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Abstract. Starting with an integro-differential operator (L, CZ, (R™)),
we prove that its C'oo (R™)-closure is the generator of a Feller process X,
which admits a transition probability density. To construct this transition
probability density, we develop a version of the parametrix method and
a verification procedure, which proves that the constructed object is the
claimed one. As a part of the construction, we prove the intrinsic upper
and lower estimates on the density. As an application of the constructed es-
timates we state the necessary and (separately) sufficient conditions under
which a given Borel measure belongs to the Kato and Dynkin classes with
respect to the constructed transition probability density.
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1. INTRODUCTION

A Markov process X = (X;);>0 with values in R" is called a Lévy-type pro-
cess if its generator A is well defined on the space C2 (R™) of twice continuously
differentiable functions, vanishing at infinity together with their derivatives, and on
this space A coincides with a Lévy-type operator

n 2 2
(L) Lf(x) =a(z) Vf(x)+ Y ij(x)gf(;)
G k=1 TjO0Tk

+ [ (flatu) — f@) = V(@) ul gy ple, du),
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where a(z) € R", Q(x) = (ij(x))?kzl is a symmetric positive semidefinite
matrix, and p(z, -) is a positive Borel measure, such that

[ QA lul)p(e, du) < oo
R\ {0)

for any x € R"™. For an extensive survey on Lévy-type processes and Lévy-type
operators we refer to [39]—[41] and [I3]; here we briefly outline the items important
for the exposition below.

In the “constant coefficients case”, where a, ), i do not depend on x, ()
is just an expression for the generator of the semigroup of probability measures,
which corresponds to a Lévy process. Hence, a Lévy-type process has a natural
interpretation as a “process with locally independent increments” whose character-
istic triplet depends on the spatial variable. This justifies the names “a Lévy-type
process” and “a Lévy-type operator”. On the other hand, let a Markov process X
be Feller, that is, the respective semigroup (.St)¢+>0,

(1.2) Sif(z) == E"f(Xy),

maps the space Cs(IR™) of continuous functions vanishing at infinity into itself.
The Courrege—Waldenfels theorem (cf. [BY], Theorem 4.5.21, and [I73], Theo-
rem 2.21) states that if for a Feller process the generator of (S;):>0 is well de-
fined on CZ°(RR™) (the space of compactly supported infinitely differentiable func-
tions), then on C2°(R™) this generator admits representation (I-T). Heuristically,
this means that a Lévy-type process is a generic form for a Feller process on R",
and a Feller process on R"™ naturally gives rise to an integral-differential operator
of the form (IC).

The converse problem, i.e., how to show that an operator of the form ()
gives rise to a Feller process and, moreover, to investigate the distribution prop-
erties of this process, is highly non-trivial; this is the topic the current paper is
focused on. Heuristically, the relation between Lévy-type processes and Lévy pro-
cesses is similar to that between diffusions and the Brownian motion. Hence, the
problem how to construct a Lévy-type process given a Lévy-type operator is sim-
ilar (but technically is much more involved) to the problem of construction of a
diffusion process with given coefficients.

There are several ways how to associate a Lévy-type operator (1) with a
Markov process. One way is to solve the martingale problem for (L, C2 (R™)),
that is, to find a family of probability measures P*, x € R", such that P* (X, = x)
= 1 and the process

FX0) — F(Xo) - sz<Xs>ds

is a P®-martingale for any f € C2 (R"), x € R™. The difficult part in this prob-
lem is to show that the martingale problem is well posed, i.e., that the family P?,
x € R™, is unique. See [06Y], [[Z0], [53], [4], [34], [35], as well as the survey paper
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[6] and the monograph [&1]. Note that although the martingale problem approach
is an efficient tool for constructing the process, typically it does not give much
information about its intrinsic distribution properties.

Another natural way is based on the general fact that at least in the simplest
cases the transition probability density p;(z,y) of the process X is a fundamental
solution to the Cauchy problem associated with the operator

(1.3) o — L,

see Section I below for the definition. In the parabolic case, i.e., when the inte-
gral part in (1)) is absent, the classical parametrix method makes it possible both
to construct the fundamental solution p;(z, y) to (I3), and to give the explicit up-
per and lower bounds for p;(z, y); see the monograph by Friedman [29] for details.
We also refer to the original paper by Levi [6Y] and to the paper by Feller [277], in
which the parametrix construction of the transition probability density is given for
continuous, purely discontinuous, and mixed processes. Since for L the positive
maximum principle holds true, we can conclude that p;(x, y) is the transition prob-
ability density of a Feller process, and this process is the unique one associated
with the generator A = L. We omit the details, since the same procedure will be
discussed in detail below in a much more complicated setting.

The goal of our investigation is to extend the approach outlined above to the
genuinely “Lévy type” case, where the diffusion part in (IT) is absent, but instead
the jump part is present: @ = 0, u(x, du) is non-trivial. In this case, the struc-
tural assumptions on the Lévy kernel u(x, du) appear to be substantial. The case
of u(z, du) being comparable, in a sense, to the Lévy measure of an «-stable pro-
cess p(du) = clu|~* "du is well studied, see [22], [23], [1], [52], [19], and an
extensive overview in the monograph [23]. Extending these results to more general
classes of Lévy measures meets new serious difficulties, which we discuss in detail
below.

Following the line of the classical “parabolic” parametrix method (cf. [8Y],
[?9]), in which the Gaussian kernel is taken as the zero order approximation of
the solution to the respective Cauchy problem, the natural idea to develop a “Lévy
type” parametrix method is to take as the zero order approximation p?(x,vy) for
the candidate for being the fundamental solution to (I-3) the transition probability
density of some Lévy process. An important feature used in all the aforementioned
papers is that the fundamental solution g;(z,y) to the respective constant coeffi-
cient Cauchy problem satisfies the upper estimate

(1.4) gi(z,y) < Cpi' f(pe(y — 2)),

where p : (0,1] — (0,00) and f € L;(IR™) has the meaning of a “scaling func-
tion” and a “shape function”, respectively (namely, one has p; =t~ /2, f (x) =
exp ( — [|z]|2/(2c)) in the diffusive case, and p; = ¢~/ f(z) = 1A ||z "> ™ in
the symmetric a-stable case).
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However, for general Lévy processes the estimate (IC4) does not hold, see
[&7] for a counterexample. In [&7] and [&6] it is shown that a natural analogue of
(4) is the so-called compound kernel upper bound, see Proposition B4 below. An
important ingredient in the approach which will be developed in the current paper
is that in the parametrix construction of the kernel p;(z, y), the single kernel-type
upper bound (I4) can be successfully replaced by a compound kernel upper bound,
valid under more mild structural assumptions on the model.

Our construction consists of the following three principal steps. First, we con-
struct the kernel p;(z, y), which is a candidate for being the fundamental solution
to the Cauchy problem associated with the operator (I-3) represented in the form of
convergent series (IZ4)—(I1); see the detailed discussion in Section B. We empha-
size that in our case the verification of the fact that the constructed kernel p;(x, y)
is indeed the fundamental solution hardly could be performed in the classical way
described in [29]. The reason for this is that the space derivatives of the zero order
approximation p?(x, y) have stronger singularity at t = 0, and one cannot prove
directly that p;(-,y) belongs to C2 (R™), which is the domain of L.

Our second step is to prove that the constructed kernel p;(x, y) is the transition
probability density of some Markov process, and the restriction of the generator of
this process to C2, (R") equals L. The method we use to do this is described in [49]
(see also [56]), and is based on the auxiliary notion of the approximate fundamental
solution; see Section H.

The final step is to identify uniquely the Markov process X obtained before
in terms of the initial operator L. While spatial derivatives of p;(x,y) are hardly
controllable, the time derivative is more manageable, which makes it possible to
prove that the generator (A, D(A)) of the Coo (R™)-semigroup of X is the closure
of (L,C% (R™)). This yields that the martingale problem for (L, C% (R")) is well
posed, and shows the uniqueness of the Markov process X constructed in the first
two steps. Also, we are able to show that p.(-,y) belongs to the domain of the
generator A (< the closure of L), and that p;(z,y) is indeed the fundamental
solution to the Cauchy problem for

(1.5) o — A,

which justifies our parametrix construction. Thus, starting with the Cauchy prob-
lem for (I.3), we construct the fundamental solution for (I3), where A is the clo-
sure of L.

As an application of the estimates constructed for the kernel, we give the nec-
essary and (separately) sufficient conditions for a finite Borel measure to belong to
the Kato and Dynkin classes with respect to p;(z, y).

Let us give a brief overview of other existing results.

In the Lévy case the transition probability density is just the inverse Fourier
transform of the characteristic function. This allows a lot of possibilities to estimate
this transition probability density, see, for example, [64], [32], [33], [[Z2] for the
asymptotic behavior of an a-stable transition probability density, and [54], [22]—
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[44], [61], [6], [&7], [46], [65]-[BR], [20] for the Lévy case. Of course, this list of
publications is far from being complete.

In [[7] the case of the fractional Laplacian perturbed by a gradient is treated, see
also [8], [MT0] for the kernel estimates. The verification procedure presented in [[7]
shows that the integro-differential operator is the weak generator of the respective
semigroup. In [45] the case of a singular perturbation of the fractional Laplacian
is considered, and a different approach is used for the verification; see also [IX]
for an approach which relies on [[/] and the martingale problem, as well as [T9]
and the references therein. In [63] and [62] the authors constructed the transition
probability density of the process which is the weak solution to the SDE driven
by a symmetric -stable process with a drift. We refer to [2X], [2T], and [BY], in
which the gradient perturbations of an «-stable like operator with 0 < o < 1 are
investigated.

Another approach to study the fundamental solution to the respective Cauchy
problem relies on a different version of the parametrix method and the symbolic
calculus technique, which allows us to prove the existence of the fundamental so-
lution, and to construct it in the form of converging in a certain sense series. This
approach uses the Hilbert space methods, and is developed in [[Z1]], [38], [57], [36],
[B7], [20], [11], and [I2].

There is a large group of results devoted to the estimation of the transition
probability density of a Markov process, associated with a Dirichlet form of a
certain type. Under the assumption that the jump intensity measure of a Markov
process is absolutely continuous and has certain regularity properties, estimates on
the transition probability density are obtained in [T4]-[1"7], [], [3], [60]; of course,
this list is far from being complete. The approach used in the above papers relies on
the Dirichlet form technique and the Harnack principle. Note that in these papers
the initially given object is a regular Dirichlet form, which already assumes the
existence of the related Markov process.

The paper is organized as follows. In Section @ we set the notation, outline
the method, and formulate the results. The construction of the parametrix series is
performed in Sections B-I-374. Proofs of the continuity and smoothness properties
are given in Section B3. Section B is devoted to the verification procedure. The
uniqueness is studied in Section B. Diagonal and lower bounds for the constructed
fundamental solution are given in Section [. Finally, Section B is devoted to the
proof of the application result, that is, using the structure of the upper and lower
bounds on p;(x, y), we provide the necessary and (separately) sufficient conditions
for a measure to be in the Kato and Dynkin classes.

