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Abstract. Stochastic variational inequalities provide a unified treat-
ment for stochastic differential equations living in a closed domain with
normal reflection and/or singular repellent drift. When the domain is a con-
vex polyhedron, we prove that the reflected-repelled Brownian motion does
not hit the non-smooth part of the boundary. A sufficient condition for non-
hitting a face of the polyhedron is derived from the one-dimensional situa-
tion. A full answer to the question of attainability of the walls of the Weyl
chamber may be given for a radial Dunkl process.
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1. INTRODUCTION

For a Brownian motion constrained to live in a convex polyhedral domain
under action of a singular drift and/or normal reflection on the faces, a typical
question is to ask whether it may hit the edges of the polyhedron. Our main result
is that this hitting time is a.s. infinite. Then the possibility of hitting the single faces
is discussed.

Stochastic differential equations with reflection on the faces of a convex poly-
hedron have been studied in several papers (e.g., [30], [31], [11], [12]). Their so-
lution is a continuous process that may or may not hit the edges, depending on the
drift and diffusion coefficients of the process and on the direction of reflection (nor-
mal or oblique). In particular, Williams [31] has proved that the Brownian motion
with a skew symmetry condition on the direction of reflection does not touch the
intersections of the faces of the polyhedron. Her result includes the case of normal
reflection.

On the other hand, there is an extensive literature about non-colliding Brow-
nian particles (e.g., [16]-[18], [25]). Most of these works originate in the study
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of the eigenvalues of Gaussian matrix processes. These eigenvalues are solutions
to systems of stochastic differential equations with a singular drift that prevents
the particles from colliding. Extensions of these systems are provided by Dunkl
processes [26] that were recently developed in connection with harmonic analysis
on symmetric spaces. The radial part of a Dunkl process may be considered as a
Brownian motion perturbed by a singular drift which forces the process to live in
a cone generated by the intersection of a finite set of half-spaces ([9], [10], [14]).
Depending on the strength of the repulsion, the process may touch the walls of the
cone or not.

Actually it is possible to unify both theories of (normal) reflection and strong
repulsion within a common framework. This is carried out by stochastic variational
inequalities, also called multivalued stochastic differential equations (MSDE) that
were mainly developed by Cépa ([4], [5]). These equations are associated with a
convex function in a domain of R?. Depending on the boundary behavior of this
function the diffusion will (normally) reflect on the boundary, hit the boundary
without local time, or live in the open domain. We shall here follow this way and
concentrate on a Brownian motion living in a convex polyhedral domain, bounded
or unbounded. With each face of the polyhedron there is associated a repelling
force with normal reflection when the repulsion is not strong enough. In this setting
we ask whether the process may hit the boundary of the domain. Our main task
will be to rule out the possibility of hitting the intersection of two faces. Once this
is achieved, the problem is now basically one-dimensional and we may use the
ordinary scale function of real diffusions.

In some previous works ([20], [8]), this issue has been studied in the particular
case of the limiting hyperplanes H;; := {x = (z1,...,24) € R%: x; = x;},1 # 7,
and presented as the problem of collisions between Brownian particles. There is a
simple collision if precisely two coordinates coincide and a multiple collision if
at least three coordinates coincide at the same time. Because the d-dimensional
Brownian motion does not hit the intersection of two hyperplanes, one can guess
that an additional drift does not change anything. However, a rigorous proof is
necessary because the singularity of the drift makes useless the usual Girsanov
change of probability measure. And the counterexample of Bass and Pardoux [1]
has shown that uniform nondegeneracy of the diffusion term does not preclude
multiple collisions.

As in [8], where the particular case of electrostatic repulsion was considered,
our proof only uses basic tools from stochastic calculus, mainly McKean’s mar-
tingale method [23] which was already applied in [2] to prove non-collision for
the eigenvalues of Wishart processes. Another way could be to use the theory of
Dirichlet forms as done in [20] where a general condition of non-collision has been
obtained.

