above are independent. Then we have the following:

¢

1

Jtd(Yn ey + Fetr)s tu = LIN@A + Ver)s

0

: f C_td’)/N(ct))\, Hd = ‘C(’YN(C),)\))
Ye A =
-1 fp t)dN (ct), pw = L(AIN(c)),
N(ct) N(c

2PN P (0d( S Wil). e = LYY (W),

0 k=1 k=1

Here and in what follows, 22:1 is regarded as 0. The last expression suggests us
the following result about symmetrized gamma distributions:

%,\—%A—QI/Q)\ lfm dB( (2075)),

where { B(t)} is a Brownian motion independent of { N (t)}.

Let I(Ry) be the totality of 1 € I(R) whose support is included in Ry =
[0, 00). We use the symbol

UR,) = UR) NI(R,).

We also use B(R,), L(Ry), T(R;), G(R4+), M(R4) and Ijoe (R ) in the same
way.
The following is a comment on p.

REMARK 2.1. What is puy? We do not know an answer. However, this distri-
bution is important in L(R ) in the sense that if some property holds (for example,
the unimodality of distributions on R ) for this special distribution, then the same
property holds for all distributions in L(IR;). (See, e.g., [22], [17].) We call this
distribution a building-block of L(R ). (This remark is based on a private discus-
sion with Ken-iti Sato.)

We do not know a probabilistic meaning of pg.
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3. MORE GENERAL FACTS INCLUDING THE PROOF OF PROPOSITION 2.1

Let vy = v1,1. As Elexp(izvy. )] = (E[exp(iz)\*lfy)])c we may assume ¢ =
A = 1 without loss of generality. Indeed, if v = fo dXt with a nonrandom

measurable function f and a Lévy process {X;}, then v, \ = )\ 1 fo (t)dX
=\ 1 f[) t/C dXt
Let v, (dx) := 2~ 'e~*dz, which is the Lévy measure of +. Let f be a non-

negative nonrandom measurable functiqn and X = {X;} a subordinator without
drift, i.e. Efexp(izXy)] = exp {tfR € —1)vx(dz)}, where vx ({0}) = 0 and

f]R x A 1)1/X(dx) < o0. In this case, in order to prove that f o [f()dXyis defin-

able and v = f 0 t)d Xy, it is only enough to check that
Gl w(B) = (<I>§<ux>) (B)

- ‘st( [ 1s(fee)ex(d), B eB(0.09),
0,00

due to Theorems 2.6 and 3.5 of [19]. Indeed, since v and X; are nonnegative
infinitely divisible random variables, v and X; have no Gaussian part. Also, vx is
transformed by <I>}Lc to the Lévy measure v, due to (3.1). Furthermore, by (3.1),

(3.2) f‘f [(O | (1 +2%) vy (do)

o J e e ot

= s 0 16 ()
0,00
- f x(1+ $2)_1u7(da:) < 00

(0,00)

2\—1
(3.3) pl(ljl’ngl ff [(O{O)x(1+x) vx(dx)

v 2((1+ (5% ! = (14 2%) 7 ux(da)]

_fds [ F&)z(1+ f(s)%2?) vy (da)
(0.00)

= [ 2(1+2%) v (dz) < oo

(0,00)
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Stochastic integral representations of gamma random variables 105

These imply that fooo f(s)dXj is definable and has no drift since X has no drift.
Thus it is only enough to check the condition (3.1).
Now, for two o-finite measures p and 77 on (0, 00), we define

(p@n)(B)= [ 1p(zy)p(dz)n(dy).
(0,00)?

Trivially, p®n = n ® p and p ® §; = p, where d, is the Dirac measure at a. If two
(0, 00)-valued random variables X and Y are independent, then £(X) ® L(Y) =
L(XY). For a o-finite measure 7 on (0, c0), define a transformation Y, of a o-
finite measure p on R to a measure Y, (p) on R by

(Tn(p))(B) := ( il )p(w_lB)n(dx), B e B(R),
0,00

which is called the Upsilon transformation with dilation measure n (cf. [5]). For
o-finite measures p and 77 on (0, 00), it is easy to see that

Ty(p) =p@n=n®p="Tpyn).
Let 1 be a measure on (0, o) satisfying
(34) en(8) =n((€,00)) < o0
for all £ > 0. (It is permitted that &,,(0) = 1((0,00)) = 00.) Let
g,(t) :=1nf{§ > 0: g,(§) < t}, t>0.

