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Abstract. Unifying and generalizing previous investigations for vector
spaces and for locally compact groups, E. Siebert obtained the following
remarkable result: A Lévy process on a completely metrizable topologi-
cal group G, resp. a continuous convolution semigroup (fit); of prob-

abilities, satisfies a moment condition f fdps < oo for some submulti-
plicative function f > 0 if and only if the jump measure of the process,
resp. the Lévy measure 7 of the continuous convolution semigroup, satisfies
f oy fdn < oo for some neighbourhood U of the unit e. Here we generalize
this result to additive processes, resp. convolution hemigroups (tts,¢) <> On
(second countable) locally compact groups.
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1. INTRODUCTION

A probability v on a normed vector space (V.|| - ||) has a k-th moment if
J llz||*dv < oo or, equivalently, if f : z +— (1 + | ||)* is v-integrable. f is con-
tinuous, submultiplicative, symmetric and satisfies f(0) = 1. Hence moment con-
ditions are integrability conditions for (particular) submultiplicative functions.

For investigations in limit theorems on more general structures, in partic-
ular on locally compact groups, investigations of integrability of submultiplica-
tive functions provide interesting tools. In [28], Theorem 1, and [30], Theorem 5,
Siebert obtained characterizations of integrability of such a function f for contin-
uous convolution semigroups, resp. for Lévy processes, in terms of the behaviour
of the Lévy measures, resp. the jump measures of the processes: [28] is based on
analytical methods whereas in [30] the emphasis is laid on the behaviour of the pro-
cesses. In fact, a partial key result (for processes with uniformly bounded jumps,
resp. for Lévy measures with uniformly bounded supports), [30], Theorem 4, is
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proved for additive processes, resp. for convolution hemigroups. Whereas the gen-
eral characterization of integrability of submultiplicative f (relying on [30], Theo-
rem 5) is proved there only for continuous convolution semigroups, resp. for Lévy
processes.

For vector spaces this characterization was proved almost simultaneously by
Z.Jurek and S. Smalara [17] and A. de Acosta [1]. For partial results on groups see,
e.g., [15], [21] and the references in [28], [30]. In [30] Siebert proved this result
for completely metrizable topological groups, unifying previous investigations for
vector spaces and groups.

These characterizations were generalized for special submultiplicative func-
tions f (logarithmic moments) and for particular hemigroups, resp. additive pro-
cesses arising in connection with self-decomposability, resp. (generalized) Orn-
stein—Uhlenbeck processes: For vector spaces see, e.g., [16], 3.6.6; for homoge-
neous groups see, e.g., [8], §2.14 VII, [7]. (Logarithmic moments are defined by
the submultiplicative functions f: z +— 1 + log(1 + ||z||) ~ log™ ||z].)

Hemigroups, resp. additive processes, turned out to be essential for investiga-
tions in various applications. The background for hemigroups on locally compact
groups is found, e.g., in [29], [10]-[12] and the references mentioned there; see
also [3].

Siebert’s proofs ([30], Theorem 35, resp. [28], Theorem 1) rely on a splitting of
the underlying Lévy measure 7 of the continuous convolution semigroup (fit)>0
(resp. the jump measure of the underlying process) into a part n; with bounded
support V and a bounded measure 7, concentrated on V. Hence we obtain two

continuous convolution semigroups (,ugz))go,i = 1, 2: For the first any, continu-
ous and submultiplicative f is integrable, the second one is a Poisson semigroup
with generator v = ¢+ (p — &.) =: m2 — ||n2]| - €, and the underlying continuous
convolution semigroup (zu¢)¢>0 is represented by a perturbation series in terms of
( ugl))tgo and ~. This technique allows us to reduce the investigations to the Pois-
son part, and we obtain ([28], [30]) the following: A continuous and submultiplica-
tive f is integrable with respect to the underlying continuous convolution semi-
group iff f is integrable with respect to 72, the bounded part of the Lévy measure.

Here, in Theorem 5.1, we generalize Siebert’s results to (Lipschitz-continu-
ous) convolution hemigroups on locally compact groups. As mentioned above, the
original proofs rely on a representation by perturbation series. Therefore, we start
in Section 2 with perturbation series for operator hemigroups (also called gener-
alized semigroups or evolution families) to provide the tools for the next sections.
Then, applying this result to convolution operators and following (and generaliz-
ing) the proofs of [30], resp. [28], we obtain a version of Siebert’s characterization
in the general situation (Theorem 5.1). At the first glance, a slightly weaker version,
since an additional technical condition (3.1), resp. (5.4), is needed. This condition
is however always satisfied for continuous convolution semigroups.

In the Appendix we sketch briefly some applications and examples.
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Integrability of submultiplicative functions 319

2. PERTURBATION SERIES REPRESENTATIONS FOR HEMIGROUPS OF OPERATORS

DEFINITION 2.1. Let B be a separable Banach space, and B(B) the Banach
space of bounded operators. A family {Utt+s}ocicsrscr © B(B) (T7 < 00) is
called a continuous hemigroup of operators if (s,t) — Uy 4 is continuous with
respect to the strong operator topology, U, s = I for all s, and U, U, ; = U, for
all s < r < t, and finally ||Uy 44|| < MeP* for all t,s > 0, for some M > 1 and
B> 0.

To simplify the notation, here we shall throughout restrict to the case M = 1
and frequently also 8 = 0, i.e., we restrict to contractions.

Hemigroups of operators were investigated under different notation, e.g., evo-
lution families or evolution operators (cf. [18], [20], [9], [13]) or semi-groupes
généralisées [24], etc. In view of the applications to distributions of additive pro-
cesses we prefer the expression operator hemigroups (cf. [11]) by analogy to the
standard notation in probability theory.

