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Abstract. This paper studies the random walks So + > X; on the
nonnegative integers, where the X;’s are independent identically distributed
random variables with generating function of type ®(z) = ZZ} s cizt,
s a positive integer, with a convergence radius greater than 1. We infer from
a link between the number of zeros of z — 1 — ®(z) inside the unit disc
and inf X; a factorisation of the symbol f(6) = 1 — ®(e*?) which allows
a geometrical computation of the potentials associated with these random
walks. Examples illustrate this theory.
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1. INTRODUCTION

1.1. Context. Among works about discrete random walks two threads can be
seen, namely the search of recurrence or transience criteria, and the computation
of potentials. In this case, the domain of the walk may be bounded or unbounded.
If it is bounded, its size can be used as a parameter in asymptotic evaluation of
potentials. Most papers deal with one-dimensional walks. Let us cite Spitzer and
Stone [17] for their proving that potentials on a segment tend to the values of a
Green kernel when the size of the segment tends to infinity. In their case the symbol
f(0) =1 — ®(e") associated with the generating function ® of the random walk
has just a zero of order 2 on the unit circle. Kesten in [7] extends this to random
walks with a generating function admitting a zero of order o with 0 < av < 2.
These two works ([17], [7]) deal with symmetric random walks, that is, jumps of
equal lengths in opposite directions occur with the same probability.

In the same vein, any symbol of the kind of f(0) = (1 — cos®)|f1(e')
where f1(z) belongs to a class of holomorphic functions on an open disc contain-
ing the torus T, provides a much finer asymptotic estimation of potentials; see [9]
and [10]. Higher dimension begins to appear within the same theme (potentials
and their limits as a Green kernel and, more generally, their asymptotic behaviour)
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120 C. Delorme and J.-M. Rinkel

for a rectangular domain (see [4]). On the other hand, a recent result in [5] allows
an investigation in the domain of nonsymmetric random walks: in that work the
number of zeros inside the unit disc of the symbol extended to some part of the
complex plane is evaluated. A simpler version of this result (Theorem 1.1) is given
with its corollary (Theorem 1.2), i.e. the factorisation theorem in Section 1.2. Fun-
damental ideas about random walks are recalled there. Potentials appear as entries
of inverses of Toeplitz matrices; conditions of inversibility of these matrices are
presented in Section 1.3. The main results, Theorems 1.4 and 1.5, deal with ap-
proximation of potentials according to the length of the interval where the random
walk is performed. They are explained in Section 1.4. Examples illustrate these
results. The proofs of Theorems 1.4 and 1.5 are detailed in Sections 3 and 4.

For nonsymmetric random walks on a segment we intend to study here the
asymptotic behaviour of their potentials when the rightmost end of the segment
tends to infinity. Examples are provided.

1.2. Random walks on the integers generated by a left-bounded variable. In
this paper, we study a family of random walks on the integers. First, we give some
notation. A random walk over the positive integers is defined by S,, = Sp + X1 +
...+ X,, where X;’s are independent identically distributed random variables.
The X;’s have the same distribution as a variable X, the generator of the random
walk, and S is an integer-valued random variable distributed on the interval [0, V],
independent of X;’s. We denote by ® the generating function, that is

(1.1) d(2) = Y. P(X = k)2~

kEZ

When the random walk occurs on the interval [0, N, where N € [0, +00), we put
(asin [16], p. 107): for all k,l € [0, N]

Q(k,1) =P(X =1 — k).

The probability that a “particle” starting from £ at time 0 will reach [ at time n,
without leaving the interval [0, N] in the meantime, is Q' (k, () given by:

1 if k=1,
0 otherwise

N
QN (k. 1) = { and - QR (k1) = X QR (k,)Q(L, D).
t=0

The probability that the particle arrives at [ at time 7 is Ziio QY (t, HP(Sy =1).

This admits an algebraic interpretation: QQ%; is the n-th power of the matrix
QY. and if the entries of the 1 x (N + 1)-matrix Ly are the probabilities P(Sy) =t,
t € [0, N], the probabilities that the particle comes to /,0 < [ < N, at instant n are
given by the matrix product L,, = LoQ'y. This interpretation will be useful in
Proposition 1.1.

For k,1 € [0, N, let Ny (k,1) be the number of visits to [ of the process S,
before the particle leaves the interval [0, N] when Sy = k. We denote by gn (k, 1)
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Random walks on the nonnegative integers 121

the expectation E (N (k, 1)) of Ny (k,1). These real numbers g (k, ) are called
potentials. We have

(1.2) gn(k, 1) = {02@062%(1@, 1) ifk,le][0,N],

otherwise.

A proof of (1.2) can be found in [9]. The computation of the numbers gy (k,[) is
fundamental. These potentials indeed allow to compute many interesting proba-
bilistic quantities like those presented in [16] or [9]. Similarly, when the segment
[0, N] is replaced by the half-line [0, +00), we denote by N (k, ) the number of
visits at [ starting from k, before the mobile leaves the half-line, and by goo(k, 1)
the expected value of N (k,1). Setting Q% (k,1) = 1if k =1, Q% (k,1) = 0 if
k# 1 and Q% (k1) = >"°, Q% (k,t)Q(t, 1), we get in the same way

9 k7l .fk‘ljl t. )
oo (K, 1) = {OZnZOQoo( ) i are nonnegative

1.3
(1.3) otherwise.

The potential g (k, 1) is the limit of g (k, 1) when N — oo. We give a short proof,
provided by the referee.