Then, €, and ¢} are nonincreasing cadlag functions. We have aj;(t) < ¢ if and only
if £,(£) < t, so that
(3.5) Leb(fs;k])*1 ((¢,00)) = Leb({t > 0: &, (t) > &})

= Leb({t > 0: ,(§) > t})

= ey(€) = n((§,00)), €>0,

where Leb denotes the Lebesgue measure and Leb(g;;)*1 means the image mea-
sure of Leb under ;. Hence we infer that for any o-finite measure p on (0, 00)

(Th(p)(B) = [ n(dz) [ 1p(zy)p(dy)

(0,00) (0,00)
= [ Leb(ep) '(dw) [ 1g(ay)p(dy)
(0,00) (O’OO)
n(0)
= f ds f 13(62(5)3/)0((1?/)
0 (0,00)

= (®L(p))(B), B € B((0,0)).
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106 T. Aoyama et al

Therefore, if v, = Y, (vx)(=n ® vx), then

d en(0)
= f E dXt,
0

namely,
(3.6)  L(v) = (p) withi(z) = eXP{ f e — Nx(dx)},

where 7, v, {X;} and vx are the ones in the previous paragraph.

Also, the fact that v, = p ® 7 for some o-finite measures p and 7) has an-
other meaning. In what follows, Y, T, <I>}% @g and ¢ ;®, mean the composites of
two transformations (or mappings). Proposition 4.1 of [5] implies T, = T,T, =
T, Y,. If n satisfies (3.4) and p satisfies (3.4) with the replacement of 7 by p, then,
by the argument above, we have T, = @f* and T, = <I>L Since T, = UL, we

have UX = <I>L <I>L* = <I>L oL =2 which suggests in many cases that
V=P Per = ey e
On the base of the arguments above, we have the following. Let v, = 11 ® 1
for some Lévy measures v, j = 1,2, on (0, 0o) satisfying
[ (@A 1)vj(de) < oco.
(0,00)
Denote by {X(¢)} a subordinator without drift whose Lévy measure at ¢t = 1 is
v;j. Then, the following are true:

q q 2
3.7) v= [ e,0dXa(t) = [ e, (t)dXa(t),
0 0
(3-8) \PL - (I)éjl (1)5;52 - (b‘f;Q (I)g%l

EXAMPLE 3.1. vy = vy ® 0.

EXAMPLE 3.2. Let —00 < a < 8 < 00, a(dz) = 27 Le ®dx and

p,a(de) = (Dla— B8)) 7 (1 — 2)* P ta™0 11 g ) (2)da.

Write ¥, := ®.x and Og o = P e . These stochastic integral mappings were

introduced by Sato [18] and he proved the following formula about composition of
these mappings:

U, = \I’,Bq)ﬁ,a = (1357@\115 for —o0 < B < a < oo,

which entails that T, (v) = (T, Ty, . )(v) for Lévy measures v of infinitely di-
visible distributions in the domain of the mapping above. Noting that 9 = v, we
have

Vy = Tno(‘sl) = (TWT”M)(&) =ng®ngo for B <0.
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Stochastic integral representations of gamma random variables 107

It follows that for 5 < 0
(3.9 L(v) = ¥a(upo0)

(e —1)(1 — x)_ﬁ_lx_ld:r},

oO—r

with figo(2) = exp {(T(=5)) "
and
(3.10)  L(v) = Pao(pp) withfig(z) = exp{ f =)z _1e_xd:n}.

The latter expression has the meaning that

v = f en; . (DAY N (- 8)0) 1

where {7;1} and {N(¢)} are the processes defined in Corollary 2.1. Also, it fol-
lows that

vy =g ® 13,0 = Lo (61) ® 1,0 = (Tny Ty ;) (1) ® 10 = M3 ® 17,8 @ 1.0

for 8’ < B < 0.Note that pg: g := g ® 13,0 is the Lévy measure of a subordinator
by Theorem 3.4 (ii) of [5] and its density is

1

parp(dt) = dt [(ts™) 7 Lexp(—ts™ s HD(=B)) " (1 —s) Pt lds
0

= (I'(-B)) "~ Ly=p-1 _tdtfx Yz +1) e d
=t QW(2B—B’+1)/2,—B’/2( )dt,
where W, 5, is the Whittaker function. Since v, = ng g ® pg g, we have

1 12T
ﬁ(f)/) = @6/76(/1,(5,?/3) with M(B/ = €exXp { f - pﬁ/ﬂ(dx)}
and )
L(v) = ‘bs;[g,ﬂ )
with

1

A0)5() = exp {(T(B — )" [ (€% — 1)(1 — )1 P \da}.