THEOREM 2.1. (a) Let {Ust}oc o, be a continuous hemigroup of contrac-

tions. Let R 5 t — C(t) € B(B) be a measurable mapping, uniformly bounded,
IC )|l < Bforallt > 0. Then

Vs = 3 VL with VL o= Uy,
k>0
k1 0 k
V;fftis) = f Vtstiuc(t + U)Vt(H)L,tJrsdu
0

defines a continuous operator hemigroup satisfying a growth condition
|Vitts| < e? forallt,s > 0.
(b) If s — Uyt is a.e. differentiable with

8+
%Ut,t+s|s=0(x) =: A(t)(z) forxz € D(A(t)),

and if D := ﬂt>0 D(A(t)) is dense, then for all x € D, s — V} 11 s(x) is differen-
tiable a.e. with

o+

gvt,t-s-s(%)\s:o =A(t)x + C(t)z,

resp. in the integrated form:

Vige@) = [ Vicra(AQ) + C(w) (@)
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(¢) In particular, let C(t)=c(t)(S(t) — I) with contractions S(-) and 0<
c(-)< B, where t — c(t) and t — S(t) are measurable. Then we obtain the repre-
sentations

2.1) Viers =0 S WL with [WS | < b o
k>0 :

0 k+1) k
Wt(,tls = Ut t4s, Wt(t+s : th t—l—uc(t + u>Wt(+2L,t+sdu7

where C(1) = C(T) + -1 = o(r)S(r) + (B—c(r)) - L.
Hence ||V 14s]| < 1,0 <t <t+ s <T. Alternatively,

sFBF — 150 !
%l Wt(,t—)s—s with ||Wt(t2rs|| <1 Wt(t—)i-s = 7Wt(t+s'

Vitts = e P Z
k>0

Proof. (a)Consider the Banach space of measurable functions L' (R, B) =
{f Ry —>B:|f]s:= fIRq | f(¢)||dt < oo}. Then

(2.2) Ps: (Psf) (t) = Upsys(f(t +5))
and
(2.3) Qs: (Qsf) (1) :=e*CD(f(t)) forallt,s >0

define continuous one-parameter semigroups of space-time operators on B :=
(L*(Ry,B), || - [|+), where (Ps), are contractions and ||| Q||| < €™, s > 0,
Il - |l denoting the operator norm on B. See, e.g., [24], 1.7, [11], 8.6, 8.7, for
the space-time semigroup (2.2), with B:= Co(R4,B). Here, to ensure QS@ - B
in (2.3), we had to use B := L'(R_, B).

Let T and S denote the generators of (Ps),-, and (Qs),, respectively. In
particular, S: (Sf) (t) := C(t)(f(t)), t > 0, is a bounded operator. Let (Rs),5
denote the semigroup generated by T + S. (The addition of generators is well de-
fined since S is bounded.)

According to Kato [19], IX, §2, Theorem 2.1, (2.4), (2.5) (resp. [14], (13.2.4)—
(13.2.6), [26], [24],11.3, [5], L, 6.4), (Rs) §>0 is representable by a norm-convergent
perturbation series in B(B):

Rs= > 0¥ where ¥® = P, and Y+ = [P S%gk_)udu.
k>0 0

(Equivalently, B0 = [*P,_, SO du; cf., e.g., [19], [14].)
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Integrability of submultiplicative functions 321

We prove now the following

CLAIM.Leth@,k >0,t,s>0,0< u<s Thenforallt,s > 0,k € Z,
there exist operators thﬁs € B(B) such that

24 WP () = VL (FE+5) Neae.

Proof of the Claim. We will proceed by induction. For £ = 0 we have
BV F)(t) = (Pof) (t) = Upss (f(t + s)), hence the assertion with th?is =

Uttts-
Let k + 1 > 0 and assume that (2.4) is proved for k¥’ < k. Then

(0 ) = [DTBE, 1)) = [ Vs (o + )b = (),

0
where (') 1= C(u) (g6(1). (0') 1= Vi (F(0/ 4+ 7= ).
For w’ := w + u we obtain therefore

) = [ U wtuC (W + ) Vipguwgr (f (w + 7)) dus.
0
Inserting r = s and w = t we get
(OEVN) = [ UreruaC+ 0V, oo (0 + ) du = VD (F(2 4 9)
0

and this step has been proved. =

Put f=p®ux, 2€B,pc LYRL),ie., f:t+— o)z, where 0 < ¢ < 1,
and ¢ = 1 on [a, b]. Then for s,t, s + ¢ € [a, b] we obtain

k k y k
Viftfsl) ((90 ®x)(s + t)) V;f(t—:_sl) (z) = f Ut t1uC(t + U)Vt(-i-za,t—i-s(x)duv
0

as asserted. Note that (2.4) holds true for A\'-almost all ¢. But considering the par-
ticular f := ¢ ® x as above, we see that the continuity of (¢,¢ + s) — Uy 14()

for all x yields that (¢,t + s) — V;(Z)r () is continuous for all « and k. Hence for
f=v®z,1¢e LY(Ry)NCH(R,), (2.4) is valid for all ¢ > 0.
Note that

0 1)
V;Et—)s—u = Ut,t—‘rua V;s st f Ut’ t/+ulc(tl + u1>Ut’+u1,t’+s’ dU1.

Hence, inserting t’ =t + u and ' = s — u, we get

@ _
‘/t,t—i-s = f
0

S—u

[ UtsuC(t + ) Uit ruan C(E+ 14 1) Up gy 145 dundu,
0
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whence, by induction,

wo Wk

s
(k+1)
‘/ttj»rs ff-.-fUt,t—i-voC(t_’_UO)w'
00 0
.. Ut—&-vkc(t + Uk;—f—l)Ut—&-karl,t-i-sduk—i-l ... duydu,

where vy 1= u,v; ;== u + ZZI uj, w; := s — v;. Consequently, we immediately ob-
. k
tain [V,],]| < (s"%)/k!, and hence || Vil < e,
Finally, the relations

R (0 © x) Z(Zm+s ) - @t +5) = Vigys(a) - ot + 5),

and furthermore RsRy = R,y yield the hemigroup property

V%,t—l—s—l—s’ = V;t,t—&-s‘/t—o—s,t—i-s—&—s’-
(Here, @, s, s', t are suitably chosen as above.)
(b) CLAIM. Let x € ID. Then

+ +
e Vitra@lo = S VL (@m0 = A + O

Proof of the Claim. We proceed by induction. Let k£ = 0. By assump-
tion,

dr (0) dr
7 Veers(@)ls=0 = Z-Uers(@)ls=0 = A(t)(x)  forz € D(A(1)).
s ds
Furthermore, for f € D(T) we have (d* /ds)Rsf|s—=0 = Tf + Sf.
Ifr € Dand ¢ € C' N LY(R,), then f := ¢ ® x € D(T), and
dt ,

(TF) (1) = 2= (Urts(@) - ol + 5)) =0 = A(B)(@) - 9(t) + 2 - &' (2).
On the other hand, S(p® x)(t) = C(t)(x)p(t). Moreover, since (d*/ds)e*S|s—g =S
is bounded, we obtain for A'-almost all ¢

d+ dr
T Ralsmo(p @ 2)(t) = — (Viars(@)(t + 5)) a0
d

= (Uttrs(@) - ot +5))[s=0 + C(t)(x) - p(t)
=z-¢/(t) + (A[t) + C(1))(z) - o(t).