2. THE MAIN RESULTS: OUTLINE AND FORMULATION

Notation. For functions f, g we mean by f =< g that there exist some constants
c1,¢2 > Osuchthat ¢y f(x) < g(x) < caf(x) forallz € R™ By x - y and ||z|| we
denote, respectively, the scalar product and the norm in R™; S™ denotes a unit
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sphere in R™. We denote by ¢;, ¢, C, etc., arbitrary positive constants. Denote
by (f * 9)(t,z,y), (f ® 9)(t,2,y), (F * G)i(du), (F ® G)¢(du) the respective
convolutions of functions f(¢,z,y), g(t,x,y), and of kernels Fi(du) and G¢(dv):

(f*9)(t,2,y) f ftx, 2)g(t, z,y)dz,

(f®g)tzy) = [ [ f(t—s,2,2)9(s, 2 y)dzds,

0 R»
(F % G)(du) = [ Fy(du — 2)Gy(dz),
]Rn
(F ® G)( f [ F—s(du — 2)G4(dz)ds.
0 R»

By By(R™) and C* (R™) we denote, respectively, the set of bounded Borel func-
tions and the set of k-times differentiable functions, vanishing at infinity together
with their derivatives. By || - ||c we define the sup-norm in Cog

2.1. The model and the outline of the method. In this section we describe in
detail three steps of our approach, indicated in the Introduction.

Let L be an operator of the form () but with ) = 0. Below we specify the
assumptions on the drift and the kernel. In the first part we construct a candidate
for the fundamental solution to the Cauchy problem

2.1 O —

i.e. a function p;(x, y) such that

(2.2) pi(x,-) — 6, ast— 0+, xR,
and
(23) (at - L)pt(m7y) = Oa t> 07 x,y € Rn

In order to simplify the further exposition, let us briefly outline the parametrix
construction, see [29], pp. 310-311, or [20], pp. 144-145, for more information.

Consider some approximation pY(x, y) of p;(x, ), and denote by r;(z,y) the
residue with respect to this approximation, that is,

(24) pt(xay) :pg('rvy)_‘_rt(xay)
Define
(25) q)t(x7y) = (L - 815)2??(17,3/), t> 07 T,y € R™.
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Observe that since p;(z, y) is aimed to be the fundamental solution to the Cauchy
problem for the operator (Z), we should have

(O — L)ri(z,y) = u(z,y).
Therefore,
Tt($7y) = (p € (D)t(xﬂ y)7
which by (Z4) allows us to write the equation for r(z, y):
ri(@,y) = (0" ® @)e(,y) + (r & D)e(,y).

The formal solution to this equation is given by the convolution

(2.6) r=p’®U,
where
k=1

We can choose the zero order approximation p?(x, %) in the following way.
Consider the operator

(2.8)
L7 f(x) = a(z) - Vf(z) + E{; (f(@+u) = f(2) = u- V(@) Lu<ay) ulz, du),

where f € C2Z (R"). It is known that (L?, C2 (R")) extends to the generator of
a semigroup corresponding to a Lévy process, which under the condition A1 (see
below) has the transition probability density p7(z). Note that p7 (y — ) is the fun-
damental solution to a Cauchy problem for the operator

Oy — L7,
see [40], Example 2.7.14. Put

(2.9) p(a,y) = pily — )|,
We prove that under such a choice of the zero order approximation pY(z, ), the
series in (ZZ2) indeed converges, and that the expression (Z-4) is well defined.

In the second step we associate with the constructed kernel p;(x, y) a Markov
process. The keystone in this step is the usage of an auxiliary object, called the
approximate fundamental solution, which is a certain approximation p; ((x,y) of
the constructed kernel p;(, ). Using the expression for p;(z, y) and the estimates
on &, (x,y) and ¥4(x,y), obtained in the first step, we show that for the operators
St with kernel p; . (z,y) the following statements (a)—(d) hold true:
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(a) For f € Cx(R™),

gl_{% HSt,af - Stf”oo = 07

uniformly on compact subsets of (0, c0).

(b) For Si.f, f € Coo(R™), € > 0, the identity (Z3) turns into the approxi-
mate identity (0; — L)S; . f, and

tlgig}o ”St,af - Stf”oo =05

here

(2.10) Sif(z) = [ f)pe(x,y)dy, t>0, z € R"
Rn

These properties of S; . allow us to develop a version of the positive maxi-
mum principle (see [26], p. 165, or [39], Corollary 4.5.14, for the classical positive
maximum principle). This in turn enables us to show that p;(z,y) is the transi-
tion probability density of a Markov process, which is a solution to the martingale
problem for (L,CZ% (R™)). In particular, the family of operators (S;);>o forms a
semigroup related to X by

Sif(z) =E"f(Xy), fe€CL(R™).

The third step is devoted to the uniqueness problem for the constructed pro-
cess. We show that the generator A of the semigroup (.S;)¢>o coincides on C2, (R")
with L. Further, we employ the properties of the derivative 0; S ¢ f:

(c) Forany f € Coo(R™),

?—I% [0St f — 0Stflloo = 0,

uniformly on compact subsets of (0, c0).

This property together with (b) allows us to control L on S; . f, f € D(A), and
show that A is the closure of L in C,. Consequently, the process X constructed in
the previous step is the unique solution to the above martingale problem.

Finally, the property similar to (c) holds also for the kernels p;(z,y) and
bt (‘T) y)

(d) O¢pte(x,y) approximates Oyps(x,y) as ¢ — 0, uniformly on compact sub-
sets of (0,00) x R™ x R™.

Therefore, in a similar way we show that p;(-,y) € D(A) for any fixed y, and
that p;(x, y) is the fundamental solution to the Cauchy problem for 9; — A.
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2.2. Main results. Consider
(2.11) q(&) == [ (1 —cos(&-u))u(du),
Rn
where p(du) is a Lévy measure, i.e., a Borel measure satisfying
J (lull® A 1)pu(du) < oo,
Rn
and define

2.12) V(&) == [[(€ - uw? Alu(du), ¢"(&) = (& - u)?p(du).

R" Ju-g|<1

The function ¢(&) has the Lévy—Khinchin representation, and thus is the character-
istic exponent of a Lévy process. It can be shown (cf. [&7]) that the functions ¢ (&)
and ¢V (&) satisfy

(2.13) (1—cos1)g™(€) < q(&) < 2¢7(¢).

Note that in (ZI1) and (ZZI2) we do not assume p to be symmetric. Suppose that
the measure p satisfies the regularity assumption given below.

Al. There exists § > 1 such that

sup ¢V (rl) < B inf ¢¥(rl) forall » > 0 large enough.
lesn leSn

In what follows, we put
(2.14) a:=2/p.

This notation is motivated by the particularly important example of a symmetric
a-stable Lévy measure p(du) := c(a)||ul| ™" “du, a € (0, 2): direct calculations
show that in this case A1 holds true with 5 = 2/«. Note also that for any Lévy
measure p satisfying A1 the respective Lévy exponent ¢ admits a polynomial lower
bound (see (ZZI9) below) which for the symmetric a-stable Lévy measure becomes
an identity.

Throughout the paper we assume that the kernel p(z, du) is of the form

(2.15) () = m(e, w)p(du),

where m(x, u) is some positive measurable function. We assume that the function
m(x,u) and the drift coefficient a(x) satisfy the assumptions below.

A2. The functions m(x,u) and a(z) are measurable and satisfy with some
constants by, b, bs > 0 the inequalities

by < m(z,u) <bg, |a(x)] <bs, x,uecR"
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A3. There exist constants v € (0, 1] and by > 0 such that

(2.16)
im(z, u) = m(y,w)| + lla(z) = a(y)l| < ba([le = y|[" A1), w, 2,y eR"

A4. In the case « € (0, 1] we assume that a(z) = 0 and the kernel p(z, du)
is symmetric with respect to w for all x € R™.

Below we state the first main result of our paper.

THEOREM 2.1. Suppose that assumptions A1-A4 are satisfied, and the func-
tion p)(x,vy) is given by (Z9). Then:

(a) The function p(x,y) introduced in (Z4)—~(21) is well defined in the sense
that the series (ZZ1) and (Z-8) converge absolutely for any t > 0, z,y € R", uni-
formly on compact subsets of (0,00) x R™ x R™

(b) The function pi(x,y) is continuous on (0,00) x R™ x R™

Next we associate the constructed function p;(z, y) with the initial operator L.
To make the structure the most transparent, we do this in two steps: we prove that
pi(x,y) is a transition probability density of some Markov process, and then show
that the C'o (R™)-generator of this process is an extension of (L, C2 (R")). The
second statement means that the semigroup (ZI0) with p;(z, y) defined by (Z-4) is
in fact a unique Feller semigroup associated with the operator L.

THEOREM 2.2. The family of operators (I0) forms a strongly continuous
conservative semigroup of nonnegative operators on Co(R™), which in turn de-
fines a (strong) Feller Markov process X. Further, the set C2 (R™) belongs to the
domain D(A) of the generator A of this semigroup, and

Af(z) =Lf(x) for [ € CL(R"),
that is, (A, D(A)) is an extension of (L, C3 (R")).
THEOREM 2.3. (a) The generator (A, D(A)) is the closure of (L, C% (R™)).

(b) The function p.(-,y) belongs to the domain D(A) of A, and is the funda-
mental solution to the Cauchy problem for the operator 0, — A.

The first statement of Theorem I3 allows us to show the uniqueness of the
solution to the martingale problem for (L, CZ,(R")).

THEOREM 2.4. The Markov process X constructed in Theorem is the
unique solution to the martingale problem for (L, C2, (Rn)).

Finally, we give the upper and lower estimates for the constructed function
p(x,y) and its time derivative.
Let

(2.17) q*(r) := sup qU(rl), r >0,
lesn
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and define
(2.18) pe = inf{r:¢*(r)=1/t}, te€(0,T).

Since the function ¢*(r) is continuous and lim,_,, ¢*(r) = oo, the function py,
t € (0,71, is well defined for any 7" > 0.

In [46], see also [&7], we show that condition A1 implies for r large enough
the lower estimate

(2.19) q*(r) = cor®,
which in turn implies for any 7" > 0 the upper bound
(2.20) pr < at Ve te(0,T).

Note that for any ¢ > 1 we have ¢V (c€) < (¢ A 1)qY (€), implying ¢*(r) < car?,
r > 1; then p; > cst~'/2, t € (0,T). Denote by o € [« 2] the minimal value for
which there exists ¢4 > 0 such that

(2.21) pr>eqt™V7 te(0,T).
Denote by fy;, and fo,, the functions of the form
222)  fuplw) = die” 217 fioy (@) = dy(1 = dyfjz])+, =€ RP,

where d; > 0, 1 < ¢ < 4, are some constants which are yet to be chosen.

