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1. INTRODUCTION

Nonlinear backward stochastic differential equations (BSDEs in short) have
been introduced by Pardoux and Peng [10]. The original motivation for the study
of this kind of equations was to provide probabilistic interpretation for solutions
of both parabolic and elliptic semilinear partial differential equations (see Pardoux
and Peng [11], Peng [14]). Thanks to its link with finance [3], the stochastic control
and stochastic game theory (see [5] and references therein), the theory of BSDEs
has quickly taken a real enthusiasm since 1990.

Moreover, in order to give a probabilistic representation for a class of quasi-
linear stochastic partial differential equations (SPDEs in short), Pardoux and Peng
[12] considered a new kind of BSDEs, called backward doubly stochastic differen-
tial equations (BDSDEs in short). There exist two different kinds of stochastic inte-
grals driven respectively by two independent Brownian motions. The first integral
is the well-known backward It6 integral and the second is the forward one. Fol-
lowing it, Bally and Matoussi [1] gave the probabilistic representation of the weak
solutions to parabolic semilinear SPDEs in Sobolev spaces by means of BDSDEs.
Furthermore, Boufoussi et al. [2] recommended a class of generalized BDSDEs
(GBDSDEs in short) which involved another integral with respect to an adapted,
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continuous and increasing process and gave the probabilistic representation for
stochastic viscosity solutions of semilinear SPDEs with a Neumann boundary con-
dition. Recently, Hu et al. [6] showed the existence and uniqueness of solutions to
GBDSDE:s driven by Teugel’s martingales associated with Lévy process and gave
probabilistic interpretation for solutions to a class of stochastic partial differential
integral equations (SPDIEs in short) with a nonlinear Neumann boundary condi-
tion. These results are obtained with strong conditions on the coefficients such as
Lipschitz conditions and monotony ones. Recently, N’zi and Owo [9] proved an
existence and uniqueness result of solutions to BDSDEs with non-Lipschitz con-
ditions.

Inspired by [9], the aim of this paper is to extend the study of GBDSDEs
driven by Lévy processes introduced in Hu et al. [6]. We prove an existence and
uniqueness result in the non-Lipschitz case.

The rest of the paper is organized as follows. In Section 2, we introduce
some preliminaries and notation. Section 3 is devoted to the proof of the exis-
tence and uniqueness of the solution to GBDSDEs driven by Lévy processes with
non-Lipschitz coefficients.

2. PRELIMINARIES AND NOTATION

Let (2, F,P) be a complete probability space on which all the processes con-
sidered in this paper are defined and let 7" be a fixed final time. Let { B;; 0 < ¢t < T'}
be a standard Brownian motion with values in R and {L;;0 < ¢ < T'} be an R-
valued Lévy process independent of { By; 0 < t < T'} and corresponding to a stan-
dard Lévy measure v such that fR(l A y)v(dy) < oo. Let N denote the class of
P-null sets of F. For each t € [0, T, we define

A
F = F Vv FL,

where, for any process {n;}, F¢, = o{n, —ns;s <r <t} VN, F = F{,.

Note that {F{, ¢ € [0,T]} is an increasing filtration and {FZ,, ¢ € [0, T]} is
a decreasing filtration, and the collection {F;,t € [0, T} is neither increasing nor
decreasing so that it does not constitute a filtration.

Let ¢2 denote the set of real-valued sequences = = ((%));> such that ||z|? =
Y2 292 < .

We will denote by M?2(0, T, £?) the set of (class of dP ® dt a.e. equal) £2-
valued processes which satisfy

@) 2113202y = E( fy lleorll?dt) < 03

(i) ¢y is Fy-measurable for a.e. t € [0, T].

Similarly, S2(0, T) stands for the set of real-valued random processes which
satisfy:

) llellz: = E(supogicr|et]?) < oo;

(i) y is Fy-measurable for any ¢t € [0, 7.
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In the sequel, let { A;;0 < ¢ < T'} be a continuous and increasing real-valued
process such that A; is F;-measurable for any ¢ € [0,7] and Ay = 0.

