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1. INTRODUCTION

Let X, be a pure-jump isotropic unimodal Lévy process on R?, d > 2. That
is, Xy is a Lévy process with a rotationally invariant and radially non-increasing
density function p;(x) on R? \ {0}. The characteristic exponent of { X;} equals

(@)= [ (1 —cos(z-2))v(dz), z¢€ R,
R4

where v is a Lévy measure, i.c., fRd (1 A |z|*)v(dz) < oo. For general information
on unimodal processes, we refer the reader to [3], [15], [3T]. One of the primary
examples of the mentioned class of processes is the isotropic a-stable Lévy process
having the fractional Laplacian A®/2 as a generator.

Perturbations of A®/2 by the first order operators are currently widely studied
by many authors from various points of view, see [S]-[R], [10], [I4], [IX], [T9],
(2], [24]-[26], [2R], [29]. In a recent paper [6] the authors studied the Green
function of A®/2 + b(x) - V in bounded C'"' domains. Here b is a vector field
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120 T. Grzywny et al.

from the Kato class ICz,‘_l. It was shown that the Green function of the original
process is comparable with the Green function of the perturbed process for any
bounded C'!'! open set. In this paper we generalize the result of [A] to the case of
isotropic unimodal Lévy processes. Let

(1.1)
£f@) = [ (fo+2) = F@) = Lear(z- VI @) Juld2), | € CHRT,
Rd

be a generator of the process X;. We will consider a non-empty bounded open
CU! set D and the Green function G for £. Now, let G p(z,%) be a Green func-
tion for ~

L=L+bx)-V,

where b is a function from the Kato class ICd/V (see Section 2 for details). Our main
result is

THEOREM 1.1. Letd > 2,b € KY, and let D C R% be a bounded C'' open
set. We assume that the characteristic exponent

¥ € WLSC(a, 0,¢) N WLSC(ay, 1,¢;) N WUSC(w,0,C),  where a; > 1,

GD(-%',?])
|z —y| Adp(z) A1

(1.2) IVeGp(z,y)| < Co

Then, there exists a constant C such that, for x,y € D,
(1.3) C'Gp(z,y) < Gplz,y) < CGp(z,y).

Here WLSC and WUSC are the classes of functions satisfying a weak lower
and a weak upper scaling condition, respectively (see Section 2). The condition
(32) is satisfied for a wide class of processes. For example, (I'”2) holds under
a mild assumption on a density of the Lévy measure, which is satisfied for any
subordinate Brownion motion (see Lemma B2) (see also [[2], Theorem 1.4).

Generally, we follow the approach of [B]. Since some proofs are almost iden-
tical to the ones from [B], we omit them. The main tool, we use in this paper, is the
Duhamel (perturbation) formula (see Theorem B). We note that this result can-
not be obtained directly in the same way as the perturbation formula for fractional
Laplacian (see [6], Lemma 12). One of the other difficulties in this paper is that
we do not have the explicit formula for the potential kernel G(z) of X;. Moreover,
for stable process, 1(§) = |£|%, which gives a nice scaling of some main objects.
Here, we have only a weak scaling, but it is sufficient for our purpose, although it
makes the calculations a little harder. For example, in the estimates of the Green
function a factor V' (6p(z)) appears. For stable process, V (r) = /2, and if y is
such that 5p(y) = Aép(z), then V (3p(y)) = A*/2V (6p()). For the general uni-
modal process, V satisfies the weak scaling condition, and we can only estimate
V(6n(y)).
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Green function for gradient perturbation 121

The paper is organized as follows. In Section 2, we give the definitions of the
processes X and X and present their basic properties. In Section 3, we introduce
Green functions of X and X. Lastly, in Section 4, we prove Theorem [TI.

When we write f(z) ~ g(z), we mean that there is a number 0 < C' < co
independent of z, i.e., a constant such that for every = we have C! f(x) < g(z) <
Cf(z). The notation C' = C(ay,as,...,a,) means that C' is a constant which
depends only on ay,as, ..., a,. We use the convention that constants denoted by
capital letters do not change throughout the paper. For a radial function f : R¢ —
[0, 00) we shall often write f(r) = f(x) for any x € R? with |z| = r.

2. PRELIMINARIES

In what follows, R? denotes the Euclidean space of dimension d > 2,
dy stands for the Lebesgue measure on R?. Without further mention we will only
consider Borelian sets, measures and functions in R%. As usual, we write a A b =
min(a, b) and a V b = max(a,b). By = - y we denote the Euclidean scalar product
of z,y € RY. We let B(z,7) = {y € R?: |z — y| < r}. For D C RY, the distance
to the complement of D will be denoted by

dp(z) = dist(z, D).

DEFINITION 2.1. Let 6 € [0,00), and ¢ be a non-negative non-zero function
on (0, 00). We say that ¢ satisfies the weak lower scaling condition (at infinity) if
there are numbers o > 0 and ¢ € (0, 1] such that

2.1 P(N0) = cA\“p(0) forA>1,60>0.

In short, we say that ¢ satisfies WLSC(a, 0, ¢) and write ¢ € WLSC(q, 6, ¢).
If » € WLSC(a, 0, ¢), then we say that ¢ satisfies the global weak lower scaling
condition.