LEMMA 1.1. Let X be an integer-valued random variable generating random
walks with potentials gy (k,1) and goo(k, ). Then, for all k,l € N,

Proof. If 7y denotes the time of a first exit from [0, N] (0 < N < o0), then
TN Increases to Teo.

Hence E (D 7Y 11y(5;)[So = k) converges to E (D 7= 11y(5;)[So = k).
In other words, gy (k,1) — goo(k,l) as N — 00. m

The aim of this article is to give an asymptotical estimation of the potentials
of random walks on [0, N, satisfying the following assumptions:

o There exists s € N such that the variable X is integer-valued and is

distributed on [—s, +00) and P(X = —s) > 0, so that inf X = —s.
(1.4) « The convergence radius of Zzo:_sP(X = k)z¥ is greater than 1, and

therefore X has finite expectation and variance.

o ged{k € [—s,+00) such that P(X = k) # 0} = 1.

A recent result stated by the authors in [5] gives a relation between the expectation
of the random variable X that generates the random walk and the number ( of
zeros of the function z — 1 — ®(2) inside the unit disc, where ® is the generating
function of X. This relation provides a way towards the computation of potentials
as explained later. It is described by the following theorem that comes from [5]
with some simplifications.
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122 C. Delorme and J.-M. Rinkel

THEOREM 1.1. Let X be an integer-valued random variable. Let ¢ denote the
number of zeros of 1 — ®(z) inside the unit disc. Under the assumptions (1.4), we
have

_[-infx if E(X) >0,
Tl mfx if E(X) <0.

A direct calculation is of course not appropriate to obtain such a result. It can
be obtained by classical complex analysis arguments. From this result we derive a
factorisation of the restriction of 1 — @ to the unit circle (or torus T), that is to say,
we factorise the symbol f(#) = 1 — ®(e'). This factorisation reveals itself useful
in [9].

We have to introduce some notation from functional analysis to describe that
factorisation.

« D denotes the unit open disc and D its closure.

« Let T denote the one-dimensional torus and o be the Haar measure on T.
Let L%(T) be the space of square-integrable complex-valued functions on T, and
denote by (-,-) and || - |2 the corresponding inner product and norm: (f,g) =
fT fgdo, where for all g € L?(T), g denotes the function on T defined by §(x) =

g(x) (see [14]).

« Ht = {h € L*(T) such that h(s) = 0 for s < 0}, where h(s) is the s-th
Fourier coefficient of h and H~ denotes the orthogonal complement of H™ in
L?(T). The orthogonal projectors of L2(T) on H+ and H~ will be denoted by
and 7_, respectively.

o H>® = H* N L>(T), where L>°(T) is the space of the essentially bounded
measurable functions endowed with distance d, associated with the norm || - ||oo.

« x denotes e’ (§ € R), P—n,n) denotes the vector space Vect{x", —N <
h < N} C L*(T), Pjp,n) means the vector space Vect{x", 0 <h < N} c L*(T)
and 7y is the orthogonal projector of L(T) on Pro,n1-

Now we can give a factorisation of the symbol.

THEOREM 1.2 (Factorisation theorem). Let ®(z) = >, ., P(X = k)zF be
the generating function of a random variable X satisfying the assumptions (1.4).
Denote the zeros of 1 — ® in Dby x1,...,xs when E(X) > 0andby z1,...,x5_1
when E(X) < 0. Then there exists a function h holomorphic on an open disc with
radius p > 1, without zero on D, such that the symbol f(0) = 1 — ®(x) satisfies

f(0) = g1(x)92(x),

where g1(x) and g2(x) are given by Table 1.

Theorem 1.2 is a direct consequence of Theorem 1.1. Theorem 1.2 allows the
computation of potentials; the tool is the inversion of truncated Toeplitz operators.
Let us now explain how these things are related.
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TABLE 1. Decomposition of symbols

91(x) g2(x) condition
h(x) | ITioi (1 = zi%) E(X) >0
hoo) | I (= 2i0) (1 - %) | B(X) =0
h(x) [[-10 -z -x) | B(X) <0

1.3. Truncated Toeplitz operators and potentials. Let f be a function inte-
grable on the one-dimensional torus. The truncated Toeplitz operator associated
with f is the operator Ty (f) of Pjg ) defined for all ¢ € Pjg n) by T (f)(q) =

7n(fq). Its matrix in the basis (1, x,...,x™) is (f(I — k)) gr < denoted in

this paper by (T (f)(k, l))ongN.

It is also said that Ty (f) is a Toeplitz operator with symbol f. Let us now de-
scribe the link with random walks. Denote by Iy, Qn, Gy the (N +1) x (N +1)-
matrices whose entries in k-th row and [-th column are, respectively, d(k, [) (iden-
tity matrix), Q(k, 1), gn(k,1) and let f(0) = 1 — ®(x), where P is the generating
function. Then

(1.5) In(f)=In — Qn.

PROPOSITION 1.1 (Spitzer [16], Chapter V). If the walk is not the trivial one
(P(X =0) =1),inotherwords Qn # In,then Tn(f) = In — Qn is invertible.

From now on, only the nontrivial random walks are considered. The potentials
appear in the formula:

(1.6) Gy =3 Q% = (Tn() "

n=0

A proof of equation (1.6) can be found in [9].