THEOREM 2.5. For any T > 0 there exist constants d; > 0, 1 < i < 4, and
a family of subprobability measures {Qy, t > 0} such that p,(x,vy) satisfies the
upper and lower estimates

(2.23)
p?flow (Pt(?/ - .T)) <pt(:1:7 y) gp? (fup(ﬂt) * Qt) (y - .’13), te (07 T]? z,y € Rna
where fi,,, and f,;, are of the form (IZ2ZA) with constants d;, 1 < 1 < 4.

THEOREM 2.6. (1) There exists Oipt(x,y) which is continuous in (t,x,y) €
(0,00) x R™ x R™.

(2) ForanyT' > 0 there exist constants dy,dy > 0and a Sfamily of subproba-
bility measures {Qy, t > 0} such that

‘atpt(xayﬂ < t_lp?(fup(pt) * Qt)(y - 'I)v te (OaT]v T,y € Rn)

where [, is of the form (22) with constants cil, CZQ.
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To demonstrate an application of the above results, we need a bit more prepa-
rations.

Recall that a functional ¢; of a strong Markov process X is called a W-
functional if it is additive, positive, continuous, almost surely homogeneous, and

vy(x) == E*p < o005

in this case the function v,(x) is called the characteristic of ¢y, see [24], §6.11. By
[?4], Theorem 6.3, the characteristic determines the W -functional uniquely up to
equivalence. On the other hand, Theorem 6.3 of [24] gives a way how to check that
a given function is a characteristic of some W -functional.

Recall (cf. [68], [I]) that a Borel measure o is said to belong to

(i) the Kato class Sk with respect to p;(x,y) if

(2.24) lim sup f f ps(z,y)w(dy)ds = 0;
t—0 pcRrn 0 Rn

(ii) the Dynkin class Sp with respect to p;(x, y) if there exists ¢ > 0 such that

t
(2.25) sup [ [ ps(z,y)w(dy)ds < oo.
zeR"™ o R

Clearly, S C Sp. By [24], Theorem 6.6, the condition & € Sk implies that the
function

¢
(2.26) = [ [ ps(z,y)w(dy)ds
0R

n

is the characteristic of some W -functional ¢; provided that the mapping = +—
xt(x) is measurable for each ¢ > 0. Thus, to prove that x;(x) is the characteristic
of some W -functional of X, we need to check whether the measure z from (Z2f)
belongs to the Kato class with respect to py(x, y). As an accompanying result, we
get the condition under which w belongs to the respective Dynkin class.

REMARK 2.1. Up to our knowledge there are not many results on the neces-
sary and sufficient conditions when a measure is in the Kato class. In the case of a
symmetric «-stable process, a € (0,2), and a relativistic 1/2-stable process, these
conditions are stated in [[[3] (see also [30]). In the case of n-dimensional Brownian
motion there is a one-to-one correspondence between the class of W -functions and
so-called W -measures (see [24], Theorem 8.4); in our notation this theorem means
that every measure from the Dynkin class is in one-to-one correspondence with a
W -functional. An example of a measure which for a Brownian motion belongs to
the class Sp but not to the Sk can be found, e.g., in [B3].
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In the theorem below we present the necessary and (separately) sufficient con-
ditions when a measure belongs to the Kato and Dynkin classes with respect to

pe(z,y).

THEOREM 2.7. Let w be a finite Borel measure on R".
(a) Forw € Sp with respect to pi(x,y) it is sufficient that

6
SUP,.cprn WY ||T — <s
(2.27) { zeR s"ii/q*(ll/s) yll }ds < oo forsomed > 0,

and necessary that

§
@{y: |l —yl <s}
(2.28) sup
xeRn{ sntlg(1/s)

ds < oo forsomed > 0.

(b) Forw € Sk with respect to pi(x,y) it is sufficient that (ZX1) holds true,
and necessary that

1 . _ <
(2.29) lim sup fw{y‘ lz — yl < s}

ds = 0.
0—0 zcRn 0 SnJrlq*(l/S)

3. CONSTRUCTION OF THE PARAMETRIX SERIES. PROOF OF THEOREM 2.1

3.1. Well-definiteness of p{(xz,y). It is known that for any fixed z € R the
operator (L*, C2 (R")) (see (ZR)) extends to the C'o- generator of a Feller semi-
group which corresponds to the Lévy process X7 with characteristic function

Eei€ X — o—ta(=6)

where

3.1) q(z,&) = —ia(z) - £+ f (1-— e 4 ¢ ull gy <1y) (2, du).
Rn

Note that due to the condition A2 the kernels {x(z, du), z € R™} are comparable
in the sense that for any z,y € R™ and any Borel subset A C R™\{0} we have
w(z, A) < p(y, A), implying that

(3.2) Req(z,&) < Req(y,&) forall z,y,& € R"™.

Condition A3 implies that Reg(z, &) is continuous in z. Condition A1l together
with A2 implies (cf. [&7], [46]) that

(3.3) minReq(z,£) > c|[¢]|*  for large [|£]|,
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where o = 2/. Thus, for any fixed z the process X/ admits a transition prob-
ability density, which will be denoted by p;(x). Note that by (B3) we can write

pi(x) as
(34 pi(a) = (2m) " [ emirt-ta g,
Rn

Thus, the function pY(x, y) given by (Z9) is well defined, and p (-, y) € C°(R™).

3.2. Estimate for ®,(z,y). In this subsection we derive the upper bound for
4 (x,y), see Lemma Bl In order to do this, we introduce some notation and state
the auxiliary propositions, the proofs of which are deferred to Appendix A.

Let

(35) At(du) = tu(du)ﬂ{pt\\u\bl}-
PROPOSITION 3.1. Forany T > 0 we have Ai(R™) < n?,t € [0,T].
PROPOSITION 3.2. Forany A € [0,«), T > 0, we have

(3.6) o [ ([ul* A DA (du) < C, ¢ €[0,T),
Rn

Define the probability measure
21,
(3.7) Py(du) := e 1B 3 HAt’f(du).
k=0 "

Let « be the parameter defined in (ZId), and let v € (0, 1] be the parameter of
Holder continuity from A3. Fix some € € (0, «), and put

if
(3.8) o {7 ify € (0,0),
a—e ify 2> a.
Note that, by definition, « > 0. Put
(3.9) Proe(du) := (1+ pf(lul|* A 1) Pu(du).

PROPOSITION 3.3. For any T > 0 there exists a constant C' € (0,00) such
that P, ,(R") < C, t € [0,T.

Finally, define
(3.10) Gi(du) = co(Pps(du) + Py x Py s(du)),

where the constant ¢y > 0 is chosen in such a way that G;(R") < 1 for all ¢t €
[0, T']. Such a choice of ¢ is possible due to Proposition B3.

Now we are ready to state the main result of this section. Recall that the pa-
rameter o was defined in (Z2210).
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LEMMA 3.1. Forany T > 0 there exist constants C,b > 0 such that
(311) |(I)t(x7y)| <Ct_1+n(gt*Gt)(y_x)a te (OaT]a :EvyE]Rn,

wheren = = A\ (1—}—“—_1),

(6%
(3.12) gi(z) == prebreelell

with some b > 0, and {G4(+), t > 0} is the family of subprobability measures given
by (B10).

In the proof of this lemma we use several auxiliary statements which will be
formulated below.
Take f,;, of the form (ZZ22), and put

(3.13) fe(@) = p} (fup(pr-) * Pr) ().

PROPOSITION 3.4. Suppose that conditions A1, A2 and A4 hold true.
Thenforanyk = ki + ...+ k, > 0,T > 0, there exist constants Ay, ap > 0,
such that

k
(3.14) ‘ 9 pi(z)| < pfft(x), te (0,T], z,z € R",

k kn
Oxi'...0xy

where fi(x) is the function of the form (B13), and the function f,y, in the definition
of fz is of the form (22), with constants Ay, ay, in place of d1, ds, respectively.
In particular,

k

(3.15) ‘ - pg(x,y)' <pFfily—=x), te(0,T), z,y € R™

ax’fl .0z
PROPOSITION 3.5. Suppose that conditions Al, A2 and A4 hold true. For

T > 0 there exist d3, dq > 0 such that

pi(x) > pi fow(llzllpe), w2 € R", t € (0,7,

where f1o is of the form (222) with these constants dg and dy. In particular,

P (@,y) = P} frow(ly — zllpr), = €R™, t € (0,T].

REMARK 3.1. Proceeding as in [46] and [&1] one can show that it follows
that 0 < ap < ap_1, k > 1.

The proof of this proposition repeats line by line the proof of a similar state-
ment in [46], see also [&7]. The only difference is that we need to check, using
conditions A1, A2 and A4, that the required estimates obtained in [26] hold true
uniformly in z. We omit the details.
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PROPOSITION 3.6. Forany 6 € (0,1), T > 0, we have
(3.16)  (lz]|" A1) fe(z) < Cpy "(gro * Pri)(z), te(0,T], z € R",

where k is defined in (BR), P; . (dw) is defined in (B9), f; is of the form (B13)
with some f,, and

(3.17) 9i.0(z) = pf fup(Ope).

Proof of Lemma BI. By the definition of p{(z,y), for any y € R"™ we
have

[0 — LY(D)]p (2, y) = 0.
Then

(3.18) ®4(z,y) = [L(z, D) — LLD)]p}(z,y)
= (a(z) — a(y)) - Vi (z,y)
+ ]P!n[p?(w +u,y) — pi (2, y) — - VPP (@, )L gju<1y]

x [m(z,u) —m(y,uw)|p(du)
= (a(z) — a(y)) - Vi (z,y)

+[ o+ [ et uy) = pley) —u V(@ ) Lg<y]
pillll<t pellull>1

X [m(z,u) — m(y,w)|p(du) = Jy + Jo + Js.

We estimate the terms J;, ¢ = 1, 2, 3, separately. In what follows, f; and g; ¢ are
the functions appearing in Propositions B4 and B-6.

Note that by A4 we have J; = 0 for « € (0, 1]. For a € (1,2), by (313) and
A3 we have the estimates

(3.19) | 4] < Valla(z) — a)llpcfily — 2) < ex(lly — 2" A Dpefily — ).

Using Proposition B, we obtain

(ly =[P AV fily = 2) <(ly = " A1) fely — @) <capy ™ (geo * Prs)(y — ),

where « is defined in (BR), the semigroup P; ,(dw) is defined in (39), and 6 €
(0,1) is some constant. Note that since o € (1,2), we have k = v < 1. Using
(20), we get

pg—n < Ctf(lfl-c)/oz _ Ct71+61’

where
k—1

(3.20) 0 :=1+ .
o
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Note that since o € (1,2), we have a + k — 1 > 0, which implies 6; > 0. Thus,
(3.21) |J1] < e3t ™ 0 (g * Pry)(y — ).