Consequently, the assertion of the Claim follows if we choose ¢ and t,t + s suit-
able as before. =
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(c) For the special case C(t) = c(t)(S(t) — I) we putS =: S — 1, i.e., define
C(t):=c®)S(t)+ (B—c)-I and S:t— C(t)(f(1)).

Denote by (ﬁ) s>0 the semigroup generated by T + S and represent ﬁs by a per-
turbation series. In view of R, = R - e 55, the assertion follows. m

REMARK 2.1. Of course, it is possible to obtain perturbation series represen-
tations under weaker conditions. For operator semigroups see, e.g., [14], [23], [5]
or [31] and the references therein. Therefore, in particular, the assumptions guar-
anteeing that the space-time semigroups (P;) and (Qj) (cf. (2.2), (2.3)) consist of
contractions and that the generator of (Qj) is bounded could be weakened. But
in view of the applications we have in mind, both conditions appear natural. In
particular, we need in the sequel that all operators C'(¢) are bounded.

3. CONTINUOUS HEMIGROUPS OF PROBABILITIES AND PERTURBATION SERIES

In the following let G denote a locally compact topological group. G is as-
sumed to be second countable. By M!(G) we denote the convolution semigroup
of probabilities, * denotes convolution. We use the abbreviation (v, f) := fG fdv.

In the sequel we apply the results of Section 2 to operators defined by convolu-
tion hemigroups on a locally compact group (cf. Definition 3.1 below). There, B :=
Co(G) and u € MP(G) is identified with the convolution operator R, : R, f () :=

Jo fay)du(y), f € Co(G).

DEFINITION 3.1. (a) A continuous convolution semigroup is a one-parameter
family of probabilities (1), depending continuously on s, and satisfying jis4+ =
Ws * g for all s, ¢ > 0. Throughout we assume pg = €.

(b) (Cf.[29], [10], [11].) A convolution hemigroup is a two-parameter family
of probabilities (1z,¢1s), <t<trs<T depending continuously on the time parameters
(t7 t+ 8) and fulﬁlling Mt t4s * Pitstts+s’ = Httt+s+s's where 0 <t < ¢+ s <
t+s+s <Tforsome( < T < oo.

If (peevs), <t<tts<T is a convolution hemigroup of probabilities, then the
convolution operators (U 145 1= Ry, ... )o<t<t+s<T form a continuous hemigroup
of contractions on the Banach space B := Cj(G).

We will frequently make use of the following well-known observation:

LEMMA 3.1. Let (“t:t+8)0<t<t+s be a separately continuous hemigroup, i.e.,
t — st and s — gy are continuous, and [i 1 = €. for all t. Then for all T' < oo,
for all sequences 0 < t,, < t,, + s, < T with s, — 0 we obtain jiy,, 1,45, — €e
stochastically. Consequently, for all neighbourhoods U of e and all s, — 0 we
obtain

Sup futt+s, (CU) — 0.
ot<T
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Proof. Forall subsequences (n’) C N there exists a converging subsequence
n//)

(n") C (n),1ie., tn ) to € [0, T]. Hence for all » > ¢y we have r > t,, + s,, for
sufficiently large n > n(r) and, by continuity, ji¢, +, s, * ft,+sn,r — [to,r alONG
(n”), and also ji,, +s, » — f,,r- Consequently, by the shift-compactness theorem
([25], I, Theorems 2.1 and 2.2, [10], Theorem 1.21), we infer that {1, ¢, +s, } is
relatively compact and all accumulation points v satisfy v x p, » = p, . Hence,
considering r = r,, | tp, we obtain v x £, = €., whence v = &..

Hence we have shown that for all subsequences (n’) C N there exists a sub-
sequence (n”) C (n’) such that py,, ¢,+s, — €e along (n”). Thus the assertion
follows. =

COROLLARY 3.1. For a hemigroup (jit1+s) as above it follows that for all
functions p € C*(G) 4 foralle > 0,0 < T < oo there exists a § = §(,T) > 0
such that for0 <t <t+s < T, s < we have (jit 115, p) = p(e) — €.

Let (,u,t)t20 be a continuous convolution semigroup with corresponding Cj-
contraction semigroup (R,,,) acting on Cy(G). The infinitesimal generator is de-

fined as
d+
N = E‘Rﬂt’t:(}

Then D(N) D D(G), the Schwartz—Bruhat space, and, moreover, D(G) is a core
for N. The generating functional is defined as
dr

(A, f):=Nf(e) = E(,ut,f)]tzo for f € D(G).

In fact, A is canonically extended to
E(G):={f € C*G): f-p€D@G)Vy € DG)}.

(For details see, e.g., [10], IV, 4.1-4.5. Note that for Lie groups we have D(G) =
C(G) and £(G) = Cp°(G).) As a consequence of Siebert’s characterization of
generating functionals ([27], Satz 5, [10], 4.4.18, 4.5.8) we infer for Lipschitz-
continuous hemigroups (g +s) that (d/ds)(ue 4, f)ls=0 =: (A(t), f) exists
M-a.e. forany f€&(G) and defines a family of generating functionals (A(t))
(For details see, e.g., [29], Theorem 4.3, Corollary 4.5, and [11], [12].)

(¢ t+5) is a priori defined for 0 < t <t + s < T (for some T' < o0). If the
hemigroup is (a.e.) differentiable with generating functionals

0<t<T”

ot
A(t> = Eﬂt,t-ﬁ-s‘szo

and if 7" < oo, we continue tacitly the hemigroup beyond time 7' defining
A(T 4 t) := A(t), resp. U, 7+t4s = Miits, 0 <t < T, ete.
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Next we apply the results in Section 2 to convolution hemigroups. Tacitly we
identify measures with convolution operators on B := Cy(G) and we identify the
generating functionals of continuous convolution semigroups with generators of
the corresponding Cp-contraction semigroups.

We note the following corollaries to Theorem 2.1:

COROLLARY 3.2. Let (Mtvt+3)0<t<t+s be a Lipschitz-continuous hemigroup
in MY(G) with a family of generating functionals A(t) = (07 /0s) s 1+s|s=0 for
M -almost all t. (For details the reader is referred, e. g., to [30], [29], [11].) Let, for
t>0,7(t) := c(t) - (p(t) — €c) be Poisson generators, where p(t) € M*(G) and
0 < ¢(t) < B < oo. Furthermore, t — c(t) and t — p(t) € MY (G) are assumed
to be measurable.