The paper is organized as follows. In Section 2 we introduce basic definitions
and notation. The main features about stochastic variational inequalities are also
recalled. Section 3 is devoted to non-attainability of the edges of the polyhedron.
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Constrained Brownian motion 275

In Section 4 we give a sufficient condition of non-attainability of a single face.
Section 5 presents some applications to Brownian particles with nearest neighbor
interaction, Wishart processes and Dunkl processes.

2. MULTIVALUED STOCHASTIC DIFFERENTIAL EQUATION
IN A POLYHEDRAL DOMAIN

Let (Q, F,(F,t > 0), P) be a filtered probability space endowed with the
usual conditions and B = (B;) be an (F;)-adapted d-dimensional Brownian mo-
tion starting from the origin. Let

®: R? — (—o0, +00]
be a lower semi-continuous convex function such that
dom(®) := {x: ¢(x) < oo}
has nonempty interior. Let
D := Int(dom(®)).

For simplicity of the notation, we will assume that ® is C* on D. If x € D, we
say that the unit vector n(x) is a unit inward normal to D at x if

n(x)-(x—z) <0

for any z € D. Based on the results in [4], the following theorem has been proved
in [6] (see also Theorem 2.2 in [7]).

THEOREM 2.1. For any Fy-measurable random variable Xy with values in
D, there exist a unique continuous (JF;)-adapted process X = {X;,0 < t < oo}
with values in D and a unique continuous (F;)-adapted non-decreasing process
L ={L0 <t < oo} such that

t t
X;=Xg + By — [V®(X;)ds + [n,dLs, 0<t< oo,
0 0

t
L; = f 1{XS€8D}dL87 0<t< o0,
0
where ng is dLs-a.e. a unit inward normal to D at X,. Forany 0 <'T' < 00,
T
2.1) [ Lix,comyds = 0
0
and
T
(2.2) [IVe(X,)|ds < oo.
0
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From now on we concentrate on a particular polyhedral setting. Let I :=

{1,...,m}, where m > 1. We consider a convex function ¢ of the form
2.3) B(x) = Y ¢i(x-n; — ap),
i€l

where, for any i € I, ¢; is an l.s.c. convex function, ¢; = +00 on (—00,0), ¢; is
C* on (0, +00), n; is a unit vector, and a; is a real number.
We may assume all n; are different. Then

an X Ilz—(li),

i€l
D={xeR% x-n; > a; Viel},
D={xeR% x-n; >a; Viell

Henceforth, we assume that D is not empty. There exists a ball with center y € D
and radius b > 0 included in D. Let X be the solution given by Theorem 2.1. For
1 €llet

Utl = Xt - 1; — a;.

We will need a strengthening of inequality (2.2) ([7], Theorem 2.2).

LEMMA 2.1. Foranyi €1, forany 0 <t < co, we have
t .
J 161Ul ds < oo.
0

Proof. This is clear if ¢,(0+) > —oo. Let

Ji={jel:¢}(0+)=—oc}

and let 0 < & < b be such that ¢;(u) < O forany j € Jandu € (0,¢). For K C J
let us define

AK::{xeﬁ:x-nj<aj+e VjEK, x-nj>aj—|—f—: V]EJ\K}

Then fort > 0

¢

flAK ‘ Z anS U] |d5 Z flAK ’qb (UJ)|dS < 0.
0 jeK j¢K 0

Using (2.2) we get

¢
[ 14X ‘angzb ‘ds<oo
0 jeK
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Constrained Brownian motion 277

and therefore

—(b—e) > flAK quJ(U’)

jeK 0

Lae (Xs) 3 (v — Xo) - my¢55(U7) |ds
jeK

1AK(X5)‘Y - XSH Z njﬁb;‘(Ug)’dS
jeK

<

O— =~ O%ﬂ

< 00

by the continuity of X on [0, t]. Then for any j € J we have
2.4) f|<z> Dlds = fl{UJ<E}|¢ (Ud)lds + fl wise |95 (UD)|ds

= X flAK o) 05(U7) ‘d5+f1{Ug>}\¢](UJ)|ds<oo .
jEKCJ 0

Forany J C I, J # (), we set
Hy:={xcR’:x-nj=a; Vj € J},
Kj ::{XERd:x~nj:aj Vield, x-n;>a; Vj&¢J},
oy :=inf{t >0 : X; € Hy},
Ty :=inf{t >0 : X; € K3},
Vy :=span{n;, j € J},
qy := dim Vj,
my := orthogonal projection onto Vj.