To estimate Jo recall that by the Taylor expansion we have

(3.22) pY(z +u,y) — pY(z,y) —u- Vpi(z,y)

1 02
= > uzu]f 8 oy A D (2 4 Du, y)do.
1<4,5<n 0

Using (B13), (B3222), and the definition of f;, we obtain the estimates

(3.23) |p)(z +u,y) — pY(z,y) — u- Vpi(z,y)|

<al Y uzuj}ptf N fe(y — x — du)dd

1<i,5<n

< e lul?pf f fily =z = Ju)dv
0
1
< n2cl||u”2p?[J"eCQﬁPt“quﬁ] ft(y — q;)
0

< esllull?pf fily — ),

where to get the last line we used the fact that in Jo we have p;||u|| < 1. Observe
that for any r > 0

1
S (rllul)?u(du) = {u{u tv < (rlul)* < 1}dv

rllull<1

M:

1
[ fu: v/n < |rui|* < 1}dv
0

1/n

< n? 2
n 1rga<xnfu{u z < |rui|® < 1}dz

1

-
Il

1
< n? max fu{u 2 < |rug® < 1}dz

1<i<n
2
= /; 4
- ) <n? e Y(rty)
< nPqt(r),

where ¢; := (0,...,1,...,0) € S"™.
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Thus, using A3, the above calculation and the equality ¢*(p;) = 1/t, we can
estimate .Jo as follows:

Lol <a(ly—zPADfiy—2) [ (lullp)®p(du)

pe|lull<t
<erlly =z ADfuly — 2)a" (pe) < eat™(lly — 2" A D) fely — ).
Moreover, by Proposition B and (Z21)), we get
(3.24) | Ja| < e3t™192(gr9 % Poy)(y — ), where 0y := /0.
Let us estimate J3. We have

(325  |hsl< [ (P 4w y) + Y, y)) m(y, u) — m(x,w)|p(du)
pellul|>1

+ [ w- VP, y) [mly, w) — mz,w)lp(du)]
1/pe<|lull<1

=: J31 + J39.
For J31, by A3, (B313) and Proposition B8 we get the estimates
Js1 <bat™H(|ly — 2" AD{ [ pf (2 + u,y)Ae(du) + i (2, y) Ae(R™) }
]Rn
et (lly = 2|V A ((fo x M)y — 2) + 12 fily — )
eat ™ (Ily — 2I® A D(fe % M)y — ) + fely — )]
et [ (ly =z —u|" A1) fely — =z — u)As(du)
Rn
+ [ fely — 2 = w)(lull” A A(du) + (|2 = ylI* A1) fily — 2)}
Rn

et 2 {(grg % Pry = M) (y — )+ (fr * Prw)(y — 2)+(ge0 * Pre)(y — 2)}
C4t71+62 (gt,@ * (Pt * Pt,,{ + Pt7ﬁ))(y - .73),

NN N

NN

where in the last line we used the relation f;(2) < ¢(g¢,¢ * P;)(x), and the fact that
A¢(du) is dominated by P;(du).

Finally, we estimate J32. By A4, J33 = 0 in the case a € (0, 1]. Assume that
a € (1,2). In this case, by A3, (BI3), Proposition B2 with A\ = 1, and Proposi-
tion B, we get

[ J2| < ert™ (lly — " A Dpefely — @) ([ (Jull A 1) A(du))

Rn

et (ly = 2| A L) fily — @) < est™ o " (geo * Prs)(y — @)
et 2 (gyg % Py — @),

where in the last line we used (Z221)).

<
<
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Thus, we arrive at
(3.26) I3 < eqt 02 (g0 x Gy (y — ).

Put

—1
7]2:(51/\52:K/\<1—|—/£ >
g (6

Thus, combining the estimates for J;, J5 and J3, we obtain (B11l) with some
constant C' > 0,7, and b = faz, where 6 € (0, 1) is arbitrary, and as is the constant
from Proposition B4 (cf. Remark B1l). =

3.3. Generic calculation. Let us rewrite the statement of Lemma B a bit
differently. Although it might be seen as just some technical modification, it will
become clear later that this new form allows us to write the estimate in a rather
transparent way.

Put
(3.27) 0:=1n/2,
and
(3.28) Gi(x) := g (x).

Then the estimate (B_I1) can be written as

(329)  |®i(x,y)| < CtT1 (G x Gy — ), t€(0,T), z,y € R™

The next important step is to estimate iteratively the convolution powers ®®*,
and this is the place where we encounter essential new difficulties. Below we ex-
plain this problem in detail, and give the generic calculation, which allows us to
overcome these difficulties.

Let us define
(3.30) Hi(z,y) = (gt x G)(y — x).
Observe that if this kernel would satisfy the following subconvolution property
(3.31) (Hi—s x H)(z,y) < cHy(z,y), 0<s<t, x,y € R",

then the iterative estimation of the convolution powers ®** would be simple. For
example, this is true for a perturbed a-stable noise: in this case we have

@42, y)| < Ot Hy(a,y), te€(0,T), z,y € R",

with
Hy(w,y) = t"/*(1 + ||y — || /t"/*) 7",
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see [B1], [62] and [[Z]; see also [49] for more involved kernels which appear for the
gradient perturbations of an a-stable noise with o < 1.

In our situation the kernel Hy(z,y) has the more complicated structure: it is
formed by the convolution of the function g; and some measure G, which seems to
be inevitable because of the “compound kernel” structure of the first approximation
p? (z,y) given by (). Moreover, in this case we cannot in general expect (B31)
to hold true.

To show what is going on, we give a calculation of the upper bound for the
convolution of two “compound kernels”.

LEMMA 3.2. Suppose that the functions ®°, i = 1,2, satisfy for any T > 0
the inequalities

(3.32)  |®)(x,y)| < Ct Oy« G)(y —x), te€(0,T], z,y €R",

with constants C; > 0, §; > 0, some nonnegative and integrable functions h', and
some subprobability measures G, respectively. Then § := ®' ® ®? satisfies

(3.33) [§i(z,y)| < Ct_1+5(ht xBy)(y—z), te(0,T], z,y e R",

with
bi(z) = sup(hi_ * h3)(),

s<t
5:(51+52, C201023(51,52),
where B(-,-) is the beta function, and

& (dw) = f JR¢! —l+a _1+52G1( n(dw — u)G? (du)dr.

(517 52 0 Rn
Moreover, 8;(dw) is the subprobability measure, i.e., &,(R") < 1,t € [0,T].

Proof. Making the change of variables, we have

t
‘gt(xvyﬂ < 10y f f h%—s(z — w1 — .’,U)h?(y — w2 — Z)
0 R3n

G (dw)G2(dws)
(t _ 8)1—(5181—52
< C1CoB(8y, 6yt~ 101 +02

dzds

o R e e
R ACARE (51,52 1—7“)1 0191=062

0 R™

which gives (B33). Further, since G{(R") < 1,i = 1,2, we get &;(R") < 1. =
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By Lemma B2, we have the following estimates for the convolution powers
of ¢:

CFT*(5) 4140k

) LY Gy - ), te 0.,

(3.34) |27 (z,y)| <

where 2,y € R™, k > 1, the constant C' > 0 comes from (329), h(V) = g,

h (@) = sup(hi?, « RD) (@), &> 1,
s<t
and

3.35) G\P(du)

)

=1
1
— f 1—’/“ —1+(k—1)8 —1+5G(? 1))(dw—u)Gtr(du)d
0

3(5( = 1)9) 0 i

k> 2,

Hence, to guarantee the convergence of the series of convolution powers (Z2), it is

enough to derive a proper upper bound on the sequence of functions hgk). For this
reason, we give the following lemma.

LEMMA 3.3. Let gi(z) be defined in (B12). Then for any 6 € (0,1), T > 0,
we have

(3.36)  (gi1—s*xgs)(x) < Co(0)ge(0x), 0<s<t,xzeR" te(0,T],

where Cy(0) = ¢(1 — )™, and ¢ > 0 is some constant.

Proof. Consider the integral

(3.37) It x) = [ gi—s(x — 2)gs(2)dz.
Rn

Suppose that 0 < s < t/2. Note that for s < ¢/2 we infer by the monotonicity of

pt that p;—s < py /. Further, for ¢; > 1 we have ¢*(r) < ¢*(e17) < c2q*(r) for all
r > 1, which implies p; < p., for all ¢ € (0, T']. Therefore,

Pt/2 S e, tE (OvT]
Since p; is decreasing, the triangle inequality

[z = 2llpe—s + llzllps = [l ¢
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gives
(3.38) I(t,z) < e Wlelloe [ pn pre=b0=0)lpi—sllz=zl+pslill g,
< p?/Qe—b(?m]ﬁwll f pge—b(l—(?)pslldldz
Rn
= C(0)g:(0),
where C(0) := cyeo[b(1 —0)]7", ¢o = f]R” e leldz. m
LEMMA 3.4. Forany T > 0 and any sequence (1)1 such that
01=1, and Opy1 <0, 0,>0, k=>1,
we have for k > 2 the estimate

(339) |BF*(x,y)| < Cxt R (gH « @)y — 2), t€(0,T], z,y € RY,

where the subprobability measures (G(k)) k>1 are defined in (B333),

(3.40) 0 (2) == 1% gy(Opz), k> 1,
and k k—11k k
CRT%(9) ( 1 >n
Cy = , k>2
F (ko) };[2 0,_1—0;

with the positive constants C' and ¢ coming from (B29) and Lemma B33, respec-
tively.

Proof. By the monotonicity of g;(z) in z we have g;(x) < g¢(0x_12). There-
fore, using Lemma B3 with 6 = 0}, /0,1, we get

(950 5 g (@) <t [ gio(Oh 12 — Op1y) 95Ok 1) dy

Rn
= ték%fl J 9i—s(Or12 —y)gs(y') dy’
]Rn
< Dkt5kgt(9kx)
k
= Dig" (@),
where

Dy = (0—1) " Co(0k/0k—1) = (Or (1 — 00/0r1))" - (651 — 61)"

Then (B39) follows from (B334). =
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The estimate (B39) is still hardly applicable to verifying the convergence of
the series of convolution powers (ZZ2): to keep this sequence of estimates consis-
tent, one should choose the sequence {6y} such that infy 6, > 0, and then it is
difficult to bound properly the values of the constants C'y. In order to illustrate this,
take, e.g., 0 == 1/2+ 1/(2k). Then

k n k
I1 (01_9,) =TT (256 - D))" = @Kk - 1))",
j=2 Jj—1 J Jj=2

which increases faster than I'(k¢) in the denominator in the definition of Cj.

In order to overcome this problem, we change after a finite number of steps
the sequence gt(k) (z). This change finally allows us to prove the convergence of the
series (27).