Consequently, instead of the computation of the sum in (1.2) we may per-
form the computation of the inverse of a Toeplitz matrix. In this paper, we expose
a geometrical inversion structure which appears, for example, in [1] and [15] for
positive symbols and has been developed in [12] in a way that allows the estima-
tion of the extremal eigenvalues of Toeplitz operators. Surprisingly, the structure
described in [12] is the most suitable to compute potentials for random walks sat-
isfying the assumptions (1.4). Theorem 1.3 as stated here appeared first in [11] in
order to evaluate the potentials of a random walk in a part of the plane. We empha-
size here the necessity of some regularity of the symbol (namely, equation (1.9)).
This condition was not explicitly stated in [12] because the symbols there satisfy it
obviously.
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With the previous assumptions and the notation of Theorem 1.2, let us put the
following functions of :

N ~ Xk 5 _ Xl
(1.7) XvN’]C = T4+ (‘I)NW+ <g>> and YNJ = T4 ((I’NW+ (g)),
2 1

where o R %
(I)N — 7XN+17 (I’N — 7>2N+l,
92 91
and g1, go are the functions of x given in Table 1.

The Hankel operators Hy, ~and Hg are defined by

Hg,(¢) =n_(®yn 1) forallyy € HT,

(1.8) = -
Hg (p) =74 (Pn @) forallp e H™.

THEOREM 1.3. Suppose that f(x) = g1(x)g2(x), where g1 and g2 do not
vanish on T, and g1, gl_l, 72,02 " belong to H*® and satisfy

(1.9)
lim d < ! P ) 0 d d < ! P ) bounded
im do | —5,P- =0 an s | T35 P= ounde.
N=oo 7 g T a2
or
lim d ! P 0 d d ! P bounded
im de | —5,Pi— = an 0o | ™=, Pi— ounded.
Neofoo g1]2 [=N,N] 922 [=N,N]

Then the operator Hg, Hg is bounded on L?(T) with norm (strictly) less than 1.
Furthermore, the matrix Ty (f) ™1 is given by

(1.10) (Tn(F) 1) (k, 1) = T1(k, 1) — Ton (K, 1),
where
Y .
(111) fI(k‘?l) = <7T+ <> y T4 <>>a
g2 g1
(1.12) Ton(k, 1) = (I - H&)NHcpN)_lXNJc» Yivi).

This theorem is the one-dimensional counterpart of the inversion theorem
given in [11], p. 76. Ty (k,1) and Ty n(k,1) are called there the first term and
the second term of the inversion formula. Let us comment the formula (1.10).
Under sensible assumptions on X including the conditions (1.4), we show that
T9.N(k,1)—0as N — oo and estimate the speed of convergence. Since gy (k,1) =
T1(k,1) — o N (K, 1) (cf. (1.10)), Lemma 1.1 gives then T (k,l) = goo(k,) and
ToN(k,1) = goo(k, 1) — gn(k,1). Thus under these assumptions, we obtain with
To,n(k,1) an evaluation of g (k,1) — gn (K, 1).
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REMARK 1.1. Let us suppose, with the notation of Theorem 1.3, that f has
a factorisation f = g1go satisfying the assumptions of this theorem. Then f also
admits the factorisation f = G1Ga, where G1 = g1/ and Go = Aga, A being a
nonnull complex. The functions G1 and G satisfy also the same assumptions as g1
and go and the inversion formula remains the same no matter what factorisation
f=9192 or f = G1G3 is used.

The proof is immediate.

If the symbol f of Theorem 1.3 vanishes on the torus, it is not possible to
just apply the inversion Theorem 1.3 in order to compute potentials. Therefore, we
“regularise” the symbol (see Proposition 2.1). We are now in a position to give the
main theorems of this paper.

1.4. Main results with examples. The estimates of g (k, ) — gn(k, 1) come
from computations of Ty n(k, () defined in (1.12). It is given in Theorems 1.4 and
1.5 where the generator X satisfies the conditions (1.4) and extra conditions on
the generating function ® of X and inf X, respectively. In both cases, it turns out
that if F(X) > 0, then goo(k,1) — gn(k,1) has order 2V, where z is the root of
1 — ® inside D with maximum modulus. In order to justify the terms of the first
assumption of Theorem 1.4, let us state the following lemma.

LEMMA 1.2. Let X be an integer-valued random variable with mean value
E(X) > 0andinf X < 0. If © denotes its generating function, then 1 — ® admits
a unique real zero x on the interval (0,1). If z is another zero of 1 — ® in the unit
open disc, then |z| < x.

Proof. Since F(X) > 0, we have (1 — ®)(1) < 0. From limg+ (1 — ®)
= —oo we infer the existence of a zero, denoted by =z, in the interval (0, 1). The
fact that (1 — ®)” < 0 on (0, 1) proves the uniqueness. Now let z be a complex
number such that x < |z| < 1. Then

11— ®(2)| > |1 —|®(2)|| > 0.

Indeed,
|P(2)| < P(]2]) < 1. =

THEOREM 1.4 (Asymptotic 1). Let X be an integer-valued random variable
satisfying the assumptions (1.4) with generating function ® and such that the roots
of 1 — ® inside D are simple. With the notation of Theorem 1.2 and Table 1, we
assume also the following:

(i) In the case E(X) > 0, the function 1/h is a polynomial without zero in-
side D.