LEMMA 2.2. If n(x) is a unit inward normal to D at x € Ky, then we have
n(x) € Vj.

Proof. Letv L V3. For e > 0 small enough,
Z1 =X+t ev, Zog =X —EV
satisfy

Z]-Nj = a; VjEJ, Z1-1n; > a; VZ%J,
Z2 - Nj = a; VjEJ, Zo - 1N; > a; VZQJ
Then

and therefore
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3. NON-ATTAINABILITY OF THE EDGES

This section is devoted to the proof of the following theorem.
THEOREM 3.1. Forany J C I with |J| := card(J) > 2,
P(oy =) = 1.

Proof. (a) We first consider the initial condition X . From (2.1) we deduce
that for any u > 0 there exists 0 < v < w such that X, € D a.s. Using the con-
tinuity of paths and the Markov property we may and do assume that Xy € D in
order to prove that o3 = oo a.s.

(b) We will also assume that

(3.1) max ¢;(0+) < 0.
icl

If not, we introduce for any 0 < T' < oo the equivalent probability measure Q
defined on Fr by

dQ { 1, 2

— =expqc(Br- Y ng) — =T Y ny| ¢,

dP i€l 2 i€l
where

/
c> max ¢;(0+).

The continuous process

B,:=B;—ctd) n

iel
is a Q-Brownian motion on [0, 7] and now
dXt = dB; — Z nl’(/J;(Xt ‘n; — ai)dt + l’ltst,

i€l

where
Vi(u) == ¢i(u) —cu, i€l
If Q(oy <T) =0, then P(oy < T) = 0, and if this is true for any 7", we obtain
P(oy =o00) = 1.
(c) We are now going to prove that o1 = 71 = oo a.s. (withm > 2). If ¢ = 1,

then m = 2, ny + ny = 0 and Hy = Ky = (). Assume now ¢gr > 2 and Hy # (.
Choose some z € Hy and set

Z; = (X — 2z).
Then

¢ ) t
Z, =Zo+ C, = [n;¢j(Uds + [n,dLs,
€I 0 0
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where C is a qr-dimensional Brownian motion. Set

St = |Zt|2.
Then

Sy = Sg+2fZ - dC; —2ZfUZ U’ds—i—ZfZ -ngdLg + qrt.
€I 0

From Lemma 2.2 we deduce that on 0D = U Jc1 Kj
Zs; - n, = (Xs;—2)-n; =0,
and thus .
[ Zs-ngdL, = 0.
0
LetO<T <oo.Fort <t AT,

L Z - dC,
(3.2) log Sy = log Sy + 2f7 22[
Ss 1€l 0 Ss

-

By the assumption (3.1) there exists 0 < 3 < oo such that ¢ < 0 on (0, 3] and

tUz /Uz tUz /U’L
By Lo (AP e/ S
17 ,
> — = [164(UD)] ds > —o.
e

We now proceed as in [23], p. 47. Ast — 71 A T, the continuous local martingale
part in the right-hand side of (3.2) either converges to a finite limit or oscillates
between +oo and —oo. Thus it does not converge to —oo and a.s. Sar > 0.
Therefore

Pn<T)=0

and the conclusion follows since T’ is arbitrary.