Then there exists an a.e. differentiable hemigroup (v444s) with generating
functionals (07 /0s)vi1+s|s—0 = A(t) +(t) for \ a.e. t > 0.

Vi 1+ admits a representation by perturbation series:

_ —Bs (k)
Vit4s = € A Z Vit+s
k>0
where

S
o _ (k+1) _ (k)
Vitts = Mtt+ss  Viprs = f [t pu x 0 (E+ ) Vitu+sdUs
0

and

o(r):=c(r)p(r) + (ﬂ — c(r)) “€e € MZ(G).

Furthermore, ut(y'ils € M&.(G) with HVt(,]z)HH < (BF - %) /k! for k > 0.

Proof. Itis an immediate consequence of Theorem 2.1 (c), since ||o(r)|| =

k k
B and [|pgppn * ot +u) x 00l = B I, oyl forall 0 <t <t +u <

t+ S, ke Z+. ]
In particular we are interested in the following special case:

COROLLARY 3.3. Let (l/t7t+s)0<t<t+s be a Lipschitz-continuous hemigroup
in MY(G) with generating functionals A(t) = (0% /0s)|s—ovt.r+s for A\t-almost
all t. Let U be an open neighbourhood of e in G such that the Lévy measures

satisfy
(3.1 naw)(CU) =:c(t) < B < oo forallt

and t — A(t), so t — c(t) are measurable. Let us put y(t) := c(t)(p(t) — ec)
with p(t) := (1/c(t))nawloy € MY (G) and A(t) := A(t) — ~(t). Let, finally,
(11t,4+5) be the hemigroup generated by (A(t)), t > 0.
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Then (Vi ++s) admits a series representation:

_ _—Bs (k)
Vit+s = € g Z Vi t4s
k>0

with summands 1/,5(]2L < Sharing the properties described in Corollary 3.2.

Proof. For the proof let us put

Y(t) := naw o — 14w (CU) - ec = (t) (p(t) — ec).

Hence o (t) = na)ley + (8- nA(t)(CU)) - €¢. Then it is enough to apply Corol-
lary3.2. =

4. SUBMULTIPLICATIVE AND SUBADDITIVE FUNCTIONS

We collect some properties of submultiplicative and subadditive functions. At
first we note the nearly obvious

LEMMA 4.1. Let f: G — Ry be submultiplicative and g: G — R, subad-
ditive. Then:

(@) If f #0, then f(e) > 1. If f is symmetric, i.e., f(x~) = f(x) for all x,
and f # 0, then f > 1. (In fact, as immediately seen, f > +/ f(e).)

() k:=f+1and h := g+ 1 are submultiplicative and greater than or
equal to one.

(c) h := €9 is submultiplicative and greater than or equal to one.

(d) If f > 1, then h := log f is subadditive and greater than or equal to zero.
Hence, according to (b), log(g + 1) + 1 is submultiplicative and greater than or
equal to one.

@) If f > 1, then ]7: x +— f(z~Y) is submultiplicative and greater than or
equal to one. Furthermore, h := max(f, f) is submultiplicative, greater than or
equal to one and symmetric.

(f) Let G be second countable and let f be measurable with f(e) > 1. Then
the function F: x — sup,cc (f(xy)/f(y)) is submultiplicative, measurable with
F(e) = 1 and satisfying F < f < f(e) - F.

In view of Lemma 4.1 there is no serious loss of generality if we restrict our-
selves in the following frequently to a particular class of submultiplicative func-
tions f:

DEFINITION 4.1. A submultiplicative function f is called admissible if f is
continuous, symmetric, f > 1 with f(e) = 1.

Analogously, a subadditive function g is called admissible if g is continuous,
symmetric, g > 0 with g(e) = 0.
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LEMMA 4.2. g(zy) > |g(z) — g(y)| for all x,y € G if g is subadditive, sym-
metric and greater than or equal to zero. Hence, if g is continuous at e with
g(e) = 0, then g is (left and right) uniformly continuous:

max (|g(zy) — g(2)|, lg(yz) — g(@)]) < gly) forallz,y € G.
Indeed, g(z) = g ((zy)y ') < g(zy) + g(y) and, on the other hand, we have
9(y) = g (7 (zy)) < g(z) + g(zy), whence the assertion.

PROPOSITION 4.1. Let f: G — [1,00) be submultiplicative and symmetric.
Then we have

flzy) > ;[8 L p@)=rwy + ;Ei; @)=y

whence, in particular,

(=) fy)
flxy) 2 max —=,—=1
) ) 7(@)
Indeed, applying Lemma 4.2 to g := log f yields
ry) = 9@ 5 cls@-gwl = F@) A )
f(zy) Fly) @21y Ty Hiw> @)
PROPOSITION 4.2. Let f: G — [1,00) be measurable, symmetric and sub-
multiplicative. Let p, v, A € MY (G). Then we have:

@) (uxv, f) < <u,f>-<v f)-
(b) <:u*l/7f> > max{(y,f) : <V71/f>’ </’L71/f> : <V7f>}
(c) Hence

(v, f) = max{(u, f) - (v, 1/f) - (X 1/ ),
(s 111y - s ) - N F)s (s 1/ F) - 1/ F) - (S ) -

Note. In fact, as f and 1/f are (strictly) positive, it is not necessary to sup-
pose the integrals to be finite.

Proof. The assertion (a) is obvious.
(b) By Proposition 4.1 we have

(wrv, fy = [ [ flay)dp(z)dv(y)

> [ f( Ls)=fw) + fcg 15> fdv (y)du()
2
= [f(x) [ f<1 F@)=fy T+ ;Ey; 1{f(y)>f(x)}>d”(y)d“(x)
> [f@) [+~ f 1{f )=£ @)} + Lrw)> f@)p)dv(y)dp()
:< M, >'<V71/f>‘

The other assertions are now obvious. m
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PROPOSITION 4.3. Let f be submultiplicative and admissible (cf. Defini-
tion 4.1), and assume (i, — p weakly in MQ(G). Then (u, f) < liminf(u,, f).

Indeed, for all N > 0 we have (u,, f A N) — (u, f A N) by assumption.
Hence (p, f) = supy (i, f A N) = supy limy, (ptn, f A N) < liminf,, (i, f).