(ii) In the case E(X) < 0, the function h admits a unique zero 1/« outside
D so that g1(x) = h(x) = (1 — ax)h(x) and h(z) is the inverse of a polynomial
without zero inside D.
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Then there exist constants cy; such that for N large enough the following
three relations hold:

1. IfE(X) > 0, |Tan(k, )| < ez, where x is the largest modulus of the
zeros of 1 — ®(z) inside D, in other words, x is the positive zero of 1 — ®(z)
between 0 and 1.

2. IfE(X) =0, TNk )| < cpg/N.

3. IFE(X) <0, [Ta,n (K, D] < epglal™.

This theorem will be proved in Section 3. As an illustration of the previous

result, let us consider the random walk generated by X with geometrical distribu-
tion:

(1.13) PX=k=¢" p+tq=1,p>0,¢>0 k> —

The generating function ®(z) of X satisfies the assumptions of Theorem 1.4. In-
deed,
q
O(z2) = ———— d EX)=--s.
(2) ci-p ™ (X)=73 -3
A straightforward computation gives

z—1

L=2(z) = z5(1 —pz

) (z —4q Z )
Theorem 1.1 ensures the existence of s zeros z; inside D for 1 — ®(z) when
E(X) > 0, thatis, p > ¢s, and in this case we obtain f () =1—P(x) =91 (x)g2(x)
with ) .

- X
p and  ga(x (1 —x;X)-

1- pX zl;ll ’

When E(X) < 0, the function 1 — ®(z) has s — 1 zeros inside D, denoted
by z;. If E(X) < 0, that is, p < sq, then 1 — ® has furthermore a unique zero
x > 1. A direct computation gives indeed

1—®(2) = M(zs —qui).

z5(1 — pz)

g1(x) =

Let us put L(z) = 2° — ¢ Zf:o 2%, The other zeros of L are the z;’s. Hence we
obtain the decomposition f(6) = g1(x)g2(x), where

|
—_

S

TTX and 000 =1 - %) [T - %)

P
1 —px

g1(x) =

@
Il
R

If E(X) =0, that is, p = g¢s, a straightforward computation gives the decomposi-
tion f(6) = g1(x)g2(x) with

TH
|
SEPY
. w0
Il |

and  go(x) = (1 - X) 1(1 — ZiX).
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In order to advertise the method we give here some asymptotic estimation of
the potentials. The proof is straightforward from the inversion formula (1.11) and
Theorem 1.4.

EXAMPLE 1.1 (Potentials for some geometrical distributions). The distribu-
tion of X is given by equation (1.13). Then there exist constants cy, ; satisfying:
1. In the case inf X = —1, thatis, s = 1, we have F'(X) = p/q — 1 and

if B(X) =0,
(k1) = | 2L HYDHOWN) k>,
WEDTTVkrvoum) k<
if B(X) > 0,
(k1) = ak_l(l —a) (1 - Oél+2) + O(aN) ifk > 1,
gnN (R, - a(l — ak'-i-l)(l — O[)_l + O(QN) ifk < l,
where a = q/p;
if B(X) <0,
an (k1) = ¢ (1+p2g—p) A=Y +OBY)  ifk>1,
A Plalg—p)] 18711 = MY +O(BN) ik <1,
where 5 = p/q.

2. In the case inf X = —2, that is, s = 2, we have E(X) = p/q — 2. Let us
give details for E(X) > 0,i.e.0 < ¢ < &
[pl@ =)~ (Aly) — A@)) +O(Y)  ifk>1>1,

gN(kJ) = {q[p(a: B y)]fl (B(x) _ B(y)) + O(yN) ifl<k< l,

where
g —/q(q+4p) g+ /qlqg+4p)
T = 9 y - )
2p 2p
tk+2 _ 1 _ t tk‘—l-‘r—l 1 _ tk+2
Ay = AT gy
1—t 1—t

We have to make compromises between the assumptions involving the symbol
and those about inf X. In Theorem 1.4 no constraint exists on inf X, even if it
means restricting the class of the symbols. In Theorem 1.5, however, restrictions
involve inf X.

THEOREM 1.5 (Asymptotic 2). Let X be an integer-valued random variable
satisfying the assumptions (1.4) with inf X = —1. Then there exist constants cy,
such that the following two relations hold:

1. If E(X) >0, [Ton(k,1)| < cxzN, where x is the real positive zero of
1 — ®(2) inside D.

2. IfE(X) =0,

Ton(k, )| < cky/N.
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REMARK 1.2. The case E(X) < 0 is more intricated and we will keep as-
suming the conditions of Theorem 1.4 in this case.

Theorem 1.5 will be proved in Section 4. As an illustration for it, let us con-
sider a shifted Poissonian random variable X with parameter A:
. A\(k+1) _
(1.14) P(X=k)=e i 1)l with A > 0and k > —1.
Here we obtain E(X) = XA — 1,®(2) = 2z ' exp (A(z — 1)) and we get then the
symbol f(f) =1 — eAx=1 5. A direct calculation gives the following factorisa-
tion.

(1) When X\ > 1, we denote by « the unique zero with modulus less than 1 of
the function z — 1 — ®(z) and we put

z—exp (A(z — 1))
(1—-2)(z—x)

h(z) =
Then:

f(0) = (1 =x)h(x) (1 —2X) .
g1 g2

(i) When A = 1, we put h(z) = (z — 1)"2(z — exp(z — 1)). Then:
f(0) =1 =x)h(x) (1 -X).
—

g1 92
By Theorem 1.3 (inversion formula) and Theorem 1.5, the next proposition gives

an example of potentials.