Let

(3.41) ko = [3} 1
ad
Note that for such kg we have t°%0 p? < ¢(kg) for t € (0,T). Then

(61 ")) < elho) [ ¥ plpetOrom—sle=slbelil g
]R'n,

(ko) Meb6rellel — c(ko)Mp, "grc(x), 0<s<t,
where ¢ = 0,, g¢ ¢ (x) is of the form (B-I7), and

(3.42) M=T° [ e 1=l
i
By induction, we get
(3.43)
gt (@) = sup (g gI) (@) < eko) M p M grc (@), €= 0.

LEMMA 3.5. ForanyT > 0 we have for ¢ > 1,t € (0,T], z,y € R",
Ga) (@ (@, y)| < Dty (g, i GIOT ) (y - ),

where kg is given by (B&1), the family of subprobability measures {ng), t >0,
k > 1} is defined in (B33),
C(ko)(CM)Tho+(5)

F((k‘o + 6)5) ’

C(ko) > 0 being some constant, and C, M > 0 coming from (329) and (3-42),
respectively.

(3.45) Dy =

The proof follows by induction; we omit the details.
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3.4. Proof of Theorem Z1. (a) Using the relations (B39), (B244)) and the in-
equality ggk) () < T*gc(2), 1 < k < ko, we get for t € (0,7]

(3.46) |Wi(z,y)]

i (I)Ok kz C,. t—1+l<:6 ( ) « G(k))( x)
k=1 k=1
+ 3 Dt 00y (g, ok G (y — )
=1
<t 1+5(g bk ( Z Tok-1 G )y Z Td(ko+0-1) G(ko”)))(y—x)

(=1

ko
< ( Z T(S(k*l)ck + Z T5(k0+f*1)D€)t*1+6(gt’C ” Ht)(y _ LU),

(3.47)
k 00
5> TIEDCEH (du)+ 5 TIRH=1 DG (du)
k=1 /=1
1L (du) := - — . te(0,T).
S, TOk=DCy + 32 TOkot+E=1) D,
k=1 (=1

Since ng), k > 1, are the subprobability measures, we have
(3.48) IL(R") <1, te(0,T].

Thus, we proved that the series Wy (z,y) = > oo &% (z,y) converges for any
€ (0,7], z,y € R™, uniformly on compact subsets of (0,00) x R"™ x R™.
Finally, let us show that (p° ® ¥);(z, y) is well defined. Using the upper bound
for p° (cf. (B13) with & = 0) and the estimate for ¥ (cf. (328)), by Lemmas B2
and B3 we get

(349) |(P0 ® \Il)t(:l:’y)’ < té(gtx * ﬁt)(y - 1")7 te (OaT]v x,y € ]Rny
where x € (0, (), ¢ comes from (B28), g; ,.(z) is of the form (BT7), and

(3.50)

O%»—A

J =)y (dw — w) Py (du)dr.
R

By the definition of II; and P;, ﬁt(IR”) < 1. Thus, the expression (Z4) is well
defined, and the series involved in this expression converges absolutely, uniformly
on compact sets of (0,00) x R™ x R™.

(b) By assumption A2 we have

||§Hk|ei£(wfy)ftq(y,£)| < efctoq(ﬁ)j z,y € R", t € [to, 00),
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for any to > 0 and k > 0. Therefore, since the function |¢*(®=¥)~ta(¥:9)]| is con-
tinuous, has continuous derivatives, and ¢(§) > c||£||* for [|£]] > 1 (see (Z13) and
(19)), it follows by the dominated convergence theorem that the function

p(a,y) = (2m) ™" [ By ~taw) ge
R™

has continuous derivatives in (¢, ) € (0,00) x R™.

Next we prove that the functions @?k(x, y), k > 0, are continuous in (¢, z, y)
on (0,00) x R™ x R™. Let us show that ®,(z,y) is continuous. As we have just
shown, for any tg > 0

102,200 (2, )| < t>tg, z,y € R", 1< 14,5 <n,
we get

P (4 u,y) — pP(z,y) — Vapi (2, y) - ul o<y < C(Jul]> A1),
where t > tg, x,y € R". Therefore, from the dominated convergence theorem we
derive that L,p?(x,y) is continuous in (¢, x,y) on [tg, c0) x R™ x R™. Therefore,
since 9;pY(x,y) is continuous in (t,z,y) on [tg,c0) x R™ x R™ and ¢y > 0 is
arbitrary, we obtain the desired continuity of ®;(x,y).

To show that the convolutions @?k (x,y) are continuous, we use induction.
Suppose that @ (k_l)(:v, y) is continuous. Let ¢y > ¢ > 0, and suppose that
t € [to, 00). Write
t—e

(3.51)  OPF(x,y) = 1/ @?jffl)(x,z)q)s(z,y)dz]ds
0 Rn

+ f [f (I)ék (&0 (xaz)@s(z,y)dz]ds

{ [f <I>®k 1) (z y—z)@s(y—z,y)dz]ds

+ f [ [ P (g 2 — 2)®,_ (2 — z,y)dz]ds
0 R»

= Il(ta x, y) + IQ(ta x, y)
We prove the continuity of I3 (¢, z,y); the continuity of I3(¢, z,y) follows by the
same argument.

By the induction assumption, the function <I>‘“(k 1)(:E, 2)®s(z,y) is contin-
uous in s € (0,t —¢], t € [tp,0), (x,y) € R" X ]R”. Moreover, by (B39) and
(B11) we obtain
B @y —w)@ay — w.y)| < Ot — ) THE DTG (g5 G)(w)

(€)s ™ (gs + Gi)(w).
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Since the right-hand side of the above inequality is integrable on [0,¢ — €] x R",
we infer by the dominated convergence theorem that [; (¢, z,y) is continuous in
(t,z,y) € [to,00) x R™ x R™. Finally, since ¢y and ¢ are arbitrary, we get the
continuity in (¢, z,y) on (0,00) x R™ x R™.

Since the series Zzozl @?k(a:, y) converges uniformly on compact subsets of
(0,00) x R™ x R™, the function ¥;(x,y) is continuous in (¢,z,y) C (0,00) x
R™ x R™.

The proof of the continuity of p” ® ¥ follows by the same argument as the
proof of continuity of ®*, we only need to use estimates on p° and U, see (313)
and (B46). =

3.5. Continuity properties of the operator S;. Note that by construction we
have for any subprobability measure M,(-) on R"™

(3.52) [ (gou* My)(y)dy < C, te(0,T], z €R"
Rn

Therefore, by (B-13) and (B-49) we have

J pe(z,y)dy < C, te(0,T], zeR"
]R"l’b

Then the operator S; f, ¢t > 0 (cf. (-I0)), is well defined for any bounded measur-
able function f.

LEMMA 3.6. (1) Foranyt > 0the operator Sy maps Coo(R™) into Coo (R™).
(2) Forevery f € Coo(R™) we have limy_o4 ||Stf — flloo = 0.

The proof relies on the proposition below.

PROPOSITION 3.7. For every f € Cso(R%)

(3.53) lim f p(z,y)f(y)dy =0 foranyt >0,
x| =00 pg
(3.54) sup | [ pl(z,y)f(y)dy — f(2)] =0, t—0.
zER? Rd

In order to keep the presentation as clear as possible, we defer the proof of this
proposition to Appendix B.

Proof of Lemma B@. (1) The continuity of .S;f follows from the con-
tinuity of p;(z,y). To prove that S; f (x) vanishes as ||z|| — oo, we use the repre-
sentation for p;(z,y) (cf. (Z4) and (Z6)):

\Iglpt(w,y)f(y)dy\ <anp?(w,y)\f(y)\dwﬁfn!(po@llf)t(x,y)f(y)!dy

=:I1(t,x) + I2(t, x).
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By statement (B333) of Proposition B2, the first term on the right-hand side tends
to zero as ||| — oo. Using the upper estimate on p° ® W (cf. (349)), we get

Lt Ctﬁfn[j;gtx (y — = — w)| f(y)|dy] T, (dw)
= Ct [ [ [ gixlz = w)lf(z + 2)|dy] Ty (chw),
R® Rn

and the right-hand side tends to zero as |z| — oo by the dominated convergence
theorem (recall that the parameter x comes from (3-49)).
(2) By (B33) it is enough to show that

t
(3.55) sup ’ f f f U, s(x, z)pg(z,y)f(y)dydzds‘ —0, t—0.
z 0 R4 R4

By (B49) we have

t
sup‘ff f\I/t_s(:c,z)pg(z,y)f( dydzds‘ crtd f gtx*Ht)( ) dy < cot?,
x 0 R4 R4 Rn

which completes the proof. =

4. APPROXIMATE POSITIVE MAXIMUM PRINCIPLE. PROOF OF THEOREM 2.2

We follow, with the necessary changes, the approach described in [49].

In Section B we constructed the function p;(z,y) under the assumption that
pe(x,y) is a fundamental solution to the Cauchy problem for 9; — L. As in [49],
the straightforward way to check (Z2) and (Z3) meets difficulties. To explain them,
let us look at the behavior of the derivatives of p?(x, 3) near the origin.

Let

(4.1) Pu(du) := c(Py(du) + (P x Ar)(du)),

where for any 7" > 0 the constant ¢ > 0 is chosen such that P;(R"™) < 1 for all
t € (0, T}, which is possible since A;(R™) < n? (cf. Proposition BEI).

PROPOSITION 4.1. The function p?(x,y) is differentiable with respect to t,
the derivative O,pY(x,y) is continuous in (t,,y) € (0,00) x R™ x R", and for
k=ki+...+k,>0,T >0, there exist constants Ay, a > 0 such that
4.2)

Qaikpo(x W<t ol (fup *Pr)(y — ), te(0,T], 2,y € R"

8t833’f1...8x§" A I ’ Y 7
where Py(du) is the subprobability measure defined in (B1)), and f., is of the form
(Z22) with constants Ay, and ay, in place of di and ds, respectively.
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The proof of this proposition can be obtained by a simple modification of the
proof of the respective statement in [28], see also [26]. We omit the details.

From (&2) and (B46) it is unclear why the function p;(x, y) given by (Z4) is
in the domain of the operator L, which was so far defined on C2 (R™)-functions.
Consequently, we cannot check straightforwardly if (ZZ3) holds true, and to verify
in this way the correctness of the procedure performed in Section B.