PROPOSITION 4.4. Let f: G — [1,00) be submultiplicative and admissible.
Let (Mtat+5)0<t<t+s be a continuous hemigroup with (fi, 1,+s,, f) < 00. Then

sup (ptpvs, f) < o0,
to<t<t+s<to+s0

Proof. Let a € (0, 1). Then there exists a § = §(«) > 0 such that for 0 <
u—v < 0 we have (fiy ., 1/f) > o (cf. Lemma 3.1, Corollary 3.1 applied to ¢ =
1/ f). Furthermore, according to Lemma 4.2 we have

<,Uto7to+80> f> > <Mto,to+v7 1/f> <Nto+v,to+u7 f) <Mto+u,to+5m 1/f>

Consequently, choose t1, 1 such that tg <ty <t 4+ s1<to + S0, t1 — tg <9
and tg + sg — t1 — s1 < 6. Then

<Ht1,t0+807 f) < <:U’t()7t0+807 f> : a717

<Nt0,t1+517 )< <,U«t07t0+507 f)- ail, and  (fity ¢y 15y, f) < <Nto,t0+80’ R a .

Let [t., t+« + s«] C [to, to + So] be a subinterval of length s, < . Then there
exist tog < ... <t <tiy1 < ... <tnyy1:=tg+ so such that t;1q —¢; < 9 for
all ¢ and ¢, = ¢;,, %« + S« = t;,4+1 for some ¢g. Therefore, repeating the above
consideration N times, we obtain (s, ¢, +s,, f) < (ltg 104505 f) - @ 2N,

Hence for any subinterval [, ¢ + s] C [to, to + S0, decomposing [¢, t + s] into
at most NV subintervals of lengths less than § we obtain finally

<:ut,t+sa f> < (</‘to,t0+507 f> : a_2N)N'

(Note that N ~ [sp/d] + 1 can be chosen independently of the particular decom-
position.) m

5. MOMENTS OF LIPSCHITZ-CONTINUOUS HEMIGROUPS
AND THEIR LEVY MEASURES

The following key result is proved in [30], Theorem 4:
PROPOSITION 5.1. Let (it ¢+s), t,s > 0, be a Lipschitz-continuous hemi-
group with generating functionals A(t) and B(s,t) := fst A(7)dt and Lévy mea-

sures n(ry and nps = f st NA(r)dT, respectively. Assume that there exists a neigh-
bourhood U of e such that

5.1 na (EU) =0 forallT, whence npy) (EU) =0 forall s <t.
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Then for any continuous submultiplicative function f: G — [1,00), for all 0 <
T < oo we have:

(5.2) sup  (ftits, ) < 00.
0Lttt +s<T

In fact, more is shown there: Let & > 0,r € (0, ). Then there exists ¢t > 0
such that

Sup (r,r+s, f) = SUP ff erJrS)dP
0<s<t <s<t

< f sup f(ij Xr+s)dp<5(t)'
0<s<t

There 3(t) | 1 (with ¢ | 0) and (X, !X, ) denote the increments of an additive
process with distributions (4ir,r+s),. .5

Hence, if f(e) = 1, then sup ({itrr+s, f) —1) — 0 as ¢ | 0. This proves in
particular the assertion (5.2) if [0, 7] is covered by a finite number of small inter-

vals.
Recall the notation introduced in Corollary 3.3: ¢(t) = n4)(CU) < 3, and

c(t) - p(t) = naglers o(t) = c(t)p(t) + (8 — c(t))ee.
LEMMA 5.1. Let (v 145) be represented by a perturbation series as in Corol-

laries 3.2 and 3.3: vy 4y 5 = e P* > k>0 Vt(,]z)H' Then for submultiplicative admis-
sible functions f we have:

@) (Vitrs, f) = e Ps Z@o(w(fils, ) (Vt(,?t)Jrsa I) = (pe s, f) and

(5.3) <l/t(’zii ) < [ ggu * o (E 4 uw) * I/t(i)wﬂ, fldu< ...

Sk k41 k

o [ T i £) - TTHo(tig), fdug - .. dug,
0 1= =0

0

o%é” O%m

where tg = t, tivq :=t; + u;, tpr1 :=t+8, So:=85,8;:=8— le u;.
®) (Viirs, ) > (s f) - e
©) Wipys, [) > a-e P f (o(t+u), f)duforsome a=a(t,t+s) € (0,1].
(d) Furthermore,

Z(a(t +u), f)du = Zc(t—l—u)(p(t—i—u),ﬁdu—i— d(s) - f(e)
with (s fo( —c(t+u))du<B-s.
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Proof. The assertions (a) and (b) follow immediately by Corollaries 3.2 and
3.3 and by Proposition 4.2 (a).
Analogously, (c) holds by applying Proposition 4.2 (c) to

S
(Wiprs, f) > e St ppu > o (E + 1) * pegu s, f)du
0

defining C' := infocy<s (it t4u, 1/f), D =
C - D. (Recall that f(e) =1land0 < 1/f <1.)
The assertion (d) is again obvious. =

infocugs (fttutts, 1/f) and a =

Now we have the means to formulate the main result:

THEOREM 5.1. Let (vt 14+5) be a Lipschitz-continuous hemigroup with gen-

erating functionals A(t) = (0/0s)|s=0 fitt+s and B(s,t) f A(r)dr, respec-
tively. Assume as in Corollary 3.3, formula (3.1),

(5.4) (1) == naqCU) < B, 0<7<T,

for some neighbourhood U of the unit e. Let, as before, f: G — [1,00) be sub-
multiplicative and admissible (cf. Definition 4.1). Then the following assertions

are equivalent:
() (Vtiys, f) <ooforall0 <t<t+s<T.

(i) (o, T,f> < 0.

(iii) fO f)dr < oo (with the notation introduced in Corollary 3.3).
@iv) <77B(0,T)7 fll:U = fo Jou Fdnaydr < oc.

(v) SUPO§t<t+s§T<nB(t,t+s)a f1[1U> < 0.

Proof. We use the notation introduced before, cf. especially Corollary 3.3.
For (i) < (ii) see Proposition 4.4.

(iii) & (iv). Note that o(r) > 0, BT > [1(8 — 14,y (CU))dr > 0 and

H

T

(o, fley) = [{o(r), fHdr = [ (8 —naw)(CU))dr

0 0
(cf. Lemma 5.1 (d)). Hence the assertion follows.
(iv) < (v) is obvious, since the integrands are nonnegative.
(ii) = (iii) follows by Lemma 5.1 (c). (Note that« = C' - D > 0.)
(iii) = (ii). According to Lemma 5.1 (a) it suffices to show that (v 7, f) =

eI S (vi f) < 0.