EXAMPLE 1.2. Let the distribution of X be given by equation (1.14). There
exist constants ¢ ; such that, for A > 1 and IV large enough, the following relations
hold: if k£ > [, then

! , !
gn(k, 1) = xk_l(l — x)_l( > izt — P > Mi) + O(:EN),
=0 1=0
and if k£ < [, then
gn (k1) =

I—k l .

-1 10T Y -1 406,
i=0 i=l—k+1

where p; is the coefficient of order ¢ in the Taylor expansion at 0 of the function
h(z) ' =(1—-2)(z—x)/(z —exp(z — 1)).

For simplicity we omit the case A = 1.
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2. PRELIMINARIES

For a family of complex numbers [a, ...
mentary symmetric function of the family [a1, .

,as), let 0; ; denote the j-th ele-
.., as] with a; removed, so that

[0 —ajx) = Z;;é 07X’ Furthermore, let 11; = [];;(a; — a;)~"; then

[T (= aix) ™" =377 miai (1 —an) ™"
The goal of the following two lemmas is to provide a list of

tions that will be useful for proving Theorems 1.4 and 1.5.

LEMMA 2.1. Suppose that a,b € D,k € N,j € Z.
(i) We have the equalities

elementary rela-

k k _ k+1g k _
@2.1) s X _ _X UL_X7 _ X ) = gkt X _
1—ayx 1—ay 1—ay 1—ayx
ok
1
(2.2) mo [ X)) =gk .
1—ax 1—ax

(ii) For a function )2 ;2" holomorphic in D(0, p), with p > 1,

-k o) )
Z a;x'

1=0

k—1 ) 0o )
= (Y aid" "+ Y aji )

)

(2.3) 7r+<1 "

(

Furthermore,

el 1

1—ax’ 1—0bx a7 /(1 — ab)
Finally, forh € H*

(2.4) b /(1 — ab) ZZ?

2>
<

h(x)

1

1—ax

0,
0.

h(a)

(2.5) ah(a)

. ( h(x) > - <

1—ay
Proof. These equalities are straightforward. m

)

1—ay’ 1—ay

LEMMA 2.2. Assume that h € H,b € D and that ay,as, ..

distinct. Define P(x)

[T;-,(1 = aix). Then

1—ayx’

.,as € D are

2.6) T <J}i((X))> = P(l) g (éﬂiazh(ai)%)x”l’
28) <1}§((’3)> - P(l 5 (00 —ji: (Z_ilmalh(a»m,j)?“),
29 b ; f“:b _ <1 —1bx’ H?l(i(j_ -~ >
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Proof. We give the proof of the first item only. The other proofs are quite
similar. From the decomposition [T;_, (1 —a;x) ™' = Y5, pai /(1 — a;x) we
deduce, for all k € N,

T < x > = iﬂia‘?_lﬁ ( 4 > Zm ke X
P(X) i=1 ! 1- a;X i=1 1— a;X

(see Lemma 2.1, equation (2.1)). Hence

T M v aShla: X . ZZ i@ aih(a H];ﬁz —ajX)
(PO—()> _;NZ zh( z)l_aw_(— (

. 1 s-1 s . ]+1 _

“ P g (et nox

The symbols present in Table 1 have zeros on T. In Table 2, where 0 < r < 1,
we replace these symbols by regularised ones. Let us notice that the regularised
symbol f, = g1,,g2,, satisfies the assumptions of Theorem 1.3.

TABLE 2. Regularised factorisation

91,0 (x) g2,+(X) condition
(1 =rx)h(x) | = (1 = z:x) E(X) >0
(1 =rmoh(x) | 1[5 (1 =7ry) | E(X)=0
h(x) [Toi @ —z)@ —7rx) | E(X) <0

PROPOSITION 2.1. Let f = g1g2 be the symbol from Table 1, and f, = g1 rg2.r
the regularised symbol from Table 2. Assume that for all k and | fixed in {0, ..., N},
and N fixed, the limit lim, 1 T (f.) " (k,1) exists. Then

(2.10) lim Ty (f) ™ (k1) = Tn (£) 7" (k. 1).

Proof. Letus consider the case E(X) > 0. Here g2, (x) = g2(x)- First, let
us prove that lim,_; T (f — f)(k,1) = 0 uniformly with respect to (k, ) and N.
Indeed,

Tn(f — fr) (kD) = (mn ((f = f)x7), x) = (r = D{mn (X" hga), X
= (r = D)(x*hga, v (X)) = (r — 1)(x* ' hga, x')

(7 is self-adjoint). Hence |Tn (f — fr)(k,1)| < (1 — r)||hg2||co- The equality

TN(fr)ilTN(f) —-I= TN(fr)ilTN(f - fr)
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leads to the following:

N
’(TN(fr)ilTN(f) - I)(kvl)} < %‘TN(fr)il(kvt” |TN(f - fr)(tﬂ l)’

N
< (1 =7)[1hg2lloo t_ZO T ()~ (2,0)]

and, consequently,

N
}Ln% ’(TN(fr)ilTN(f) - I)(k’l)} < }}Lq(l - T) ;)}ETN(]CT)(LZ) = 0.

The two other cases are dealt similarly. =

3. PROOF OF THEOREM 1.4 (ASYMPTOTIC 1)

From now on, IV, k, [ are nonnegative integers and £ < N, < N.