0

The latter expression has the meaning that

N(I(=B)L(=p") ")

v < [ (B)d( > X)),
0 k=1
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where {N(¢)} is a Poisson process with parameter 1 and XIE_B’B_B/), ke N,
are i.i.d. beta random variables with parameters —/3 and 3 — /3’, independent of

{N ()}
EXAMPLE 3.3. Let p(dz) = exp(—z?)dz and n(dr) = v~ ! exp(—a?)dz.
Then
(p@n)(dt) =dt [ exp (—(t/s)2)s_ls_1 exp(—s%)ds
0
= 2*1dtfexp(—tQU)ufl/Qefl/“du
0

= 71/2(2te?) " dt = 71'1/22711/7(26#).
Hence
(3.11) v, =2 V2 p2 Y@ =pe2r /21,

This also entails that v, = 2125, ® p ® 7, that is, Ty, = Yor-1/25,Lp Ty
(cf. Proposition 4.1 of [5]). Hence

(312) \IJL = T27r_1/252gLML = q)g* gLML7
2#71/262
27r71/2
where (I)E;r_1/252 (1) = L(2Xg,-172) = L(2 [, dXt(“)).

EXAMPLE 3.4. Leta < 0.Letn,(dz) = 27 1o 1) (2)dz and let p, (dz) =
(1 — az~1)e *dz. Note that

(3.13) er () = (1+at) 0o _1/0)(1).

Define ¢, := (I)E%’ which was studied in [9], [18], [12]. It follows that
o
Na ® pa(dt) = dt f(t/s)_a_ls_l(l —as He 4ds
t
oo
=t"ldt [(1—as™!)s"e *ds.
t

Since d(t%e~ ) /dt = (at™1 — 1)t ", we have

(3.14) No ® pa(dt) = t~le7tdt = vy (dt).
This also yields
“1/a
. { (1+ Oét)_l/ad(’YN(t),l +Y-at,1),
T=9 N(—a—1%)
Jepma( > x7mY),
0 k=1
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where {y:1}, {71} and {N(¢)} are the processes defined in Corollary 2.1, and
X ,gfa’l), k € N, are i.i.d. beta random variables with parameters —« and 1, inde-
pendent of {N(¢)}.

We are now ready to prove Proposition 2.1.

Proof of Proposition 2.1. By (3.13), (I>5;«H = U. Hence (3.14) with
a = —1 and (3.6) yield (2.1).

Letting # = —1 in (3.9) and (3.10), we have (2.2) and (2.3), respectively.

Note that ¢, (§) = p(&), which entails ®.; = V. Hence Example 3.1 and
(3.6) yield (2.4).

The measures p and 7 in Example 3.3 satisfy <I>€; =G and <I>€;f7 = M. There-
fore (3.11) and (3.6) imply (2.5) and (2.6), respectively. m

In the following, we give more expressions of -y and v,.

EXAMPLE 3.5. Let
papldr) =27 Lexp(—2®)dz and n(dz) =27 1(1— 3:2)*1/21(071) (x)dz.

Maejima et al. [14] proved that G& = Yos5, T T,,. It follows from (3.12) that

pP—2.2
vl = T27r—1/262MLT251 TP72,2T77 = T47T_1/252MLTP*2»2T”'
Hence
vy = An125, ® P02 ®p_22® 1.