0
For k = 0 we have (V(() %7 ) =Auor, f) < subigpyscr(Betts, [) = Mo =
My(T) < oo (cf. Proposition 5.1). Note that 1 < My < MO and, by assumption
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(i), fo , f)dT < co. The function t ~— T'( fo f)dv is increas-
ing, bounded on [0, 7] and absolutely continuous w1th respect to Lebesgue mea-
sure A'[o 77. Hence for all & > 0 there exists a §(¢) > 0 such that for all s < §(<)
and for all ¢t we have ['(¢,t + s):=T'(t + s) —I'(t) <e. Furthermore, for k£ > 0,
d > 0 we have (with the notation introduced in (5.3)), in view of (5.3) and
Proposition 4.2 (c),

(k+1) 80 Sk k k—1
(5.5) <Vt,t+s ,f> < ff H Mt17t1+17 ’ H <U(ti+1)7f>duk"'du0
0 0 =0 1=0

S0 Sk k—
<Mé€+1ffn Z+1 duk...dU()
0 0

=0

k
= Mt -H(>F<O’Sk) < My - (M - d)*;
1=

if s < 0(d), then s; < 6(d) for all 4.
To prove the last estimate of (5.5) note that

Sk k—1
{ 1:[ (o(tit1), [)dug
y: k—2
H (tit1), f<a(tk71 + uk)7f>duk < H()(U(tiﬂ), f) - d, ete.
i=0 0 L

Let 0 < ¢ < 1, choose 0 < d < ¢/Mj. (Note that M only depends on T'.) We
begin with 0 = to. Putt;4; := t; + s; and choose s; < d(d). Hence I'(¢;, t;11) <d.
Then according to (5.5) we observe that (v, f) < e 751 Zk<yt(f,)to+slvf> <
e P51 (1—¢) - M.

Now replace ty by tg + s =: t1, s < §(d) etc. After N repetitions, N ~
T/6(d), the interval [0,77] is covered, T = Ziv si, and we obtain, in view of
Proposition 4.2,

N N ' 1
VO Ta H tz,tz+17f H (e_ﬂsz(l - C)_ : MO)
1 1

—e P T1-o) N M) <0. =

REMARK 5.1. (a) The constant My in (5.5) depends on the length of the cho-
sen interval. Indeed, put

MO = M()(S) = sup <ﬂt,t+ua f>
0<t<t+ut+s

if the behaviour of u +— v 44, is considered in the interval 0 < u < s.
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If the hemigroup (v4¢4) is time-homogeneous, i.e. if (Vg := v4415) 5, (and
also (fs := it t4s) s>0) are continuous convolution semigroups, then we obtain a
sharper estimate. Put with My(s) = sup,<s{fiu, f):

(5.6)  (Virs, f) = (vs, f) < Mo(s) exp(—sp) exp (Mo(s){a, f)).

Here
Aty=A, ot)=o0=nalyy, B:=0c(G)=naCU)=c(t).

With different notation the upper bound (5.6) is found in [30], the proof of
Theorem 5. In fact, in the time-homogeneous case we have:

Wer f) = Wears, f) =W with 0 f) = (uesses, £,

k

<V(k+1) f> <

t,t+s >

(s P00, Y gs )

O\m

M()(S)

o 1 Moo )

s
MO fyt+ut+saf du\<
0

Thus (5.6) follows.

(b) Siebert’s resultsin [28] and [30] for the time-homogeneous case are proved
for general continuous convolution semigroups, and in that case the restrictive
condition (3.1), resp. (5.4), is trivially fulfilled (for any 7" > 0). (In fact, then
n4(CU) =: B < o00.) It is natural to conjecture that the assertions of Theorem 5.1
hold true also without condition (3.1), resp. (5.4). But up to now no proof is
available.

(c) Throughout, in order to avoid problems with measurability and in view of
[30], Theorem 4, we assumed G to be second contable. In fact, this is not a serious
restriction:

At first, without loss of generality we may assume G to be o-compact, since
the group generated by the supports Uo <t<trs<T supp(vt t+5) is o-compact. As
well known (cf., e.g., [4], p. 101, exerc. 11) a o-compact group is representable
as a projective limit of second countable groups G = 1%111 G/K, K € R, aset of

compact normal subgroups with () res K = {e}. Let f be as above; then W :=
{f = 1} is a closed subgroup. Moreover, ¢g := log f is uniformly continuous by
Lemma 4.2 and {g = 0} = W. Hence g and f are W-invariant and if g, resp.
f, is K-invariant for some subgroup K, then K C W. But g is Ky-invariant for
some K € R (cf. the above reference [4]), whence Ky C W. Therefore, f is K-
invariant, hence integrability of f with respect to (1¢:45) can be reduced to the
case of second countable groups.
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6. APPENDIX

In the following we sketch briefly some applications and examples in order to
show that in many interesting cases it is easier to check integrability of admissible
submultiplicative functions with respect to Lévy measures than with respect to the
generated probabilities.

6.1. Convolution semigroups: Moments of (semi-)stable laws. Let G be a sec-
ond countable contractible locally compact group with contracting automorphism
7 € Aut(G). Let {Ug},cz be a filtration, i.e., Uy are compact neighbourhoods
of e with | JU,, = G, (U, = {e}, Uy, 2 Up+1 and 7U,, = Uy for all n € Z
(see [8], Lemma 3.7.3). L := Uy\U is a cross-section with respect to the action
of 7. Let (p1t);5, be a (7, c)-semistable continuous convolution semigroup, i.e.,
T(pt) = pet forall t > 0, where 0 < ¢ < 1 (cf., e.g., [8], §3.4).

Let | - | denote a subadditive group-norm, i.e., a continuous symmetric sub-
additive function | - |: G — Ry such that |z| =0 iff z = e and {|z| < e} isa
neighbourhood of e for £ > 0 (see [8], 2.7.26 d)). Assume that, for some constants
1<r <R, r"|z| < |t "z| < R"|z|forn € Z,. Then, for v > 0 we have:

(6.1) [z dpe(z) < o0, t >0, iff [ Ja]Ydn(z) < oo,
{l=[>1}

where 7 denotes again the Lévy measure of (y). In fact, the left integral is finite
iff [(1 4 |@]7)dus(x) < oo, and hence iff [(1 + |#])'du(z) < co. According
to Theorem 5.1 (resp. by Siebert’s result for continuous convolution semigroups)
this is equivalent to f{|m|>1} (1+|z|)” dn(x) < oo, and, as before, this is the case
iff f{\w|>1} |z[Ydn(z) < co. (Note that z +— (1 + |z|)” is an admissible submulti-
plicative function.)