(d) Letnow J C I'with 2 < |J| < m — 1. We shall show by a backward induc-
tion on |J| that P(75 = co) = 1. Remark that the backward induction assumption
entails the equality o3 = 73 a.s. As previously done, we may assume gy > 2 and
Ky # 0. Select now z € Ky and set

Zt = 7TJ(Xt — Z)

=7Zo + C; —an]qﬁ ds—Zfﬂanqﬁ UZ ds + fﬂ'JnSdLs,
jeJ 0 i3 0
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where C is a gz-dimensional Brownian motion. Let again S; := |Z;|?. For ¢ > 0
and r > 0 we set

=inf{t > 0: S; + n;{ijl(Uti)z < 267},
pr = inf{t > 0: |Xy| > r}.

From the induction assumption we infer that 7. — oo ase — 0. Let 0 < T < oo.
We introduce the equivalent probability measure Q defined on Fr by

dQ Te Apr AT )
e :exp{ f Zl{U;26}¢;(U;) ni-dCS

dP 0 igJd
1 Te Apr AT
-3 { |Z]‘{U§>a}¢z( )Wan| dS}
Then
Te Npr At
D;:=Ci— [ Y lpisadi(Udmym;ds
0 1Z€J

is a gy-dimensional Q-Brownian motion on [0, T]. For ¢t < 7 A p, A T, we have

Sy = So+2fZ -dD, —22](]]@ Ul)ds
jeJ o0

) t
_2Zf1{Usi<5} anz(b;,(U;) ds+ 2 Z flKL(XS) ZS‘nSdLS—i-th
iZJ 0 LCLLgZzJ 0

and fort < o3 A7 A pr AT, we get

t t U] / U]
log Sy = logSo+2fm—2Zf 93 )3
SS jeJ o S
QS/ UZ
_QZfl{Ul<s} é )Z nids
i¢J 0
t Z, ng t ds
$2% [ (X)L + - 2) [ 5
LCLLZJ 0 5 0 Ps

By the induction hypothesis and the continuity of paths, if 03 < oo, then for any
L ¢ J there exists an interval (o3 — 6, o] of positive length on which X ¢ KT..

Therefore
o3 ATeNpr NT' Z ‘n
S

1k, (X )
O S

dLg > —oo0.
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For s < 7., if U! < ¢ for some i ¢ J, then Ss > £2 and we obtain as well

oy NTeNpr AT (Z)/(UZ)
i\~s

o f 1{U§<5}Tzs -n;ds > —o0.

The other terms behave as in (c), and thus
0=Qog <7 ANpr NT)=P(og <7 Npr NT).
Lettinge — O and r,T" — oo we get
P(oy = o0) =1,
and we are done. =
4. KEEPING OFF FROM A WALL

We first recall some features from the one-dimensional setting [22]. Let ¢ :
R — (—o00, 4+00] be a convex lower semicontinuous function. Assume ¢ = +00
on (—oc,0) and C! on (0, +00). Consider the one-dimensional MSDE

1
dY; = dB; — ¢ (Y;)dt + 5dLQ,
Y; >0,

where L is the local time of Y at 0. There are three types of boundary behavior:

repulsion

¢(0) < oo weak: local time not zero
#(0) = oo, f0+ exp{2¢} < oo | middle: local time zero
#(0) = oo, f0+ exp{2¢} = oo | strong: boundary not hit

We shall check the behavior of the multidimensional process X according to
this classification in the neighborhood of the faces of the polyhedron. For any 7 € 1
we write H;, K;, 0y, 7; in place of Hy;y, Ky, 043y, Ty, respectively.