Noting that pg2 ® p_22 = T,_, ,(po,2) and po2 ®n = T, (po,2), we infer by The-
orem 3.4 (ii) of [5] that pg2 ® p_22 and po 2 ® 1 are Lévy measures on (0, 0o)
satistying 0,2 A1) (602 % p-22)(d2) + [ 0o A D(poa ® m)(da) < oc.
Moreover, we get

(b0 ® p-22) (d8) = dt [ 1/) " exp (~(1/) s~ sexp(~s%)s

= (2t) " lat 1l u2e V" exp(—tu)du = K (2t)dt,
0
1

(po2 ®n) (dt) = dt f(t/s)f1 exp (—(t/s)2)3*1277*1(1 _ 82)—1/2d8
0

= (Wt)_ldtfexp(—tQU)(u — 1)~ Y2y du
1

= (7r1/2t)71dtfu71/267“du
+2

[ee)
= (7r1/2t)_12dtfexp(—v2)dv,
t
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where K is the modified Bessel function of order 1. It also follows that
00 N(47T_1/2t)
2 { 620,2@/)72,2 (t)d( Z Xk)’
k=1

00 N(27T_1/2t)
2 { 620,2®7](t)d( kz Yk)>
=1

where we have used €, ,8p_,,(0) = fooo K1 (2t)dt = oo, due to the fact that
Ki(z) ~ztasz | 0, and where {N(t)} is a Poisson process with parameter 1,
Xk, k € N, are i.i.d. random variables with arcsine law independent of {N(t)},
and Yy, k € N, are i.i.d. Weibull random variables with parameter 2 independent
of {N(t)}. We also have

d
’}/:

v 49 cos(2_17rt)dXt(“)

ot—

with -
i(z) = exp {47r_1/2 [ (€™ — 1)K (2z)dz}.
0

EXAMPLE 3.6. Let o € (—o0,1) U (1,2) and 8 > 0. Let p, g and 7, be the
ones in Examples 3.5 and 3.4, respectively. Maejima and Ueda [16] proved that
Pa,g = BNa ® pa—p,3- On the other hand, by the equalities (3.12), we infer that

Vy = 27r*1/2(52 ® p_12 ® po2- Hence

Uy = 8T 125, @ N-1®1N0® p—_32® p_22.

This yields several results as in the examples above.

4. A REMARKABLE CHARACTERIZATION
OF CLASSES OF INFINITELY DIVISIBLE DISTRIBUTIONS

Let If(R,) denote the totality of p € I(R,) without drift. Let I*™%(R)
be the totality of symmetric © € I(R) without Gaussian part. We use the sym-
bols U*(R,) := U(R) N I*(R,) and UY™O(R) := U(R) N I*¥™0(R). Also, we
define BY(R,), BY™O(R), LE(R,), LY™O(R), THR,), T™O(R), G*H(R,),
GY™O(R), M¥(RL), M™O(R), Ilﬁog(]RJr) and Ilsggm’o (R) in the same way.

The class T'(R. ) is well known to be the class of generalized gamma convo-
lutions (GGC) (cf. [6]). T* (R ) is the totality of generalized gamma convolutions
without drift. James et al. [7] characterized the class 7% (R, ) in the following way.

PROPOSITION 4.1 (James et al. [7]). Let {~} be a gamma process, which is
a Lévy process with L(y1) = L(). Then

T (Ry) = {E(zh(t)d%) :h >0, Oflog (1+h(t))dt < oo}
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Also, Aoyama et al. [1] showed a similar proposition about the class Bﬂ(RJr)
as follows. For a Lévy process Y = {Y;}, denote by L ) (Y") the totality of
locally Y -integrable measurable functions on (0, co) (cf. [19]), and let

Dom(Y) := {h € Ly o) (Y j‘ h(t)dY, is definable},
0

Dom(Y) := {h € Dom(Y): h > 0}.

PROPOSITION 4.2 (Aoyama et al. [1]). Let {N(t)} be a Poisson process with
parameter 1. Then

BY(R,) = {z(?hu)m(t)) : h € Dom (1)}

Recall Proposition 1.1. Then we have the following:
T ) f
@D {c([pt)dxM): p €I, (Ry)}
0

= {£(

o3

h(t)dy): h >0, Ofolog (1+ h(t))dt < oo},
0
4.2) {E(flog (tdXM): pe IRy}

= {E((Zh(t)dw\;(t)) che Dom+(7N(,))}_

Let v, and vy (.)) be the Lévy measures of {v;} and {yn, }, respectively. Not-
ing that p(¢) = f;o e "u"'du = v,((£,00)) and that the inverse function of ¢ —

logt™t is £ — e™¢ = vy (n()((§,00)), we can understand that (4.1) and (4.2)
come from a kind of the commutativity (3.7) of integrands and driving processes
of stochastic integrals which we have considered in the previous section. Using
this method, we can characterize some classes of infinitely divisible distributions
in two ways. One is by fixing an integrand and by taking some possible driving
Lévy processes, and the other is by fixing a driving Lévy process and by taking
some possible integrands.