EXAMPLE 6.1. The above-mentioned Lévy measure is representable as n =
> wez ¢ FTR(N) for A = |, € ME(L) (cf., e.g., [8], Proposition 3.4.8). Hence it
follows easily that the integral in (6.1) is finite iff ) _, - o fL |7 k2 d\ (x) < oo.
By assumption we have 77 fL |z|YdA < fL |7~ k2|vd\ < RMY fL |z|Yd\. Hence
we obtain:

[zl du(z) < 0o if RY <1/c, ie., v <log(l/c)/logR,
and
< 1/c, ie, y<log(l/c)/logr, if [ |z|"du(z) < oc.

(For vector spaces compare with, e.g., [17], [16], 4.12.2-4.12.4, [8], 1.7.9; for ho-
mogeneous groups see [8], 2.7.28-2.7.32.)

In particular, if |7~ *z| = r¥|z|, k € Zq, then [ |z|Ydp; < 0o iff 0 < v <
log(1/c)/logr.

Probability and Mathematical Statistics 30/2010, z. 2
© for this edition by CNS



334 W. Hazod

EXAMPLE 6.2. The totally disconnected case. Let G be totally disconnected.
Then the filtration can be chosen to consist of open compact subgroups. We fix
0 < a< 1 and define |z| := @) for x # e and |e| = 0, where k(z) :=
min{k € Z : x € Uy}. (Frequently, « := 1/p, where p := ord{Uy/Uj+1}, the
modulus of 7.) Then we obtain

[zl dpe(z) < oo iff a7 <c7l ie, v <loge/loga.

(In fact, | - |o =] - | is a group norm, with |zy| < max{z,y} and |7¥z|=a*- |z|,
ke Z.Hencer =a~1)

EXAMPLE 6.3. The case of homogeneous groups: dilation semistable laws.
Let G be a homogeneous group, in particular, a connected contractible Lie group
with contractive automorphism 7. Let (6;) C Aut(G) be a group of dilations and
| - | a corresponding homogeneous norm. (Cf., e.g., [8], 2.7.26 d).) Assume, e.g.,
that also 7 is a dilation, 7 = 4 for some 0 < d < 1. Then as before we obtain:

[lzdpe(z) < oo iff d77 <c7!, ie., v <loge/logd.

(Note that |7Fz| = |6kz| = d* - |z| for all z € G, k € Z in that case. Hence 7 =
d—t)

6.2. Convolution hemigroups: Logarithmic moments of (semi-)stable hemi-
groups and (semi-)self-decomposability. Let again G be a homogeneous group
with dilations (d;) and corresponding subadditive homogeneous norm. Let (p¢),cp
be a contracting one-parameter group of automorphisms with additive parametriza-
tion prys = pips, pr(r) — east — oo (z € G).

EXAMPLE 6.4. Let (Mt7t+s)0<t<t+s be a stable convolution hemigroup, i.e.
a hemigroup satisfying p,(fit,t4+s) = ft4rt+str for all 7, s,¢ > 0. (These hemi-
groups are the distributions of increments of an additive process, a generalized
Ornstein—Uhlenbeck process.) It is well known that lim; . pio s =: p exists iff
logarithmic moments exist, i.e., [ log, |#|dpuo,1(x) < oo, or, equivalently, if for all
0 < s,t, f log, |x|dp,+s(x) < oo. (For vector spaces see, e.g., [16], for groups,
e.g., [71, [8], §2.14. Note that p is self-decomposable and an invariant distribu-
tion for the underlying additive process.) As before, this property is equivalent to
[ (@)dpei4s(z) < oo, where ¢p(z) := (1+1log(1 + |z|)) ~ log, (|z|). The inte-
grand ¢ is admissible submultiplicative, and hence, according to Theorem 5.1, this
integral is finite iff f OT f (z|>1} Y(x)dndt < oo, where 1, are the Lévy measures of
(0/0s) ut,1+s|s=0 =: A(t). Note that the stability property implies the existence of
the derivatives A(t) = (0/0s)|s=o fitt+s, and furthermore A(t + s) = p;(A(s)).
Hence A(t) = py (A(O)), and as t — p; is continuous, the condition (3.1), resp.
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(5.4) is obviously fulfilled and we have:

T

o

[ v(@)dn(x)dt =

f Y(x)dpi(no)(z)dt < oo
O {l=>1} {lal>1}

ittt [ w(@)dio(x) < o,
{lz[>1}

where 7 is the Lévy measure of the underlying background driving Lévy process.

Hence we infer that the additive process (X;), resp. its increments X ;1 s with
distributions fi; ¢+, has logarithmic moments (and hence there exists an invariant
distribution p = limy_, f10,¢) iff the background driving Lévy process has loga-
rithmic moments.

Thus we obtained a new proof of a well-known result: For vector spaces see,
e.g., [16], Theorem 3.6.6, for groups see, e.g., [7] and [8], §2.14, in particular
Theorem 2.14.25.

EXAMPLE 6.5. The above-mentioned proofs in [7] and [8] rely on an embed-
ding of G into a space-time group G x R and the application of Siebert’s result to
a continuous convolution semigroup on this enlarged group. This method breaks
down in case of semi-stable hemigroups, resp. semi-self-decomposable laws, i.e.,
hemigroups ji ¢+ s satisfying p (fit,t45) = ft4c,t+s+c forall £, ¢t + s, some contrac-
tive p € Aut(G) and some ¢ > 0. Here the background driving Lévy process has
to be replaced by an additive process, a background driving additive periodic pro-
cess. For vector spaces cf. [2], for groups see [3]. Again the limit y = lim; . pio ¢
exists iff po . has finite logarithmic moments (equivalently, in view of Lemma 4.1,
iff all juz 4 share this property). Under the additional conditions that the embed-
ding hemigroup is Lipschitz-continuous and the Lévy measures 7, of the almost
everywhere existing derivatives (0/0s) s 1+s|s=0 =: A(t) satisfy the boundedness
condition (3.1), resp. (5.4), it can be shown that the semistable hemigroup has log-
arithmic moments iff this is the case for the periodic background driving process.
(For vector spaces cf., e.g., [2], 2.4, 3.2-3.4, or [22].)