3.1. Case E(X)>0. Theorem 1.2 gives the decomposition f(6)=g1(x)g2(x)
with g1(x) = (1 — x)h(x) and g2(x) = [[;—; (1 — 2;%). In order to use Theo-
rem 1.3 we introduce, according to Proposition 2.1, the regularised symbol f,.(0) =
91, (X) g2, (x) With g1-(x) = (1 = rx)h(x) and g2+(x) = g2(x). We need only
to check the existence of lim,_.1 T2 v, and at the same time the asymptotic be-
haviour of €5 . The formula for lim,_,; ‘¥, is quite easily found with similar
techniques. Since we concentrate on the meaning of the theorem, we do not present
them. Ty (k,l) = lim, 1 T1 (K, ) is present only in Examples 1.1 and 1.2.

By assumption, g1, = (1 — 7x)h(x), h holomorphic on an open neighbour-

hood of D, with (h(z)) 1= z?:o b;z". Note that if d < [, we can write (h(x)) -

= S bix? with b; = 0 if i > d. We write also h*(2)~! = 2% b;z" in order
to have h(x) = h*(X). Moreover, ga(x) = [[;_,(1 — 2;Y) has s simple roots that
can be sorted by their modulus, say 0 < |z1]| < ... < |zs-1] < 25 < 1, where x4
is the real zero of 1 — ® on (0, 1) (it was called x in the first point of the assertions

in Theorem 1.4).

Evaluation of ?N7l7r(x) and XN,k,r(X)- From equation (2.1) in Lem-
ma 2.1 we obtain o

i o=l 7 i

_ <X[> _ Zi:()bixl i Xzizobirl+l i
\a& L—rx

Then, by definition (see equation (1.7)),

_ Ty I 7 —i _ I 7 —i
KN ROO) (3, biX ™ = XX, bir ) >
Hf:1(1 - fiX)

?N,I,T(X) =T+ <
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where G, (2) = 2N T h*(2) P(2,7) and Pj(z,r) is a polynomial in z and r:
more precisely, Pj(z,r) = Zi:(}vl_)lz’ — 2t zi:o b;r!T"=%. Hence, for each i in
{1,2,...,s}, GnNyr(Zi) = O(xy') uniformly in r € (0,1) as N — oo. By equa-
tion (2.7) of Lemma 2.2,

s

1 s—1

> Snaiex,

Y; I (1 —2y)
N (X) [T (1 —2ix) ;5

where (with y; and o5 ; defined for a; = ;)
¢ 1 N
SNgr = 2 BT Gnir(T:)5i = O(@y)
i=1
uniformly in 7 € (0,1) as N — oo. Furthermore, the limit of Sx;;, as r — 1~

exists. Using equation (2.8) in Lemma 2.2, we get

Xk _(Jk = 1
T4 <g2> = (x" - () 0wy

where Q, (2) = Z;;(l) (325, pioi jat ™) 271 is a polynomial of degree s. Then

Kvr) = i (s (g» o >—<N+1h(f; : fi;cszk(x» |

By assumption, h(z)~! is a polynomial Z?:o b;z* with no root in the open unit
disc. Thus [y VN +t1=% — YN*+1Q.(%)]/h(x) is a polynomial G with indeterminate
X, hamely

~ d . d .
GN()Z) _ Z biXNJrlfkfz _ Qk()Z) Z biXN+1fz’
=0 =0

of degree N 41 + s.
Then by Lemma 2.1, the second equation of (2.5), we have

_ Gn(r)
1—7rx’

(3.1) Xngr(x)

Note that G (r) = rN 1=k Ry (r), where Ry, (r) = h(1/r)~! (1 — r*Qy(r)) and
G () is bounded on the interval (0, 1) uniformly with respect to N and has a left
limit at 1.

LEMMA 3.1. It follows that (Xy 1.(x), Ynir(X)) = O(z) uniformly in
re€ (0,1)as N — oo.
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Proof. Using (2.9) of Lemma 2.2 and, finally, (2.4) of Lemma 2.1, we have

) R ~ s—1 1 Xj >
X s 7Y T = G r S T
(XN kr (), YN (X)) N )E N, < —rx’ [[2, (1 = Zix)

D o
- N\T Nl ) —
§=0 b o L—=rx 1 —oix
s—1
— pNt1- kR Ly

Z SNZ,],TT Z g

1—xr

The last equality leads to the conclusion. =

To achieve the proof of the case E(X) > 0, we introduce the following lemma

LEMMA 3.2. For N > d, the function )N(hN’,, (x) is an eigenvector of the op-
erator H, F H P and the corresponding eigenvalue A\ , satisfies Ay, = O( A
uniformly inr € (0,1) as N — oo. Furthermore, \x , converges asr — 1~

Proof. We have

1 g1 ny1 1 _ 1
H = ) g —
<I>N<1_TX> ™ <g2X T N(X)Hs

i:l(l - xz)_() ’

where, by equation (2.6) in Lemma 2.2,

i (Zﬂz SN (200, S

=1

Hence, using again the second equation of (2.5) in Lemma 2.1, we obtain at last

Hg Hy <1—1r><> — T+ <m)

B <UN(X)Z;1:0biXN+1_i> B TN+1UN(T)(h(1/T))_1
=Ty =

1—ry L —rx
Clearly, An, =rN T Un (r) (R(1/1)) -

. It remains to observe that Uy (1) =O(x)
uniformly inr € (0,1)as N — co. =

s

By Lemmas 3.1 and 3.2, we get To n = (1 — An) "X Nar(X), Y (X))
= O(z) uniformly in r € (0,1) as N — oc.