Let us fix a Lévy measure v on (0,00) satisfying f(o,l] zv(dr) < co. We

denote by {X,(¢)} a subordinator without drift whose Lévy measure is v. Also
{X”™(t)} denotes a symmetric Lévy process without Gaussian part with Lévy
measure 1 o) () v(dr) + 1 (o 0)(z)v(—dz). For j = 1,2, let

LV .= {h: h is a nonnegative nonincreasing right-continuous function

satisfying [ (h(t)’ A1)dt < oo},
0
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Then we have the following:

THEOREM 4.1. (i) We have
Do (D(Per) NTH(RY)) = {E(Ofoh(t)de(t)) h € Dom(X,) N L}
0

(ii) If the class . (@(@EZ) Vi ti(IRJF)) is closed under weak convergence,
then

D (D(Der) NTHRL)) = {L( [ h(t)dX,(t)): h € Domy(X,)}.

o3

Proof. (i) (C) Suppose 1 € D(P.x) N I*(R, ) with Lévy measure v,. Let
h = 5;2. Then h is a nonnegative nonincreasing cadlag function satisfying

—~

EVu 0)

ey a="T 5,000

= [ (zA1)Leb(e ) Ydx) = [ (z A)yy(dz) < oo,
0700 (0,00)

o8

where we have used (3.5) with the replacement of 7 by v,,. Hence h € L!!. Since
pe D), e (0) sj(t)dXt(“ ) is definable and its Lévy measure is

0
€, (0)
4.3) f ds f 1B(€;<3>l’)l/“(d$)

0 (0,00)
[ Leb(ey) Mdy) [ 1p(zy)vu(de)
(0,00) (0,00)
= f v(dy) f 1p(zy)v,(dr) = (v ® v,)(B),
(0,00) (0,00)

which satisfies f(o (x A1) (v ®v,)(dr) < ooinview of fog”(o) eh(t )dX(“)

Since {X (i )} has no drlft the location parameter of the integral f e (0) g5 (t)dX, (“ )
is f 0,00) 1 (v ® v,)(dz). Noting that

4.4) Ofds [ 1g(h(s)z)v(dx)
0 (0,00
s,,H(O
{ ds f 13( )u(dx)z(@@u)(B),

OO

we infer, by similar calculations to (3.2) and (3.3), that h € Dom (X, ) and that

[ n()dx, ) £ [ e bax .
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(D) Suppose h € Dom (X,) N L. Let
4.5) h*(z) :=inf{t > 0: h(t) <z}, =z >0.
Then, h is a nonincreasing cadlag function satisfying h*(co) = 0. We have h*(x) <
t if and only if h(¢) < x, and hence
Lebh™'((z,00)) = Leb({t > 0: h(t) > 2}) = Leb({t > 0: h*(z) > t})

= h*(z) = —Ofodh*(y), x> 0.
Hence !
Ofo(x A1)dh*(z) = [ (z A1)Lebh™'(dx)
0 (0,00)

h*(0) ()
= [ (h(t)A1)dt = [ (h(t) A1)dt < oo,
0 0

Let 4 € I*(R,) with Lévy measure V#(d:r) = —dh*( ) Then ¢,, = h*, and
hence &), = h. Since h € Domy (X fo is deﬁnable and its
Lévy measure is (4 4), which satisfies f 0,00) (z /\ 1)(u ® zxﬂ)(dx) < 00 in view

of fo > 0. Since { X, (¢)} has no drift, the location parameter of the
integral fo dX (t) is f(o 00) z(1 + 2?)" (v ® v,)(dz). By (4.3) and similar

calculations to (3.2) and (3.3), we infer that ;s € D () and that fo t)dX,(t )
foau( ) V( )dXt(“).
(i1) (©) This follows from (i).
(D) It follows from (i) that
L(X,(1)) = L( [ Lio1)(t)dX,(t) € Ty (D(Pez) N IF(RY)),
0

since 1(g,1) € Dom (X)) N L!!. Then, by the definition of stochastic integrals,
oo
[ h(t)dX,(t) € @es (®(Pex) N I*(Ry)) forany h € Domy(X,)
0

if ®.: (D(P.5)N I*(Ry)) is closed under weak convergence. m
About the symmetric cases, we have the following.
THEOREM 4.2. (i) We have
Do (D(Pe) N IV™OR)) = {L( Ofo h(t)dX™(t)): h € Dom, (X5™) N L2},
0