Let A%(0, T) denote the set of (class of dP ® dA; a.e. equal) real-valued mea-
surable random processes {¢;; 0 < t < T'} such that

T
E( [ |eedAs) < oo
0

We will denote by £(0,T) = (S2(0,T) N .A%(0,T)) x M?(0,T,¢?) the set
of (R x ¢?)-valued processes (Y, Z) defined on Q x [0, 7] which satisfy the con-
dition (ii) as above and such that

T T
IV, 2)[2 = E( sup Vi + [ [YPdA, + [ [ Z,]%ds) < oc.
(USAV/A 0 0

£(0,T) endowed with the norm || - || is a Banach space.
Let us denote by (H (i))@l the Teugel martingale associated with the Lévy
process {L; 0 < t < T'}. More precisely,

Ht(i) = C@',Z'Tt(i) + Ci,ifln(i_l) +...+ Ci,th(l),

where Tt(i) = Lgi) — E( Lf)) = Lii) - tE(Lgi)) for all 4 > 1 and Lgi) are power
jump processes such that
tV=r, and L= Y (AL, fori> 2,
0<s<t
with L;— = lim, »y Ls and ALs; = Ls — L. Nualart and Schoutens have proved
in [8] that the coefficients ¢; j, correspond to the orthonormalization of the polyno-
mials 1, x, 22, ... with respect to the measure u(dz) = x?v(dx) + 026y (dx):
qi(x) = cm-xi_l + ci,i_lxi_2 +...+ci.

The martingale (H (i))@l can be chosen to be a pairwise strongly orthonormal
martingale such that, for all 7, j, (H® HU)), = dijt.

REMARK 2.1. If i only has mass at 1, we are in the Poisson case Ny with
parameter A > 0; here Ht(l) = (N; — M)/Nand H) = 0,7 =2, 3,... This case
is degenerate in this Lévy framework.

DEFINITION 2.1. A pair (Y, Z) : Q x [0,7] — R x £2 of processes is called
a solution of GBDSDE(¢, f, g, h, A) driven by Lévy processes if (Y, Z) € £(0,T)
so that

T T T —
Q1) Yi=&+ [ f(s, Y-, Zs)ds + [ h(s, Y, )dAs + [ g(s,Ys, Zs)dB,

t t t

T

-> [zWaay,  telo,T).
=11
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Here the integral with respect to {B,} is the classical backward Itd integral (see
Kunita [7]) and the integral with respect to {(Ht(l))gl} is a standard forward It6-
type semimartingale integral (see Gong [4]).

First, let us recall the extension of the well-known 1td formula on which our
results depend strongly. Its proof goes the same lines as that of Lemma 2.5 in [2]
or Lemma 1.3 in [12].

LEMMA 2.1. Let o, B and v in S?(0,T), n € A%(0,T) and { € M?(0, T, ¢?)
satisfy

at—aT—i—fﬁsds—i—fnsdA +ffySdB —ng; dH®,  tel0,T).
=1t

Then

T T T
loy|? = |ar|® + 2fasﬁsds + QfasnsdAs +2fas'ysst

—2ZfasC8dH )+f|752ds— 5 N Jd[H®, HO)).

=11 1,7=11

Note that (fT ozs%st)Ogth, (fg asggi)dHéi))Ogth for all i > 1 and
(fo H(l HS( -)])OSKT for i # j are uniformly integrable martingales
and <H(Z), HW)Y, = §;;t. We have

T T T
E|at|2 = E\aT|2 + QIEfaSBSdS + QEfozsnsdAS +Ef ]’ys|2ds
t t t

T oo
—E([ Y Ic92ds), teo,T).

t =1

Next, we recall the existence and uniqueness result on GBDSDE(¢, f, g, h, A)
in the Lipschitz and monotony context. This result is due to Hu et al. in [6], where
the following assumptions are used:

(A1) The terminal value ¢ € L?(Q, Fr, P, R) is such that for all A > 0

E(exp(AA7)|¢]?) < o0

(A2) The coefficients f,g: Q x [0,T] x R x £2 — R and h: Q x [0,7T] x
xR — R satisfy, for some 51 € R, K >0, 0<a <1 and 2 <0, three F;-adapted
processes {f:, gt,he : 0 < t < T} with values in [1,00[ and for all (¢,y,z) €
[0,T] x R x £2, X > 0:

) f(,v,2),9(-,y,2) and h(-,y) are jointly measurable;
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SDE driven by Lévy processes 263

|h(t,y)| < he + Klyl;

(i) E(f) exp(AA) f2dt + [, exp(AA,)g2dt + [} exp(AAy)h2dt) < oo;
V) (y—y, f(t,y.2) — f(t,y,2)) < Bily —¥'|%
(V) ‘f(t Y,z ) - (t Y,z /)|2 < KHZ - Z/H2;

i) (y— o/ h(t,y) — h(t,y))) < Baly — /|

vii) [g(t,y,z) —g(t,y,2)? < Kly —/'|* + allz — 2/||%;

(viil) y — (f(t,y,2), g(t,y,z), h(t,y)) is continuous for all z, (w,t).

(A3) |f(t,y,2) = f(t,9,2) ] + |h(t,y) — h(t,y)]* < Kly — /|,

LEMMA 2.2 (Hu et al. [6]). Under the assumptions (A1), (A2) and (A3), the
GBDSDE(&, f, g, h, A) has a unique solution.

9(t,y,2)| < ge + K(ly| + [|z[]) and

3. EXISTENCE AND UNIQUENESS RESULT IN THE NON-LIPSCHITZ CASE

In order to attain the solution of GBDSDE(E, f, g, h, A), we assume the fol-
lowing assumptions. The coefficients f,g: Q2 x [0,7] x R x /2 = R, h : Q x
[0,7] x R — R and the terminal value ¢ satisfy:

H1) f(-,v,2),9(-,y,z) and h(-,y) are jointly measurable such that

T T T
0<E([]f(s,0,0)*ds+ [|h(s,0)]>dAs + []g(s,0,0)]" ds) < oo
0 0 0
(H2) Forsome K >0 and three F;-measurable processes { fi, g, hy: 0<t<T'}
with values in [1, oo and for all (¢,3, z) € [0,T] x R x £2, A > 0:

Fty 2l < fe+ Kyl + 120D, la(ty,2)| < g+ K|yl + l2[]),
h(t,y)| < he + Klyl,

T T T
E(fexp()\At)ffdt + fexp()\At)g?dt—l— fexp()\At)hfdt) < 0.
0 0 0

(H3) For some 3 < 0 and for all y;,y2 € Rand ¢ € [0,T],
(y1 — ya2, h(t,y1) — h(t,y2)) < Blyr — yal*.
(H4) For all (y1,21), (y2,22) € R x 2 and t € [0, 7],

|h(t,y1) — h(t,y2)| < K|y1 — yol,
|F(tyr, 21) — F(ty2, 22) 7 < plt, [y — 2]) + Clz1 — 2%,
lg(t, y1,21) — g(t, Y2, 22) > < p(t, [y1 — yo?) + alz1 — 22| %,

where C' > 0and 0 < o < 1are two constants and p : [0, 7] x RT — R satisfies:
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(i) forfixedt € [0,T], p(t,-) is a concave and nondecreasing function such
that p(¢,0) = 0;

(i) for fixed u, fo (t,u)dt < 4005
(iii) for any M > 0, the following ODE
u' = —Mp(t,u),
u(T)=0
has a unique solution u(t) = 0, ¢t € [0, 7.
(H5) ¢ € L%(Q, Fr,P,R) is such that for all A > 0
E(exp(A7)[€]?) < oo

Under the above assumptions, we now construct an approximate sequence us-
ing a Picard-type iteration with the help of Lemma 2.2. Let Y = 0, (Y", Z "1

be a sequence in £2(0,T') defined recursively by

T T
(3.1) Vi =&+ [ f(s, Y, Z0)ds + [ h(s,Y)dAs
t t

T _ — oo T . )
+ [ ol Y0, 2B, - 3 [ 272V,
t i=1t
Indeed, for each n > 1 and fixed Y™ ! in §2(0,T), BDSDE (3.1) satisfies
the assumptions (A1), (A2) and (A3). So, by Lemma 2.2, the BDSDE (3.1) has a
unique solution (Y™, Z") € £2(0,T).
Our purpose is to prove that the sequence (Y, Z"), - converges in & 2(0,7)

to (Y, Z) which is the unique solution of BDSDEs (2.1). We begin with some
preliminaries results.