PROPOSITION 4.1. For any i € I such that ¢;(0) = oo and for any t > 0,
t
f 1p,(X5)dLs = 0.
0
Proof. From the occupation times formula and Lemma 2.1 we obtain
(o.¢]

t .
{L?(U» |6 (a)| da = { |$L(UD)| ds < oo
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and from ¢;(0) = oo and the continuity of a — L§(U;) we deduce
LA(U;) = 0.
Thus
0= Uz’ - (Ut

_f1H s)n; - dBy —le s) > ¢5(Ud)n; - njds

J€l
t
+ [14,(Xs)n; - ngdLg
0
t
_f1K Yn; - ngdLg _flK s)dLs = [14,(X,)dL,. =

We now set forany ¢ € Tand x > 0

€T
= f exp {2(q§,(u) — @(1))} du.
1
THEOREM 4.1. For any i € I such that p;(0) = —oo or, equivalently,

4.1) [ exp{2¢;} = oo,
0+
we have P(o; = 00) = P(1;, = 00) = 1.
Proof. From the It6 formula and Proposition 4.1 we obtain
pi(U;) =

ot
:pi(Ué)+fp;(UZ [dC” > on;- n]qﬁ ds—l—ZlK )ni-njdLs],
0 J#i J#

where C* = B - n; is a one-dimensional Brownian motion. As in the proof of
Theorem 3.1, let

—inf{t >0 : U} +m;n(Ug') < 26},
VE)
pr =inf{t >0 : |Xy| >r}.

Let 0 < T' < oo. We again introduce the equivalent probability measure Q defined

on Fr by
dQ Te Apr AT ;
1T5/\p,~/\T
-5 |21{Ug>s}¢( E ds}
0
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Then
) ) tAT A\pr )
Dz = Ctl— f Zl{Ug2€}¢;(Ug)nan ds
0 VD

is a Q-Brownian motion on [0, 7] and for t < 72 A p, A T we have

pi(U;) = pi(Ug)
t . . .
+ [ iU [dD; = 315 ymi - my ¢5(UD)ds + 3 1k, (Xs) ny -y dLg].
i#i

’ J#i

For j # i,

0iNTeNpr NT' ‘ .

- J Liyice Pi(Ug) ni - mj ¢3(UJ) ds > —o0
0
and
i NTeNpr NT' '
+ [ (XD piUDni 0y dL, > —c.
0

Then

0=Q(o; <1NAp, NT)=P(o; <1-Npr NT),

meaning that P(o; = 00) = 1. =
5. APPLICATIONS

5.1. Brownian particles with nearest neighbor repulsion. Rost and Vares [27]
have considered the following system:

dX} =dB} + ¢ (X7 — X})dt,
dX{=dB} + (¢'(X;T' - X)) - ¢'(X; — X)) dt, i=2,....n—1,
dX[ = dB} — ¢'(X{" — X['™") dt,

where X} < ... < X[ and ¢ is a positive convex function on (0, 0o) satisfying

(5.1) #(0) = oo, (¢’(m))26_2¢(“) dr < oo.

=
3
I
\.O
O—

This is an MSDE where the function & is given by (2.3) with ¢;(z) = ¢(v/22),
n;, = %(eiﬂ —e;),a;=0fori=1,...,n— 1, and e; is the j-th basis vector.
Condition (5.1) for non-collision is stronger than (4.1) as can be seen from the
Schwarz inequality:

1 1
0o = (6(0) — 6(1))* < {(d)?«f% { e
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5.2. Wishart and Laguerre processes. Wishart processes have been intro-
duced in [2] and [3]. If B is an n x n Brownian matrix, a Wishart process with
parameters n and § > n + 1 may be obtained as a solution to the matrix-valued

SDE
dS; = \/S:dB; + dB,\/S; + 1, dt.

The eigenvalue process (A, ..., \?) of S; satisfies

i ;i A+ N -
(5.2) dAD = 2\ /NLdW 4 (6 4+ 3 ST N A dt, 1<
J#i

and the square roots ¢ = /A%,

16— 1 1
(5.3) dri = dW} + = Ly +=> = -+
2 rt 2j#

7 J 3
ri+ Ty rt—rt

where (W*,...,W") is an n-dimensional Brownian motion. This system is an

MSDE with

5.4) oL,

1
=—-[06-n Zlogr + Y log(r' +17) + > log(r' —r)]
2 i>7 1>]

on {0 < rl< ... < r"} and oo elsewhere. Systems (5.3) and (5.2) have strong
solutions for § > n. If § = n, we must add to the right-hand side of (5.3) a local
time at O that disappears in (5.2). It has been proved in [3] that the eigenvalues
never collide, and if moreover § > n + 1, the smallest one never vanishes. This is

in accordance with Theorem 4.1.