(ii) If the class ®cx (D (P2 ) N IV™O(R)) is closed under weak convergence,
then

P (D(Pe) N IY™O(R)) = {L( [ h(t)dX™(t)): h € Dom (X™)}.

o3
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Proof. (i) (C) Suppose p € D(P.:) N I¥™O(R) with Lévy measure .
Note that v, (B) = v,(—B) and that the location parameter of y is 0. Let v} :=
Vu|B((0,00))> Which is the restriction of v, on B((0,00)), and let 2 := * . Then

m

is a nonnegative nonincreasing cadlag function satisfying

(h(t)* A1)dt = (5 (t)? AL)dt

I

0 K
i (2 A 1)Leb(6z+)_1(d$) = (22 A )y, (dr) < oo,
(0,00) g (0,00)

o3

where we have used (3.5) with the replacement of 7 by y . Hence h € L!2. Since
pe D), e (0) ep(t )dXt( #) is definable and its Lévy measure is

0
e, (0)
46) [ ds [1p(ej(s)z)vuldr) = [ Leb(ep)™'(dy) [ 1p(zy)vu(de)
0 R (0,00) R
= [ v(dy) [1p(zy)v,(de)
(0,00) R
= [ vlay)( [ 1@yvde)+ [ 1p(—azy)v,(de))
(0,00) (0,00) (0,00)

= (v@y)(BN(0,0)+ @y ((-=B)N(0,0), BeBR\{0}).

Since {Xt(“ )} is symmetric without Gaussian part, so is fos” © ey (t)dXt(“ ). Note
that for any symmetric Lévy process Y = {Y;} without Gaussian part having Lévy
measure vy and for any measurable function f: (0,00) — R, a necessary and
sufficient condition for £(Y1) € D(®y) is that [ dt [, 1p(f(t)x)vy (dx),
B € B(R\ {0}), is a Lévy measure (cf. Theorems 2.6 and 3.5 of [19]). Note that

4.7) Ofodsf 15(h(s)z) (1(0,00)(@)v(dr) + 1(_ oo 0)(x)v(—dx))

A (0)
"

= { ds le(E + 8)2) (1(0,00)(#)V(d) + 1(_og 0y (x)v(—dx))

= [ vf dy le 2y) (1(0,00) ()v(da) + 1(_co ) (x)v(—dx))

€

(0,00)
J v (dy) ) [ 1p(zy)v(dz)+ [ v, (dy) | 1p(—zy)v(dz)
(0,00) (0,00) (0,00) (0,00)

=(r® V+)(B N (0, oo)) +(v® I/+)((—B) N (O oo)), B e B(R\ {0}),
which is equal to the Lévy measure (4 6) of f s(t)dXx," () . Consequently, we

have h € Dom  (X;"™) and [ h(t)dX;"™ (t) = foa”(o) ex(t )dXt(“).
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(D) Suppose h € Dom ; (X;*™) N L!2. Define h* by (4.5). Then
— [(e* Al)dh*(z) = [ (2® A1)Lebh ' (dz)
0

(0,00)
r*(0) 00
= [ (h@®)?*A1l)dt= [ (h(t)* A1)dt < 0.
0 0
Let p € IY™9(R) with Lévy measure
vu(B)=— [ dh*(z)— [ dn*(z), BeBR\{0}).
BN(0,00) (=B)N(0,00)

Then £, = h*, and thus o= h. Since h € Domy (X;*™), [7° h(t)d XY™ (t)
is deﬁnable and its Lévy measure is (4.7). Due to (4.6), which is equal to (4.7), we
have 1 € D(®.;) and [ h(t)d XY™ (t) 4 =0 ex(t )dXt(“).