LEMMA 3.1. Let the assumptions (H1), (H3) and (H4) be satisfied. Then for
all0 <t <T,n,m > 1, we have

CcT 1-— T
E|Y;"M™ — V"2 < exp <1 a) < CO‘ + 1) [ p(s, B[St —y =1 2)ds.
- t

Proof. By It&’s formula, we have

T
E[Y/ ™™ Y[ +E [ |2+ - Z7|ds
t

T
= 2F [(YF" =Y, f(s, YOHmTL 200 — f(s, YT Z20))ds
t

T
E [(YI™ =Y h(s, YIT™) = h(s, Y))dAs
t
T
+E [g(s, YT 200 — g(s, YO, Z0)Pds.
t
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SDE driven by Lévy processes 265

Using (H3) and Young’s inequality 2ab < 6~ 'a? 4 0b? for any 6 > 0, we have

T T
E[Y/ ™™ V" + E [ |24 = Z7|ds + 2IB|E [ [Y{*™ = Y [PdA,
t t

T
Y™~ YI2ds + (6 + DE [ p(s, [Y7H™ 1 — Y21 2)ds
t

< -E

="

SV

T
+(0C + Q)E [ || Z3+™ — Z7|*ds.
t

Choosing § = (1 — «)/C > 0, we infer from Gronwall’s inequality and Jensen’s
inequality that

E’}/?H_m o }/tn‘Q

T \/1- T
< eXp<1C_a)< Ca + 1) {p(saEm"er_l — Y )ds. m

LEMMA 3.2. Let the assumptions (H1), (H3) and (H4) be satisfied. Then there
exists Th € [0,T[ and a constant My > 0 such that, for all t € [T1,T] and each
n>1,E|Y* < M.

Proof. By Itd’s formula, we have
T

E[Y/]? +E [ | 27|ds
t

T T
=E[¢* +2E [(Y]", f(s, Y7 Z0))ds + 2B [ (Y2, (s, Y]")) dA,
t t
T

+E [|g(s, Y71, Z0) P ds.
t

Using (H3), (H4) and Young’s inequality 2ab < 6~ 'a? 4 6b? for any 6 > 0, we
have

1
2<}/5n7 f(sv sznila Zg)) < §|}/Sn’2 =+ 0|f(87 sznilv Z?)P
1
< EIYS"F +20p(s, [YH?) + 200 22| +26] £ (5, 0,0)|%,

1
2(Y2, h(s, YT) < 2B|Y2 + 2V, h(s,0)) < |8 |Ys"|2+m |h(s,0)[,
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and
lg(s, Y1, Z2) P

1
< (U O, 2 (14 0)al 221 + (14 5 oo, 0. 00

Therefore, T T
E[Y;"|* +[1-20C - (1+ H)Q]Ef 122|1Pds + |BIE [ [Y{'[*dAs
t

< EEP + Ef\Y”] ds+ (30 +1) fp (s, E[Y 1 ?)ds
t

- E{ [26\]‘(3, 0,0)|* + (1 - 9> l9(s,0, 0)12] ds +

We choose 0 = (1 — ) /(2C + «) > 0; then
2C +«

LB [ h(s,0)2d4.,.
18] f

E|Y;* <E[EP +

Eny”\ ds

+ (3210 +1>fp s, BV 12)ds
ru] 2= 0.0+ (22 gt 0,007 as

Ej |h(s,0)|? dAs,.
t

*m

Now, in view of Gronwall’s inequality, we derive

1 2C T
(3.2) E|Y") < pul + (320 +1> <( +a) >fps E[Y"~1?)ds,
t

where

- ((20 + a)T)

11—«
< (zlef & [ [2 2 60,02+ (T2 gts0.07] o

11 9
+ —E [ |h(s,0)] dA8>.
18] 4

Let
3.3) M=

max{( 2101 +1) ((2?J_FZ)T>,(1;“+1>exp<1€Ta)}>0
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SDE driven by Lévy processes 267

and

=2 = 2 (2D (g 2[5 0.0

+ (1*_%5) 19(5.0,0)| ]deEfyh (5,0)] dA)

From (H4) we obtain fOT p(s, M1)ds < 400, so we can find T} such that

S

T
[ p(s, My)ds <
T

Now, we complete the proof as in N’zi and Owo [9]. =

Using the above lemmas, we can now prove the existence and uniqueness,
which is our main result.