To avoid this difficulty, we introduce for € > 0 the auxiliary function

t
4.3) Pre(@,y) = D@ y) + [ [ Plsie(@,2)Us(z, y)dz=ds.
0 R

Since the additional time shift by positive € removes the singularity at the point
s = t, the function p; . (z, y) has the following properties:
(@) p.e(z,y) € C*((0,00)) for any fixed € > 0, z,y € R™;
(i) pre(-,y) € C%(R™) for any fixed € > 0,¢ > 0,y € R™;
(iii) forany 0 < 7 < T we have py¢(z,y) — pe(z,y) as € — 0, uniformly in
(t,x) € [1,T] x R" x R™;
(iv) for any 0 < 7 < T we have

Qt,e(fﬂ,y) = (3t - Lz)pt,e(l'ay) —0, -0,

uniformly in (¢,z,y) € [7,T] x R" x R™.
The proofs of the above properties are analogous to the proofs of the respective
properties for

(4.4) Sief(@) = [ pre(z,y)f(y)dy, t>0,zeR",
]R"’L

given in Lemmas B and B72. Here we only mention that properties (iii) and (iv)
motivate to name p; . (z,y) the approximate fundamental solution.

LEMMA 4.1. (1) Forany f € Co(R™), e > 0, the function Sy . f (x) belongs
to C1 ((O, oo)) as a function of t, and to C% (R™) as a function of .
(2) Forevery f € Coo(R™), T > 0,

4.5) lim [Stef — Stflloo =0,
uniformly in t € [0, T)]; and for every e > 0
(4.6) Stef(x) =0, |lz]| — oo,

uniformly in t € [0, T).
(3) For f € Coo(R™) we have

t,algr(l)—‘r ”St,Sf - fHoo =0.
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Proof. The proof of the first statement follows from the upper estimate
(B28) on ¥y(z,y), Proposition B, and the dominated convergence theorem.
Observe that the function

0,T] >t [ p{(-,y)f(y)dy € Coo(R™)
i

is continuous, since the function pY(z,y) is continuous in t for ¢ > 0, and the
continuity of the integral at ¢ = 0 follows from Proposition B7. Then

[ Plrc(@y)fy)dy — [ p)(z,y)f(y)dy, €—0,
R~ Rn

uniformly in ¢ € [0,7],z € R"™. This together with Proposition B, the estimate
(E) and the dominated convergence theorem implies statement (2).

The proof of statement (3) is a slight modification of the proof of statement (2)
in Lemma B8: we just need to substitute p?+€ (z,y) and Uy, . 4(z, 2) for p? (z, y)
and ¥;_4(z, z) in (B33) and (B23), respectively. =

Let us put

4.7 Vief(x) = (0r — La)Secf(x), [ € Coo(R").

LEMMA 4.2. Forany f € Co(R™) the following statements hold true:
(1) We have

(4.8) Vief(z) =0, €—0,
uniformly in (t,x) € [1,T] x R" forany 7 > 0, T > 7.
(2) We have
t
4.9) [ Vief(x)ds — 0, €—0,
0

uniformly in (t,z) € [0,T] x R"™ forany T > 0.
Proof. Note that S; . f € C% (R"), and thus the expression

(4.10) LS;.f(x)

t
= LCC f p?—i—e(x?y)f(y)dy + Ll‘ f f f p?—s—i—e(x? z)\:[ls<z:7 y)f(y)ddeds
R™ 0 R™ R"

is well defined. Let us show that we can interchange L, with the integrals in (E10),
1.e., that

(4.11) LS f(x)

t
= [ Lapli ) fW)dy + [ [ [ Lopi_oi (2, 2)Us(2, ) f(y)dydzds.
Rn 0 R™ R"™
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Recall the representation of L, cf. (IT). By Proposition B, the gradient term in

() can be interchanged with the integral by the dominated convergence theorem.

To do the same with the “integral part” £ of L, observe that
Lf(x) = lim LM f(x),

v—0+4

,C(“)f(x) = f (f(a: +u) — f(z) = Vf(x)- u]l{||u||<1})u(m, du).

l[uf|>v

Clearly, the operator L(*) can be interchanged with the integrals by the Fubini
theorem. On the other hand,

ILf(z) —LDf@) =] [ (fla+u)—fl@)— V@) ulg<y) @, du)]
flull<v
<CVPflloo sup [ lulp(z, du).
TER™ |y <v

Using again Proposition B, (B-46), and the dominated convergence theorem, we
can pass to the limit in the expression

f f f [’v)pt ste(@, 2)Ws(2,y) f(y)dydzds
0 Rn Rn

as v — 0. Thus, (E211) holds true.
Similarly, by Proposition Bl we get

4.12)
t
OrSt sf f atpt+e(33 y)f(y)dy+f f f 8tp?_s+e(x, Z)‘I/S(z, y)f(y)dydzds
0 R* R»
+ffmma%wmmwwz
R" R»
Since

(Lx - at)pg(ﬂf, y) = (bt(x) y)a
combining (ET1T) and (B12), we obtain

@.13) Vief(@)= [ [ p2(x,2)Wi(z,9) f(y)dydz— [ @ore(z,y) f(y)dy
R"™ R™ R

— [ [ [ ®tsre(®,2)Us(2, y) f(y)dydzds.

0 R® R»

Since the function W satisfies the equation

Oy(x,y) = Vy(z,y) — ff@tsxz s(z,y) dzds,
0 R~
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we can rewrite V; . f(x) as follows:

Vief(x) = 11# (]glpg(%z)‘l’t(%y)dz — Uy o(2,y)) f(y)dy

t+e
+ f ( f f <I>t_5+5(:c,z)‘lls(z,y)dzds)f(y)dy
R™ t R

=: Vi f (@) + V7S (2).

By the uniform continuity of ¥ on compact subsets of (0, 00) x R™ x R™ and the
estimate (B486), we have for f € C(R"™)

sup | [ Wepelz, ) f(y)dy — [ Wy(z,y)f(y)dy| — 0, &—0.
te[r,T],x€eR™ Rnr R

Similarly, (3-48), (334), and the uniform continuity of ¥ on compact subsets of
(0,00) x R™ x R™ give

sup ‘ fpg(xvz)q]t(Z’?y)d'Z*\Ijt(xay)‘ *)07 5*>0)
te[r,T],z,yeR"xR* Rn

sup | [ [ p2x, 2)Vi(z,9) f(y) dzdy— [ Vi(z,y)f(y) dy| =0, e—0.
te[r,T]),zeR™ RnRn» R

This proves (EX) with V! f () instead of V; . f (). Since by (829) we have
Vief (2)] < 12,

the convergence (29) for Vt}e f(x) follows easily from (B=R).
Since | f| is bounded, by (B11) and (348) we obtain

t+e
@14) [ [ [ 19 sqe(z, 2)Us(2,9) f(y)|dzdsdy
R R» ¢
t+e
Sa f f f (t — s+ 5)_1+n(gt75+5 * thers)(Z - CU)
R R» ¢
X 371+5(gs’g « I1g)(y — 2)dsdzdy
t+e
e [ [(t—s+e) s Mg . \(y—z—w)
t Rn

t+e
X [ | Gisqe(dw — u)lls(du)|ds < c3 [ (t— s+ ) 11t
R™ t

et ' e te[nT), z,y € R

This immediately gives (EX) and (&9) with V;2 f(x) instead of V;  f(z). =
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4.1. Positive maximum principle applied to the approximate fundamental
solution. Proof of Theorem Z2. The proof of Theorem 2 follows from Lem-
mas B3-#3 given below. The arguments used in the proofs of these lemmas are
literally the same as those used in [AY9]. In order to make our paper self-contained,
we give the proof of Lemma B3, a hint of the proofs of Lemmas B4 and B3, and
refer to [A49] for the details.

LEMMA 4.3. The operator Sy defined in (ZI0) is positivity preserving, i.e.,
Sef =2 0if f > 0.

Proof. Take f € Co(R™), f > 0, and suppose that

(4.15) inf S, (x) < 0.

Then there exists 7" > 0 such that

inf .
thlﬁeRn Sef(x) <0

Then by (B3) there exist ¢ > 0,0 > 0,1 > 0 such that

inf S, 0t) < — < €1.
thl,gean( oS (@) + 01) $oEsé

Let us put
ué(t7 ZL‘) = St,sf(x) + etv
and note that, by (E8),

ue(t,z) — 6t >0, |z] — oo,

uniformly in ¢ € [0, T]. Hence the above infimum is in fact attained at some point;
in what follows we fix one such point for each ¢, and denote it by (¢, x.).
Since f(z) > 0, by statement (2) of Lemma B there exist ¢g > 0, 7 > 0 such
that
Stef(z)+ 0t > —E, t< 1, e<egg, xeR"

2
Because ¢
Ue(te, X)) = min U(t,x) < —¢ < —=
e(te; ze) t€[0,T],z€R" «(t,) 2’

we have t. > 7 as soon as € < €.

The operator L satisfies the positive maximum principle; that is, if f € D(L),
and f(zo) > 0, where 9 = arg max f(z), then L f(xg) < 0, cf. [26], Chapter 4.2.
Therefore,

Laue(t, ©)|(t,0)=(tc ) 2 0.
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In addition, for ¢ < g
atus(tv‘r)‘(t,x):(tg,xg) < 0.

Note that the inequality sign may here appear if t. = 7', and because we have
excluded another “boundary case” t. = T, the inverse inequality is impossible.
Then

(4.16) (0 = L )ue(t, )|t 0)=(t. zc) <O

On the other hand, because t. € [1,T], e < &g, by the first statement of Lemma
we have

(0 — Lx)u;_‘(t7:r)’(t,x):(ts,xs) =0+ ‘/t87gf(x£) —60>0, £—0.
This gives a contradiction and shows that (B13) fails. =
LEMMA 4.4. The family of operators has the semigroup property: Syys=S55;.

Proof. Take f € C(RR™). Applying the same argument as that used in the
proof of Lemma B to the functions

ug(t,x) = £Spsf(x) F SeSsf(x),

we have uy(t,x) >0, which implies that the identity Siisf(x)—SiSsf(x)
= (0 holds true. =

LEMMA 4.5. We have

(4.17a) Sef(x) — f(x) = jSSLf(m) ds, fe€C%(R");
0

(4.17b) Sil=1.

Proof. Applying the same argument as that used in the proof of Lemma
to the functions

ui(t,ﬂi) = :t(Stf(-T) - f(ﬂ?)) + ‘g‘ Sst('r) ds, [€ Cgo(IR‘n)v

and using the statement (2) of Lemma B2, we get the identity (E17d).
The identity (ZI7H) follows from (EI7d) by taking f, — 1, f, € C2 (R"),
such that Lf,(z) — 0. m

Proof of Theorem 2. By Lemmas B33, the family of operators
(St)t>0 forms a strongly continuous contraction semigroup which is positivity pre-
serving. Since the semigroup (.S¢);>0 has the continuous transition probability den-
sity p¢(z, y), the respective Markov process X is the strong Feller process. Finally,
the expression (B174d) and the statement (2) of Lemma B imply that the restriction
of the generator of (S;);>0 coincides with L on functions from C2 (R"). =
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5. TIME DERIVATIVES. PROOF OF THEOREM 2.6

Proposition -1 allows us to transfer the differentiability properties of p{(z, y)
to py(z,y). For this we need to establish the continuity and upper estimates on
OtQ)@k and 8t\11®k

LEMMA 5.1. The function V.(x,y) is differentiable with respect to t, the
derivative 0V (x,y) is continuous in (t,x,y) € (0,00) x R™ x R", and for any
T > 0 there exists a family of subprobability measures {©y, t > 0} such that

(G0 |00z, )| < T (grexO)(y — ), te(0,T), z,y € R™.