This completes the proof of the case £(X) > 0.
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3.2. Case E(X) = 0. By Proposition 2.1, the regularised symbol f,.(6) can
be written as g1 ,(Xx)g2,r(X). According to Table 2, g »(x) = (1 — rx)h(x) and

g2.,-(x) = (L—rY) Hf:_ll(l — x;X). By assumption, 1/h(z) = Z?:o a;2*, apoly-
nomial of degree d. Let € be a real with

(3.2) 0<e<1l-— max |z
1<i<s—1
and consider a regularlsatlon with r € (1 — ¢, 1) only and put 5 = r. So go, T(x)

may be written as H _1(1 — x;x) as in Subsection 3.1. Evaluating X Nk, YN Lr
and their inner product as in equation (1.7), we obtain

s 1
(XNgors Yoy = 1V (R(1/r)) ™ (1 —7Qu(r)) Z SN jrr? Z 1 —
where
s—1
Qk(r) - ( Z Mzaz,]xk+s)7"3+1 Z Hix x; 17’ H 1 — wz
j=0 =1 ki
SNJ,jr Z i T GNlr(ﬂfz)Uw,
GNJ,T(Z) L= lh ( Z b; P Z bir I+1— z)
We have
L (R V)
1—7r N,k,ry LN,lr
_ . )
_ (TN—H k_rN+1Qk(r))(h(l/r)) 1 s—1 }
N 5 > SN
Lo [l (A=) 5
1 N+1—k1_k h(l 1 ] .1
- r (1 —r*Qu(r)) (h(1/r)) Z -
Hi:l(l - CUZ‘T) 1— 7“2 1— j 0 obs,

We claim that the above quantity is bounded uniformly in » € (1 — &,1) and N
and converges as r — 17. In fact, we have

1—7*Qu(r) (f[ll—azZ Zlu,‘gl(l—xz) 1)—erk(r)
= 3 (a7 (0= ) [T - ).

i=1 J#i
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Observe that each summand in the previous sum either contains a factor 1 — x,r =
1 — 72 (wheni < s)or 1 — xh+ipk+l = 1 — p2k+2 (when i = s). Hence this sum
is divisible by 1 — r with a bounded quotient. It follows that also the quantity

(1 — )N (1 =k Qu(r)) (h(1/r))
is bounded uniformly in € (1 —¢,1) and N and converges as 7 — 17.
Let us now study Zj;(l) SN

s—1 ) s s—1 )
N SNt =3 wEi G (3) Y Y
=0 i=1 =0
S
= > %, G (T) [T —z57)
i=1 i

When ¢ < s, the corresponding term on the right-hand side contains again a factor
1 —xzsr =1—r2 When i = s, we have

l ) 1 '
GN,l,r(jis) = TNJrlle(r)( Z Bﬂ“l _ Z birrl+1,l)
=0 i=0

—~

— 7,N+1flﬁ(r) Z Bzrl(l - r2[*21+2).
i=0
The last sum is a polynomial divisible by 1 — r. It follows that also the quantity
(1—r)7t Z;;é SN 1,7 is uniformly bounded in r € (1 — ¢,1) and N and has
alimit as 7 — 17. Our claim is proved.

LEMMA 3.3. For N > d, the function )N(va,r (x) is an eigenvector of the op-
erator H&)N H‘I)N corresponding to an eigenvalue 0 < Ay, < 1 and Ay, — 1 as

r — 17. Furthermore, with ¢ defined as in (3.2), we have

1-— 1
1_/\;7“ =0 <N) uniformly inr € (1 —e,1) as N — oo.

Proof. Using the proof of Lemma 3.2, we obtain
Hy Ho, (XN kr) = A XN oo

where Ay, = VT Uy (r)h(1/r) ! and

Un(r) =
g N+1 j z N+1

= > (X TN (@) o) T = 3T TN () [T (1 - ayr)
Jj= =1 =1 JF#i

= s+N+1 sEN42 szl ] — T;r
=7y W h(z;) [T(1 —ar) + 7 h(r) [T ———.
i=1 j#i j=1 T = Tj
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Therefore, we have 1 — Ay, = 1 — r2VH34s AN (r) — (1 — 72) By (r), where

An(r) = h(r)h(1/r)~ ] —2=

and
By (r) =r"*2h(1/r)™! Z ey TN h(z) [T (1= ayr).
i=1 JFLIFS
Both Ax(r) and its derivative Ay (r) with respect to r are bounded uniformly in
€ (1—e¢,1)and A(r) tendsto A(1) = lasr — 1~. Also By/(r) is bounded uni-

formly inr € (1 —¢,1) and N > d, and By (r) has a limit as » — 17. Therefore,
for some &, € (1 —¢,1),

1= Ay, 1 —r2N3EsAn(r)
= — (1 B
1—r 1—r (1+7)Bn(r)

= (2N +3+ 8N AN(E) + GNP AN (&) — (L+ 1) Ba (),

and the lemma follows. =

The proof of the case F(X) = 0 is a straightforward application of the earlier
results and of the formula
1—r 1