We omit the details here.

Note added in proof. To mention a further reference for the representation
of o-compact locally compact groups as projective limits of metrizable groups
(cf. Remark 5.1 (c)): M. Tkacenko, Introduction to topological groups, Topology
Appl. 86 (1998), pp. 179-231, Theorem 5.2.

REFERENCES

[11 A. de Acosta, Exponential moments of vector valued random series and triangular arrays,
Ann. Probab. 8 (1980), pp. 381-389.

[2] P. Becker-Kern, Random integral representation of operator-semi-selfsimilar processes with
independent increments, Stochastic Process. Appl. 109 (2004), pp. 327-344.

Probability and Mathematical Statistics 30/2010, z. 2
© for this edition by CNS



336

W. Hazod

(3]

(4]
(5]
(6]
(7]
(8]

[9]
[10]
[11]
[12]
[13]
[14]

[15]

[16]
[17]
(18]
[19]
[20]
[21]
(22]
(23]
[24]

[25]

P. Becker-Kern and W. Hazod, Mehler hemigroups and embedding of discrete skew
convolution semigroups on simply connected nilpotent Lie groups, in: Infinite Dimensional
Harmonic Analysis IV. Proceedings of the Fourth German-Japanese Symposium, J. Hilgert,
A. Hora, T. Kawazoe, K. Nishiyama and M. Voit (Eds.), World Scientific Publishing, 2009,
pp. 32-46.

N. Bourbaki, Eléments de mathématique. Livre VI: Intégration, Chap. 7, Hermann, Paris
1963.

J. A. Goldstein, Semigroups of Linear Operators and Applications, Oxford Univ. Press,
Oxford—New York 1985.

W. Hazod, Stetige Halbgruppen von Wahrscheinlichkeitsmafien und erzeugende Distributio-
nen, Lecture Notes in Math. No 595, Springer, Berlin—Heidelberg—New York 1977.

W. Hazod and H.-P. Scheffler, Strongly T-decomposable and selfdecomposable laws on
simply connected nilpotent Lie groups, Monatsh. Math. 128 (1999), pp. 269-282.

W. Hazod and E. Siebert, Stable Probability Measures on Euclidean Spaces and on Lo-
cally Compact Groups. Structural Properties and Limit Theorems, Math. Appl. 531, Kluwer
A.P., Dordrecht-Boston—-London 2001.

J. V. Herold and M. C. McKelvey, A Hille-Yosida theory for evolutions, Israel J. Math.
36 (1980), pp. 13-40.

H. Heyer, Probability Measures on Locally Compact Groups, Springer, Berlin-Heidelberg—
New York 1977.

H. Heyer, Stetige Hemigruppen von Wahrscheinlichkeitsmafien und additive Prozesse auf
einer lokalkompakten Gruppe, Nieuw Arch. Wiskd. 27 (1979), pp. 287-340.

H. Heyer and G. Pap, Convergence of non-commutative triangular arrays of probability
measures on a Lie group, J. Theoret. Probab. 10 (1997), pp. 1003-1052.

E. Heyn, Die Differentialgleichung dT'/dt = P(t)T fiir Operatorfunktionen, Math. Nachr.
24 (1962), pp. 281-380.

E. Hille and R. S. Phillips, Functional Analysis and Semigroups, Amer. Math. Soc.
Collog. Publ. Vol. 31, Providence, R.I., 1957.

A. Hulanicki, A class of convolution semi-groups of measures on a Lie group, in: Probability
on Vector Spaces 1I. Proceedings Blazejewko, 1979, Lecture Notes in Math. No 828, Berlin—
Heidelberg—New York 1980, pp. 82-101.

Z. Jurek and D. Mason, Operator-limit Distributions in Probability Theory, Wiley, New
York 1993.

Z. Jurek and J. Smalara, On integrability with respect to infinitely divisible measures, Bull.
Acad. Polon. Sci. Sér. Sci. Math. 29 (1981), pp. 179-185.

T. Kato, Integration of the equation of evolution in a Banach space, J. Math. Soc. Japan 5
(1953), pp. 208-234.

T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin—-Heidelberg—New York
1966.

T. Kato, Linear evolutions of hyperbolic type, J. Fac. Sci. Univ. Tokyo, Sect. IA, 17 (1970),
pp. 241-258.

J. Kisynski, On semigroups generated by differential operators on Lie groups, J. Funct. Anal.
31 (1979), pp. 234-244.

M. Maejima and K. Sato, Semi Lévy processes, self similar additive processes, and semi-
stationary Ornstein—Uhlenbeck type processes, J. Math. Kyoto Univ. 43 (2003), pp. 609-639.

I. Miyadera, On perturbation theory of linear operators, To6hoku Math. J. 18 (1966), pp.
299-310.

J. Neveu, Théorie des semi-groupes de Markov, Univ. California Publications in Statistics 1
(1967), pp. 319-394.

K. R. Parthasarathy, Probability Measures on Metric Spaces, Academic Press, New York—
London 1967.

Probability and Mathematical Statistics 30/2010, z. 2

© for this edition by CNS



Integrability of submultiplicative functions 337

[26]
(27]
(28]

[29]

(30]

(31]

R. S. Phillips, Perturbation theory for semigroups of linear operators, Trans. Amer. Math.
Soc. 74 (1953), pp. 199-221.

E. Siebert, Uber die Erzeugung von Faltungshalbgruppen auf beliebigen lokalkompakten
Gruppen, Math. Z. 131 (1981), pp. 111-154.

E. Siebert, Continuous convolution semigroups integrating a submultiplicative function,
Manuscripta Math. 37 (1982), pp. 381-391.

E. Siebert, Continuous hemigroups of probability measures on a Lie group, in: Probability
Measures on Groups. Proceedings Oberwolfach, 1981, H. Heyer (Ed.), Lecture Notes in Math.
No 1080, Springer, 1982, pp. 362-402.

E. Siebert, Jumps of stochastic processes with values in a topological group, Probab. Math.
Statist. 5 (1985), pp. 197-2009.

J. Voigt, On the perturbation theory for strongly continuous semigroups, Math. Ann. 229
(1977), pp. 163-171.

Technische Universitiat Dortmund

Faculty of Mathematics

D-44221 Dortmund, Germany

E-mail: Wilfried.Hazod @ math.uni-dortmund.de

Received on 9.2.2010;
revised version on 25.6.2010

Probability and Mathematical Statistics 30/2010, z. 2

© for this edition by CNS