THEOREM 3.1. Let the assumptions (H1)-(HS) be satisfied. Then the equa-
tion (2.1) has a unique solution (Y, Z) € £2(0,T).

Proof. Existence.Foralln > 1,and t € [0,T], we let

Po(t) = M{P(S,Ml)ds and  ¢pia(t) = M{P(sa%(s))ds

N’zi and Owo proved in [9] that (gbn(t))n>0
formly to O for all ¢t € [T}, T]. From Lemmas 3.1 and 3.2 we conclude as in [9]
that forall ¢ € [T1,T], n,m > 1,

(3:4) E|Y/"™ = Y ? < ¢noa(t) < M.

Using Itd’s formula, we deduce from the assumptions (H3) and (H4) and Young’s
inequality 2ab < 6~ 1a? + 0b%, 0 > 0, that for all t € [T}, T]

is nonincreasing and converges uni-

T
) Y=Y = (00 + a) [ 1125 - Z0|Pds
t

T
+218] [ YT = Y PdA,
t

Qb\»—t

T T

f|Y;n+m Yn| d8+ 9+ fp Yn—l—m 1 Y;n_1|2)d8

t t
T

2]‘ <Y;n+m _ Y'Sn’ (g(s’Ytsn—&-m—l’Z;’L-l—m) _ g(S,Y;n_l, Z;’l))<d—BS>
t

T
[yptm —yr Z{rtm@) _ zn@y g () Z f ZzM0 zrGalHE HY).
t i,j=11

x
-9 Z
b,

i,j=1
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Note that the local martingales

T Ty
([ <st+m —yr, (g(s’ st+m71’ Z;l+m) — g(s, stfl’ Zg))dBS>)ogt§T7

(yptm —yp, zimtm@ — zeygg®) . foralli > 1

(

+—

and

(fZ’” ZPDAHL H)) o fori#

are uniformly integrable, so that they are martingales. Therefore, taking expecta-
tion in (%), it follows from Jensen’s inequality and inequality (3.4) that

T
E[Y/"™ = Y"? + (1~ 0C — a)E [ |25 — Z¢|?ds
t
T
+2|BIE [ Y™ - Y PdA,
t
<

T
E [ Y2 — Y2 2ds + (04 1) [ p(s, B[y — Y1 2)ds
t

+—

Cb\i—\ | =

T
<5/ on ds+9i¢n (0.

Thus, choosing § = (1 — «)/2C, we get

1 _
sup (B|YH™ — Y'|?) + —— — 77|%ds
T <t<T
T
T — T 0+1
Y A R e S !
T

from which we deduce by Burkhdlder—Davis—Gundy’s inequality that
T T
E( sup [V =Y P)+E [ |20 = Z7|Pds + B [ [V - Y PdA,
Ti<t<T T T
< K¢n— 1 (Tl )7
where K is a positive constant dependent on C, T3, T, «, |3| and M. Since

¢n(t) — 0 for all t € [T1,T] as n — oo, it follows that (Y™, Z") is a Cauchy
sequence in £2(T1, T). Let us set

Y= limY", Z= lim 2"

n—-+o0o n—-+00
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SDE driven by Lévy processes 269

Then, since £2(Ty, T) is a Banach space, (Y, Z) € £2(Ty, T). Passing to the limit
in (3.1), we prove that (Y, Z) satisfies the BDSDE (2.1) on [T, T.

If T1 = 0, then we have proved the existence result. If 77 # 0, we consider
the following equation:

T Ty Ty «—
(35 Yi=Yn + [ f(s,Ye—,Zs)ds+ [ h(s,Ys-)dAs+ [ g(s,Ys, Zs)dB,
t t t

S Tl . .
-Y [zPdHD, e (0, 7).
=1t

We construct the Picard approximate sequence of the equation (3.5), as in (3.1).
Using the same procedure as in the proof of Lemmas 3.1 and 3.2, for all t € [T, T,
n,m > 1, we establish that