Laguerre processes ([21], [13]) are Hermitian versions of Wishart processes.

Constants are changed in (5.2), (5.3) and (5.4).

5.3. Reflection groups and Dunkl processes. We only give a short introduc-
tion to this topic and refer to [19] and [26] for more details. For o € RV \ {0} we
denote by s, the orthogonal reflection with respect to the hyperplane H,, perpen-

dicular to a:

SQ(X) = X — 2W

A finite subset R C RY \ {0} is called a root system if for all &« € R

RNRa = {a,—a}, sa(R) = R.

The group W C O(N) which is generated by the reflections {s,,« € R} is called

the reflection group associated with R. For § € R \ UaE R
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Hg:= {x € R": B x = 0} separates the root system R into R and R_. Such
a set R, is called a positive subsystem and defines the positive Weyl chamber C'
by the formula

C:={xecR":a-x>0 VaecR,}

A subset S of R is called simple if S is a vector basis for span(R). The elements
of S are called simple roots. Such a subset exists, is unique and we actually get

C={xeR":a-x>0 VYacS}

A function k£ : R — R on the root system is called a multiplicity function if
it is invariant under the natural action of W on R. If the multiplicity function % is
positive on R, , we define the radial Dunkl process X"V as the C-valued continuous
Markov process whose generator is given by

1 -V
£ u(x) = SAu(x) + ¥ ko) - Vulx)

a€ER4 a-x

for u € C%(C) with the boundary condition o - Vu(x) = 0 for x € H,. Demni
([141, [15]) has remarked that X" may be viewed as the solution to the MSDE

dY; = dB; — V®(Y,)dt,
where B is an /N-dimensional Brownian motion and

O(y) = — > k(a)log(a-y)
aERL

on C' and ® = oo elsewhere. From [9] or [10] we know that this equation has
a unique strong solution, and if moreover k(a) > 1/2 for any o € R, then the
process never hits the walls H, of the Weyl chamber. In [15], it is proved that if
k() < 1/2 for a simple root «, then the process hits H, a.s. As a consequence
of this result and of Theorem 4.1 (see also the statement at the bottom of p. 117
in [10]), we are in a position to classify the boundary behavior of the radial Dunkl
process in the Weyl chamber.

PROPOSITION 5.1. Forany a € Ry let o, := inf{t >0 : X}V € H,}.

e Ifao€e Ry \ S, then P(o, = 00) = 1.

e Ifa€ Sand k(o) > 1/2, then P(o, = 00) = 1.

e Ifae Sand k(o) < 1/2, then P(o, < 00) = 1.

5.4. Trigonometric and hyperbolic interactions. Other interactions have been
studied in [7].

The trigonometric system ([16], [18], [29]) reads
X] - xf

dX} = dB} + 13" cot ,
2 . 2
k#j

X< XP<... <X <X} + 2m.

1 <7 <n,
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This can be interpreted as the solution to the MSDE associated with

§]<Z>< ﬁ>+§]¢< \/5 +7rxf>

where

00, u <0,
p(u) = —vlog (sin(u/v2)), 0<u<m/V2,
0, u > m/V2.

It has been proved in [7] that there exist a.s. collisions if v < 1/2.

The hyperbolic system ([24], [28]) is

k#j
X} <XEP<... <X

In this case we have

with

B = ¥ (xS

1<j<k<n V2

[ oo, u <0,
¢(u) - { —~log (sinh(ﬁu)), u >0,

and collisions occur with positive probability if v < 1/2.

(1]
(2]

(3]
(4]

(5]
(6]

[7]

(8]
(9]

(10]
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