Proof. The proof follows the same strategy as that of Theorem 1. Using
Proposition BT, we can obtain the estimate for 0;P;(z,y) in the same way as it
was done for ®;(z, y) in Lemma B

(52)  |0:@u(z,y)| < Ct2(G % G)(y —x), te€(0,T], z,y € R",

where C' > 0, § € (0, 1) are the same as in (329), g is of the form (BZ2R), and the
family of measures G;(du) is given by

(5.3) Ge(du) := ¢(Pyx(du) + (A * Py ) (du)),

Pr(du) == (1 + pf ([[ull™ A 1)) Pi(du).

Here ¢ > 0 is the normalizing constant such that G;(R™) < 1 for all ¢ € (0, 7.
Note that, by definition,

(5.4 Gt 2 G

To show that 0;P¢(x, y) is continuous in (¢, x,y), we follow line by line the
proof of continuity of ®;(x,y) (cf. the proof of Theorem 11 (b)). Observe that the
function 9;pY(z,y) is continuous in (¢, ,y), and O,pY(-,y) € C%(R™). Then for
any to > 0

|0ip) (2 + u, ) — O (x,y) — Va0l () - ulguy<y| < C(Jul]® A1),

where t > tg, ¥,y € R™. Therefore, the function 9, L,p?(z,y) = L.0;p(z,y) is
continuous, which together with continuity of 92pY (z,y) implies the continuity of
0Py (x,y) in (¢, z,y).

To show the continuity of 8t<1>§ak (x,y) for k > 2 we use induction. Write

5.5) &% (z,y)

t/2 t/2
=/ OFF (1, 2)D4(2,y) dzds + I [ DER (1, 2)®y_4(2,y) dzds.
0 Rn 0 Rn»
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Observe that now the functions under the integrals do not have singularities in ¢.
Differentiating the above expression in ¢, we get

t/2
(5.6) 92, (a,y) = [ [(00)ms(e, 2) (2, ) dds
0 Rn
t/2
+ [ f DER (2, 2)(04®)¢_s (2, y) dzds + f @t/2 7, 2)®y0(2,y) dz.

0 Rn
Since by the induction assumption all functions under the integrals are continu-
ous in (t,z,y), the above expression implies the continuity of 8t<1>§k+1)(:1;, y) in

(t,z,y) € (0,00) x R™ x R™.
Let us show by induction that
(5.7) 10,88 (2, y)| < Crt 2 (g™ % Gy —2), k> 2,

where the sequence ggk) is given by (B-40), and

1 18] _ )+ 1)
T
1+ B((k—1)3,0) ({ i

X g (1- 7n)(dw - u)gtr(du)dr + (Qt/2 * gt/Q)(dw)) E> 2.

5.8) ¢ (dw) =

Suppose that (57) holds true for some &k > 2. Using (82), (56), (339) and Lem-
mas B2 and B3, we obtain

t/2
|0,®; k+1)(ac i< [ [l (0, D%F);_(z, 2)®4(2,y)| dzds
0 R»
t/2
+ f f |‘I>®k (x,2)(0pP)—s(2,y)| dzds + f |<I>f9/; x,2)®y9(2,y)| dz
0 R»
t/2
<eik f gV y—z—w)[ [ [ (t =) 205 H9GE) (G — u) Gy (du)ds]
0 R»
t/2
+ ca(k fgtkﬂ) (y—z—w)[ [ [ (- 1+k55_2+6G§]i)8(dw—u)gs(du)ds}
0 R»
+03(/€)t*2+(k+1)5g gt(kﬂ)(y x—w) [f Gt/2 (dw — )Gt/g(du)]
t
< cy(k) f gt(kH [f 1+k5371+5g§2(dw —u)Gs(du)ds
R™ 0 ]R"

+t—2+(k+1)6(gt/2 % gt/2)( w)]
)

where we used (B4). This proves (EZ).

— ),
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Take as before ko := [n/(ad)] + 1. Then, applying induction and (B43) (cf.
Lemma B3), we get

(5.9) ‘atq,?(ko—&-f) (x’y)‘ < Dgt—2+6(ko+€) (gtyC % g§k0+€)>(y _ x)’ 0> 1,
where

B . Cli)KTR ()

CT T (ko + 00)

and C(ko), K > 0 are some constants.
Finally, define

(5.10)

> 1,

ko ~
Z% CkTé(k—l)g( )(du) + Z D Ttko+0— 1)gt(ko+5)(du)

O (du) := *=1 ., te(0,T).

1
li% G Tok=1) 4 § DT ko+e=1)
k=1 =1

Then ©4(R™) < 1, ¢ € (0,7, and thus (B) follows from (5-7) and (59). =

Proof of Theorem [A. The proof of differentiability of p;(z, y) essen-
tially follows from Proposition Bl and Lemma Bl. Indeed, writing p;(z, y) in the
form

G110 pe(z,y)

t/2 t/2
=@ y)+ [ [ pis(@,2)s(z,y) dzds + [ [ pd(x,2)0;s(2,y) dzds,
0 Rn 0 Rn

and applying the above lemmas, we get
Ope(a, y)l < Ct Mgy * Q) — ), te (0,T), x,y € R,
where x € (0, (), ¢ is coming from (B9),
Qi(du) := c(Py(du) + t*Py(du))

is a subprobability measure (here ¢ = ¢(T") > 0 is the normalizing constant),

) 1/2
Pi(du) = (Pyja * o) (du) + f f T_H‘SPt(l_,,) (dw — u)I, (du)dr
0 Rn
1/2
+ [ | ©10-n)(dw — u) Py (du)dr,
0 Rn

and the measures II;(du) and ©;(du) are given in (B241) and (510), respectively. m
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We finish this section with a lemma, which plays an important role in the proof
of Theorem 3.

LEMMA 5.2. (1) Forany f € Co(R"),
”8t5t75f — atStfHoo — 0 as € — 0,

uniformly on compact subsets of (0,00). Also, ;S f(x) = f]R" Op(z,y) f(y)dy.
(2) We have

Opre(z,y) — Opr(z,y)  ase— 0,

uniformly on compact subsets of (0,00) x R™ x R™

The proof relies on the decomposition (5T, and the estimates on p°, ¥, 9;p°
and 0; ¥ obtained above; see the proof of Lemma 6.4 in [29] for details.

6. PROOFS OF THEOREMS 2.3 AND 2.4

The proofs repeat literally the proofs of the respective statements in [2Y]. In
order to make this paper self-contained, we sketch these proofs below.

Proof of Theorem 3. By Theorem 2 we know that (L, CZ% (R™))
is the restriction of (A4, D(A)). Since A is closed, this implies that (L, CZ% (R"))
is closable. Let us show that its closure coincides with (A, D(A)).

Take f € Coo(R™) N D(A). Fix t > 0, and consider the functions S; f and
St f. Since f € D(A), we have S;f € D(A), and

(6.1) ASif = 0¢Sef.
Recall that S; . f(-) € C2 (R™) C D(A), which implies
ASt,sf = LSt,sf = 8t5t,5f-

Further, statement (2) in Lemma Bl together with statements (1) of Lemmas B2
and B2 implies
LS;.f — AS;f inCx(R")ase — 0,

and thus S; f belongs to the domain of the Co, (R™)-closure of (L, CZ (R™)). Con-
sequently, this closure coincides with (A4, D(A)).

In addition, applying the same argument to the function p;.(x,y) instead
of Si.f(x) and using the second statement of Lemma 572, we infer that p,(z,y)
belongs to D(A), and is the fundamental solution to the Cauchy problem for

8t—A. | |
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Proof of Theorem [Z4. Using the Markov property of X, we deduce
from (ET7Zd) and the semigroup property for py(z,y) the following: For given
f € C%2(R"), ty > t1, and € R", for any m > 1, r1,...,7r, € [0,t1], and
bounded measurable G : (R™)™ — R" the identity

Eo[f(Xe) — F(Xea) — [ hp(Xs)ds]G(Xp,-.. . Xy,) =0

holds true. Thus, for every f € C2 (R™) the process

t
M} = f(Xy) = [hp(Xs)ds, t>0,
0

is a IP;-martingale for every « € R"; that is, X is a solution to the martingale
problem for (L, C% (R™)).

Note that the operator (L,CZ% (R™)) is dissipative, which follows from the
positive maximum principle, see [26], Lemma 4.2.1, or [BY], Lemma 4.5.2. Since
its closure equals the generator A of the Co(R™)-semigroup {S;,t > 0}, for
every A > 0 the range of the resolvent (A — L)~ in Co(R™) is dense. Hence
the required uniqueness of the solution to the martingale problem (L, C% (R™))
follows by Theorem 4.4.1 in [P6]. =

7. UPPER AND LOWER BOUNDS: PROOF OF THEOREM 2.5

Proof. Upper bound. The upper bound is essentially contained in the
proof of Theorem 21l Namely, we already obtained the upper estimate on p° ® W,
see (B:49). Combining this estimate with the estimate (313) (for k = 0) for p°, we
derive the upper bound in (ZZ23) with

(7.1) Qi(du) := (14 8) 7 (Py(du) + t°TL;(du)).

Since P, is the probability measure and I, is the subprobability measure for
t€[0,7], Q(R™) < 1forallt € [0,T].

Lower bound. By (349) and the fact that IT is the subprobability measure
we get

(7.2) (0”@ W)e(,y)| < c1pft’, @,y € R™, ¢t € (0,7,

which implies the upper bound p;(z,x) < copy for all x € R™ and t € (0, 7.
Finally, using Proposition B3 and ([I2), we obtain for ¢ small enough

pi(z,y) — (0" ® U)e(z, )| > P} frow(lly — zllpe) — crppt’
c2p; frow(|ly — z||p¢). =

pe(z,y) >
>
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8. PROOF OF THEOREM 2.7

Proof of Theorem 7. Sufficiency. We use the upper bound con-
structed in Theorem 3.