0
(ii) (©) ThlS follows from @).
(D) It follows from (i) that

[,(Xsym ) (f 10,1y (t)d XY™ (¢ )) € oo (@((IDE;) N Isym’O(R)),
since 1 g, 1) € Dom, (X} Sym) N L'2. Then, by the definition of stochastic inte-

grals, [ h(t)dX}Y™ (t) € ®cy (D(Pey) N IY™O(R)) for any b € Domy (X3
if &+ (D ((I) +) N I¥Y™O(R)) is closed under weak convergence. m

In the following, we give some new stochastic integral characterizations of
well-known classes of infinitely divisible distributions.

EXAMPLE 4.1. Let v = v,. Then Proposition 1.1 and Theorem 4.1 (ii) yield
oo
THRy) = (I}, (Ry)) = {£( [ h(t)dy): h € Domy(v)}.
0

Also, h € Dom, (v) iff h > 0 and f0°° dt [ h(t)z(h(t)z + 1) 'v, (dz) < oo.
The integrability condition fooo dt fooo ( )z + 1) ly7 dz) < oo is equiva-

lent to fooo log (14 h(t))dt < co. Thus, forhw1thh 0 and fo log (14 h(t))dt
< 00, we have

fdtfh () (A(t)z + 1) us( fdtfh )(h(t)z + 1) e dx

N

osg o —3

dt|

O—

h(t) (h(t)z +1) " do + f h(t) (h(t) +1) e da]

[log (14 h(t)) + h(t) (h(t) + 1) e ] at

N

1+e™) Ofolog (1+ h(t))dt < oo.
0
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Conversely, for h with A > 0 and fo dt fo t)z(h(t)z +1) _IV,Y (dzr) < oo, we
have

flog(1+h ))dt fdtfh )(h(t)z +1) " da
< fdtfh(t)x(h(t)a: + 1)_1$_161_$d58
0 0

< eofdtofh(t)a:(h(t)x + 1)711/7(da:) < 00
0o 0
Hence

THR+) = {£(

o3

h(t)dy:): h >0, Ofolog (1+ h(t))dt < oo}
0

This is another proof of Proposition 4.1.

EXAMPLE 4.2. Let v = v,(n(.)). Then Proposition 1.1 and Theorem 4.1 (ii)

yield
BYR.) = T(I*(Ry)) = {c(zoh t)dyn) : b € Domy (vn())}
_ {L(Zoh( Yy h > 0, Zo( ) A1)dt < 0o},
EXAMPLE 4.3. Let v(dx) = 1(g1)(2)dz, that is, X, ( Zk 1 )V, where

{N(t)} is a Poisson process with parameter 1 and Yy, k E N are i.i.d. uniform
random variables on (0, 1) independent of { N (¢) }. Then Proposition 1.1 and Theo-
rem 4.1 (ii) yield

UYRy) =U(I*(Ry)) = {£(
= {L(

EXAMPLE 4.4. Let v(dx) = 2~ '1(g 1) (z)dx, which is the Lévy measure of
a building-block of L(R. ). Then Proposition 1.1 and Theorem 4.1 (ii) yield

h(t)dX,(t)): h € Dom(X,)}

o8
o2

h(t)dX,(t)): h >0, ?1{h(t)>0}{1 - (2h(t))_1}dt < oo}.

LA(Ry) = (I} (Ry)) = {£(

o3

h(t)dX,(t)): h € Domy(X,)}

= {E(th(t)de(t)): h >0, Ofolog (1+ h(t))dt < oo}
0 0
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EXAMPLE 4.5. Let v(dz) = exp(—a?)dz, i.e.,

Xym(t) = 272B(N(x'/?1)),

where { B(t) } is a Brownian motion independent of a Poisson process { NV ()} with
parameter 1. Then Proposition 1.1 and Theorem 4.2 (ii) yield

— {£( T haxsm): n o,
0

(1]

(2]
(3]
(4]

(5]
(6]
(7]
(8]
(9]

[10]

[11]

[12]

[13]
[14]

[15]

GVPOR) = G(IY™O(R)) = {£( [ h(t)dXP™(t)): h € Dom (X3™)}

dt (|h(t)x|2 A1) exp(—2?)dz < oo}.

o3
o —8 o —3
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