CT \(1— n
E|Y2n+m Yn|2 exp()( @ + 1> f p(S’ED/Snerfl _ szn71|2)d8
(0%

1-— C +
and
T
E|Y"* < pf + M [ p(s, E[Y]?)ds,
t
where
(2C + )T (1 )
M% :eXP<1_a E|YT1 Ef 20 + | f(s,0 0)|
1+2C
- ( 1+ >|g(s 0 ())\2]ds+ ‘5|]Ef|h s,0)% dA)
Let

M =28 = 2esp( BCET) (B vy P o / [ A ps.0,0)2

14+ 2C
+ (4

— )\g(soo)|2]ds+ |Ef|hso|dA>

6

We can also find 7 € [0, 7] such that
E[Y)'*< My, n>1,te DT

Here T> = 0 or T, €]0, T} [ are such that ij;l p(s, Ma)ds = p3 /M. As above, we
prove the existence of the solution to BDSDE (3.5) on [T5, T} ]. If T = 0, the proof
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of the existence is complete. Otherwise, we repeat the above procedures. Thus, we
obtain a sequence {7}, ut, M,, p > 1} defined by

0<T, <Th1<...<Th <Ty =T,
2C+ )T 2(1 —
= ep(EE ) v+ (2= 60,008

1
1+2C
+< —i__a>‘g(87070)|2>d8+Ef|h$0‘ dAs:|7

1 18l
(2C + )T T 7201 - )
Mp:2,ug:2exp<1_a E|YTP71|2+EI WL}C(S,O,O)‘Z
1 —|—2C> 2) ]
+ 5,0,0 ds—{——IE h(s,0)|" dAs]|,
(5229 0,002 Yas + ok [ s, 0F
and
Tp-1 Mg
p(s, My)ds = —.
[ o

Therefore, by iteration, we deduce the existence of a solution to BDSDE (2.1) on
[T, T].
Finally, setting

A:gexp<(201+o‘)[ Z(%’+ ) | £(5,0,0)

1+2C
—|—<1_a>g( 0)? )ds+wEf|hsO| dA,

and using the same argument as in [9], we prove the existence of a finite p > 1
such that 7}, = 0. Thus, we obtain the existence of the solution on [0, T7].

Uniqueness. Let (Y, 2), (Y, Z') € S2([0, T]; R¥) x M2(0, T; R¥*4) be
two solutions of BDSDE (2.1). Let § > 0. By It6’s formula, we have

T T
E|Y; - Y/[?e" + 0E [ |Y, — Y!|*%ds + E [ || Z, — Z}||*¢"*ds
t t

T
=2E [(Y, =Y., f(s,Ys, Zs) — (5, Y, Z2))e% ds

)y L s
t

T
+2E [(Ys — Y], h(s,Ys) — h(s,Y]))e? dA,
t

T
+E [g(s,Ys, Zs) — g(s, Y., Z0)| 2" ds.

sy L sy
t
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Using the assumptions (H3) and (H4) and Young’s inequality 2ab < 6~ 'a? 4 6b,
we derive

1 T
E|Y; — Y/ 2% + (1 —a— 90>Ef 1Zs — Z.||%e%ds
t

T T
1
+2|BE [ |V, — Y ?e”dA, < <9 + 1) E [ p(s, [Ys — Y |*)e% ds.
t t

Choosing # > C/(1 — «) and noting that 1 < e < €7 forall t € [0, 7], we get

1 T T
36 B~ VP4 (1-a- jO)B [ 2. - ZUIPds + 2091E [ 1V, - ViPaa,
t t

1 T
< (9 + 1) eeTEfp(s, Y, — Y!|?)ds.
t

Therefore
12 L oT I 12
E|Y; - Y/ < (5+1)e [ p(s,E|Ys — Y/|?)ds.
t

Using the comparison theorem for ODE, we have
E|Y; — Y/]? <r(t) forallte [0,T],
where r(t) is the maximum left shift solution of the following equation:

u' = =071+ 1) p(t, u),
u(T) = 0.

By the assumption (H3), r(t) = 0, ¢ € [0,7]. Thus E|Y; — Y/[>=0, t € [0,77,
which implies Y; = Y/ a.s. It then follows from (3.6) that Z; = Z] a.s. for any
tel0,7]. m
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