Fix ¢ € S", and define 6, := inf{r : ¢Y(rf) > 1/t}. Note that by A1 we have
0, < p; forallt € (0, 1]. Forany T' € (0, 1], making the change of variables s = 6,
and using (3) (see Appendix A) in the integration by parts, we get

T T
&1 [ [pile,y)w <co [ [ [ opeclev=lbim(dy)Qy(dw)dt
0 R" 0 R™ R
sn— qu(ES)

e~Cle=v=vlls o (dy) O (dw)ds

<aff[°

brinie (qV(s))?

n—1
<cgf f f 78* eiC”"Ly*wHSw(dy)Qs(dw)ds

o [~ [ ofo'fﬂ{y c e~Cllemyvlls 5 v arQ, (dw)ds

[ Jwly: |z —y— vl <v/s}e " dvQy(dw)ds

GT ) R™ 0
00 gn—1 o0

<ey [ e )fh(v/s) ““dvds
o7 4°\5) 0

oo [1/0r h(sv)

= C4f { W*(]_/S)ds 67 dv,

where Q;(dw) is the image measure of Q;(dw) under the transformation s = 6y,

h(r) := xsEuEI{)n w{B(z,r)},

and in the second line from below we made use of the relation Q4(IR") < 1 for all
s € (07, 0o]. Without loss of generality assume that ¢ = 1. Split

oo rl/0r  piey Y
7 := [{s”“f]*(i/s)ds}e dv

0
1 r1/0p h(sv) oo 1 1/6r h(sv)

———=——ds|e Ydv + [ ————=——ds|e Ydv
I s e T T i
We show that under (ZZX2) (respectively, (ZZ2R)) one has I[(T) — 0 as T'— 0
(respectively, I(T") < 00).
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By the monotonicity of A(r) and (Z217) we have

YT h(s)
L(T) < { g (1/5) ds fe dv—0 asT — 0.

Further, using the monotonicity of ¢*, we get

% [v/eT h(u)

L(T)< [ )du} v"e Ydv

V)

1/  ocov/0r

— U; { +f f ] Lﬂ“)l/)du] ve Ydv =: In1(T') + I2o(T).

11/6

For I (T') we have

Iy (T Tv"e I/ZT zw?q(j%/wdu —~0, T—0.
Further,
Inn(T) = 1ZT [;fT oo V] Wf“?l/u)du
> > h
s {e‘“‘gT [JT v”e—(l—e)vdv] u"“CJ(:L()l/u) !

Since by (2X1) the function
e “h(u)
)= g (1)
is integrable on (0,00), we infer, by the theorem on continuity with respect to
a parameter, that I59(7') — 0 as 7' — 0. Therefore, under (ZZX7) (respectively,
(I2R)) we have I(T) — 0 as T' — 0 (respectively, I(T") < o), and thus @ € Sk
(respectively, w € Sp).

Necessity. Using the lower bound for p;(x, y) and the inequality

(1= llzlls)+ = 27 L gy s<i}+

we obtain
T T
82 [ [ pi(z,y)w(dy)dt>dy [ [ pf(1 —dallx —yllpe)y w(dy)dt
0 Rn 0 Rn
T
> 27 1d1£ﬁf Pr L (2dy |2 —y| pr<1y @ (dy)dt.
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Without loss of generality we assume that 6 = 0(7) := 1/67 € (0,1), and that
2dy = 1. Therefore, using (23) and A1, we get

T /|||l L
. no1 4 (¢s)
(8.3) J PV apcads > e [ 8" =2
0 P 1/5 (QU(&S))Q
. 1/}1‘“ Snfl
> B e ——ds
=B~ e (U(ll=]l) — U(6)) Lgjaf <oy
where
l/T Snfl
U 'S = ds, T E 071
D= gt reOD

Integrating by parts, we have

[ (Ullz =yl = U(©9))w(dy)

lz—yll<s
U(0)-U(s)
= [ wly: U(lz—yl) >r+U)}dr
0
o twly: lle—yl < s}
= w{y: U(l|lx —y||) > r}dr = o =" ds.
s Ul =) > nar = [ ZUET S

Note that 7 — 0 if and only if T — 0. Thus, if w € Sk (respectively, @w € Sp),
then (Z29) (respectively, (2R)) holds true. =

9. APPENDIX A

Proof of Proposition Bl Clearly, for n =1 the statement holds true.
For n > 2 we have

n
9.1) plu s Jlul] > r} <3 pfu: Jug) > rn~ 2}
=1
< s | = Y2
nomax p{u: fuil > rn= /7
< U —1y.
n max (Vnr—4;)

N

2 U¢—1yp.
n max ¢ (r~4;)
< n’q*(1/r),
where ¢; :== (0,...,1,...,0) € S”, and in the third line we used the fact that the

(2
inequality ¢V (¢c) < (¢ A 1)qY (€) holds true for any ¢ > 0. Thus, for n > 2 we
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have
©92) M(R™) = tufu: ull > 1/p} < n’tq*(pr) = n?,
which completes the proof. =

Proof of Proposition B2 Using (Z220) and (2), we obtain

©3) [ (P ADpdw)= [ JulPulde)+ [ pdu)

pilluf>1 1/pe<[lull<1 flull>1
flaf *
< J [ drp(du) + c1
1/pe<|lull<1 0

< [ 1) pe<iuli<a Lo<r<up dru(du) + ¢

1/p} 1
< [ nfus lull > 1 /pddr+ [ pfuc lull > e 4 e
0 0
>1
< A B2 U,
<n’t +)\n2IQ()dr+c t 0,7
x TN 1, 6( ) ]

Note that condition A1 implies for any ¢ € S™ the inequalities

(9.4) ¢"(re) < q*(r) < Bq¥ (re).

Let us estimate u
,
q" (vl
Iy(r) = 1(+/\)dv,
v

where the vector £ € S™ is fixed, and > 1. Note that for any / € S the mapping
i qU (r¢) is absolutely continuous, and for any 0 < 71 < 79, £ € S™, we have

ro L
(9.5) gV (rat) — gV (r10) = | 24”(ve)

T1

dv.
Recall that A € [0, «). Therefore, applying (83), we obtain

r L g 1 Ulry
I <o/ qvl(fA S{A n<? <q r(f ) +Mg(7~)),

which gives I;(r) < (a — \) "¢V (r¢) /r*. Applying again (24), we get for any
lesS

ZQ*(v)dv < BL(r) < 04(042_)\)(];(;)’
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which together with the last line in (€3) finally gives

9.6) [ (Jul* AL)A(du) < n?p + eatpy Mgt (pe) + et < capp ™ + et
R"»

<C4pt_>\7 te (OvTL

where for the last inequality we again used the fact that A\ < a, and hence tp} < c,
t € [0, 7. This proves the statement of Proposition B2. m

Proof of Proposition B3. By Proposition B2 we have for any 7" >0

9.7) ot [ (lull® A A(du) < O, telo,T].
Rn

Then by (872) and Proposition B we have

P (lall® ADAP(du) < pf [ [ (Jull® A1) A(du — w)Ag(dw)

R» R» R»
<2 (=l A DA = w)As(a)
[ (wl A DA = w) A )]
<27 [ (ol ADAGIACRY) + pf T (ol A De(d) (R

<2°PIn20, teo,T),
where in the second line we applied the inequality
9.9) (a+b)" <2%a”+b%), a,b>0.
Let us check that

9.9 pf [ (Jull® A DA™ (du) < C2"In®)™ 1 m>2,t€[0,T).
Rn

Indeed, by induction we have

o [ (lall® A DA™ (du) = pf [ [ (lull® A DA™ (du — w) Ay (duw)

Rn Rn Rn
<2 [pf [ (lu—w]* A DA (du — w)Ay(dw)
Rn
+ 08 [ (ol A DA (du — w) Ay (dw)]
Rn
< 25[0 . 2(m—2)(ﬁ+1)n2(m—1) + CnQ(m—l)]
< C(2n+1n2)m71'
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Finally, by (9) we have for all ¢ € [0, T]

9.10)
ny Ce2™'n’
Ll A )P =e 2 I{ (lul* A DA™ (dw) < S,

which completes the proof. =

Proof of Proposition BH. Take an arbitrary 6 € (0, 1). Using (IX)
and the inequality z"e™* < cre %%, 2 > 0, where ¢; > 0 is some constant, we
obtain, for ¢t € (0,77,

()" A1) fi() < 022“/){”[141 (Ilpe(x = w)lI A pr) " ge(x — w) Py(dw)

+ f ge(z = w)(llpewl|| A pr)" Pi(dw)]

<ep- 2% [es [ gro(e —w)Py(dw) f ge(z — w)(llprwl| A p)" Py(dw)]
R7l
<™ [ gro(z —w)(1+([lprw] A pe)" )Pt(d’w) = cap; "(g1,0 * Pr)(x). =
Rn

10. APPENDIX B

Proof of Proposition BT 1. Using (B719), we get
‘fpg(x,y)f(y)dy‘ Cf fgt —a —w)|f(y)|P(dw)dz
R™ R™ R™

=C [ [ gi(z—w)|f(z + 2)|P(dw)dz.
R™ R"™

Then the right-hand side follows by the inequality (B32) and the dominated con-
vergence theorem.
2. By the definition of p?(z,y) (cf. (ZZ9)) we have

\R/;p?(w,y)f( y)dy — f(z)] < prt 2)(f(y) — f(z))dy|
+ \}an (bY(y — ) — P (y — 2)) f(y)dy|

—: I (t,2) + Dy(t, ).

Fix ¢ > 0. Then, since f is continuous, we have |f(z) — f(y)| < € as soon as
|z — y|| < 0 for some § = (e, z). Then

hto)<( [ + [ )ily—2)f@y) - f@)dy
lo=yl<s  llo=yl>s

<Ci(e+ [ (9% P)(2)dz),

lI=1>6
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where we used Proposition B4 (see also (312) and (B13)) and the fact that f(x)
is bounded. Note that

Li(t,z):= [ (g*P)(2)dz<Co [ [ e~cllu=revll py (dw)du
lIzl1>6 [ul|>8p; R™
=C [ [ e llP(dv)du,

l[ull=0p; R™

where Pf(dv) is the measure obtained from P,(dw) by the change of variables
p:w = v. Observe that Ptﬁ(dv) is a subprobability measure. Therefore, we have
sup, [11(t,z) — 0 as t — 0, which in turn implies that lim;_,o sup, I1 (¢, z) < .

Let us estimate I5(t, x). Since, for a,b > 0, |[e~* — e?| < |a — ble=(*"Y), we
get, by the Holder continuity of m(z, u) (cf. the representation of ¢(x, £)),

[pi(y =) —pi(y — )| = (2m) ™" [ e78@T e — e Dy
R”

<elly =2l A1) [ tg”(©e " O]
Rn
<02|y7x|’7p?7 te (071]5 xvyERn'
Take now ¢ > n/(n + ). Then

Lta)<( [+ [ )pily—2)—pily—2)|lf)ldy

ly—zll<pr s lly—zll>p;
<Clpp ™y [ [ el P dw)du).
l[ul =6pf— R"

By our choice of ¢, both terms tend to zero as ¢ — 0, uniformly in x. Thus,
limsup | [ pf(z,y)f(y)dy — ()] <e.
- xr Rn

Since € > 0 is arbitrary, this implies the convergence (354). =
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