T =~ (X Y,
2,N,r 1_)\N7~1_ < N,k Nlr>

3.3. Case E(X) < 0. According to Proposition 2.1, Table 2 provides the ex-
pression of the regularised symbol f; as the product f,.(6) = g1.»(x)9g2,»(X), where
g1y =hand g2, (x) = (1 —rx) Hf;ll(l — x;X)- By assumption, with the nota-
tion of Theorem 1.4, g1(x) = h(x) = (1 — ax)h(x), where 1/h(z) is a poly-
nomial. Let € be a real defined as in (3.2) and consider a regularisation with
re(l—el) only and put x5 = r. So, as in the previous subsection, gz (x) will
be Hs (1= ) Repeatlng the argument of Subsection 3.1, we obtain the same
expressions for X Nk, and YN 1~ as in the other two cases, but with r and h re-
placed by o and h respectively. Now X Nk, and YN 1,» depend on 7 through x, u;
and o; ; only. Therefore, we have (see the proof of Lemma 3.1):

s—1 x

s—1
XNk (), Ynar () = VTP Ry (o (Z SN 10 )(Z i >

1 — 2

where Ry (o) =h(1/a)~! (1—a*Qy (). Then the quantity (XN xr(X), Yair(x))
is O(|a|") uniformly inr € (1—¢, 1). As in Lemma 3.2, X 1 - is an eigenfunction
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of H &)NHq, ~ Wwith eigenvalue Ay o, < 1. Note that Ay , depends on r through x;
however, we have

aN+1 s—1 s

Ao == 3 (3 ™ h(z;)oi )T
" i 5 /)

which is O(|a|"™) uniformly in 7 € (1—¢,1) as N — oo and has a limit as 7 — 1.
Hence, (1 — A, n) ! is bounded in 7 € (1 —¢,1) for N large enough, and
s0 Ta N (K, 1) is O(|a|™) uniformly in r € (1 — ¢, 1), and lim,_,;~ To v, (k, 1)
exists.

4. PROOF OF THEOREM 1.5 (ASYMPTOTIC 2)

This proof, as well as that of Theorem 1.4, is based on Lemmas 2.1 and 2.2.
The calculations used are quite similar to the previous ones. Therefore, we de-
tail only the succession of the steps involved in the proof. When E(X) > 0, Theo-
rem 1.2 allows us to write f(0) = g1(x)g2(x) with g1(x) = (1 — x)h(x)
and g2(x) = 1 — z, and when E(X) = 0, it provides f(0) = g1(x)g2(x) with
g91(x) = (1 — x)h(x) and g2(x) = 1 — x. In accordance with Table 2 we consider
the regularisation

@D g0 =0 =rx)h(x), g-()=1-2x IfEX)>0

and
42) 91,00 =10 =rx)h(x), gr(x)=1-rx ifEX)=0.

Note that g» , depends on 7 only in the case £(X) = 0. The similarity of the two
cases F(X) > 0 and E(X) = 0 allows us to write g, and g, as in equation
(4.1) and to consider that z = r when E(X ) = 0. According to Theorem 1.2, h is
holomorphic in an open disc D(0, p) with p > 1 and does not vanish in D. Hence,
decreasing p if necessary, we may assume that h has no zero in D(0, p). Let us put
for |z| < p
(4.3) h(z)=> a2’ and —=> b;z.

§=0 hz) 5
This notation is kept in all this section. By Cauchy’s inequality ([3], p. 81) there ex-
ists a constant M such that for all j € N the inequalities p’|a;| < M and p/|bj| <
M hold true.

Computation of the functions XN,k,r(X) and }}NJ,T(X)'

LEMMA 4.1. With the notation as above, the following assertions hold:
(i) There exists a holomorphic function Vi i, , on the open disc D(0, p) whose
restriction to the torus T has a norm in L>®(T) satisfying ||Vy k.rllcoc = O(1/pN)
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uniformly in r € (0, 1) such that

i Zi?m(”“*”“ — xR NE2TT) 4 Viv g (x)
XNgr(X) =

1—ry
(ii) There exists a polynomial Py(x,r) independent of N such that

Yi,N,r(X) = $N+1]_7“(x)Pl($a 7") 1

—_— xX '
From now on, we put

6N,k,r(z) _ Z bj(,,,N+lf(j+k) - x1+krN+2fj) + VN,k,r(Z)'
=0

For a function 0y ,(2) = Zé\zgl by NI 4 372 5 iz 277, holomorphic
on D(0, p), we have

for all functions /3 holomorphic in D(0, p). Hence, for all positive integers p,
(Hg Hy ) (Xn k(X))
— xN+2h(:p)ﬁN7k7r () (xN+2h(:c)5N,r (x))p_l 51]\[’:(:;3
We conclude that

4.4) Toynr(k1)

N
= (R0 P00 + )Pt (@) <5N”"(X) 7 (x)>-

1 —aN2h(2)on () \ 1 —rx’ N

Consider first the case E/(X) > 0. Note that, by Lemma 2.1 and summability of b,,
(1 —rx)"'0N., Yiv1) is bounded uniformly in r € (0,1) and N and converges
as N — oo. It follows that Ty v, (k,1) = O(z) as N — oo uniformly in r €
(0,1), and taking the limit as » — 1~ proves the theorem.

When E(X) = 0, we have the equation (4.4) with z = r and P;(r, r) is divis-
ible by 1 — r. So the quantities

(1= 1) (a0 Tal) - and (1= ) (58 3 00)

are bounded in r and N. Furthermore, dy ,(r) tends to 1/h(1) as » — 17, so
that (1 — r)~*(1 — rN*2h(r)dn,(r)) is bounded by O(1/N) uniformly in r as
N — o0 as in the previous section.
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