We consider similarly 6 € [0, c0). The weak upper scaling condition holds if
there are numbers @ < 2 and C' € [1, o) such that

(2.2) d(N0) < CAYB(0) forA>1,0>0.
In short, € WUSC(@, 6, C). For global weak upper scaling we require that § = 0
in (Z72).

Throughout the paper, X; will be the pure-jump isotropic unimodal Lévy pro-
cess on R?. The Lévy measure v of X; is radially symmetric and non-increasing,
so it admits the radial density v, i.e., v(dz) = v(|x|)dx. Hence the characteristic
exponent ¢ of X; is radial as well. We assume that (see Theorem [T)

(2.3) 1 € WLSC(q, 0,c) N WUSC(, 0, C),
(2.4) ¥ € WLSC(a,1,¢;) forsome a; > 1.
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122 T. Grzywny et al.

Following [7], we define
h(ry= [ (1A —MQ v(|z|)dx, r>0
Rd r? 7 .

Let us notice that
h(Ar) < h(r) < Ah(\r), A > 1.

Moreover, by [B], Lemma 1 and (6),
271(1/r) < h(r) < Cry(1/r).

In fact, we may write C1 = dr? /2, but it will be more convenient to write this
constant as C'1. We define the function V' as follows:

V(©0)=0 and V(r)=1/+/h(r), r>0.

Since h(r) is non-increasing, V' is non-decreasing. We have

(2.5) V(r) <SV(Ar) < AV(r), r>0,A>1.
By weak scaling properties of 1) and the property h(r) ~ 1(1/r), we get
1/2
c V(Ar) — -
2.6 — ) a2 < (2C0)Y/2N/2 A>1
(2.6) <2C1> Vi) (2CChH) , r>0,A>1,
1/2
2.7 Vo) « (200" a2 ) o1 <1
V(r) 4]

Therefore, V € WLSC(/2,0, \/c/(2C1)) N WUSC(@/2,0,v/2CC).

REMARK 2.1. The threshold (0,1) in the scaling of V in (IZ1) may be re-
placed by any bounded interval at the expense of constant \/2C1/c; (see [3],
Section 3), i.e., for any R > 1, there is a constant c such that

V(nr)
V(r)

Qy /2

(2.8) <o , n<l,r<R.

The global weak lower scaling condition (assumption (23)) implies that p;(z)
is jointly continuous on (0, 00) x RY (e* € L'(R?)) and (see [4], Lemma 1.5)

9 (o) = VUV A G
1

V@) PR

Analogously to a-stable processes we define the Kato class for gradient per-
turbations.

(2.10)
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Green function for gradient perturbation 123

DEFINITION 2.2. We say that a vector field b: R¢ — R? belongs to the Kato
class ICCY if

V2(la — 2|)
(2.11) lim sup 7|b(z)\dz =0.
P50+ 4 epd B(f |z — 2|+l

REMARK 2.2. We note that L®(R?) C KY.
Let us put
p(t,x,y) =p(y — ).
By [06], Theorem B.5, we have

\Vap(t, z,y)| < c p(t,z,y), t>0, z,yc R

1
V-V
Letdb € IC(Y. Following [8] and [20], fort > Oand z,y € R?, we recursively define

pO(t7x7y) = p(t,l‘, y)v

t

n(t, 2, y) ffpn 1(t —s,2,2)b(2) - Vop(s, z,y)dzds, n>1,
0 Rd

and we let

o0

(2.12) P= D Pn
n=0

By [20], Theorem 1.1, the series converges to a probability transition density func-
tion, and

2.13)  cp'plt,a,y) <plt.z,y) <erplt,z,y), zyeR? 0<t<T,

where cy — 1 if T' — 0, see [20], Theorem 3. Moreover, one can prove that p is
jointly continuous on (0, 00) x R? x RY (see [§], Corollary 19).
We consider the time-homogeneous transition probabilities

Pz, A) = [p(t,z,y)dy, Piz,A) = [p(t z,y)dy,
A A

t >0,z € RY, A c RY By Kolmogorov’s and Dynkin—Kinney’s theorems the
transition probabilities P; and P, define, in a usual way, Markov probability mea-
sures {P*, P,z € R} on the space (2 of the right-continuous and left-limited
functions w : [0, 00) — RY. We let E*, E* be the corresponding expectations. We
will denote by X = {X;};>0 the canonical process on 2, X;(w) = w(t). Hence,

P*(X; € B) = [p(t,z,y)dy, P"(X; € B)= [p(t,z,y)dy.
B B
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For any open set D we define the first exit time of the process X; from D,
p =inf{t > 0: X; ¢ D}.
Now, by the usual Hunt’s formula, we define the transition density of the process
killed when leaving D (see [I], [T3], [4]):
pp(t,z,y) = p(t,x,y) — E%[rp < t; p(t — 7D, Xrp, )], t>0, 2,y € R,

We briefly recall some well-known properties of pp (see [2]). The function pp
satisfies the Chapman—Kolmogorov equations

pr(S,JJ,Z)pD(t,Z,y)dZ = pD(S +t,x,y), Sat > 07 T,y € Rd .
R4

Furthermore, pp is jointly continuous (compare Lemma 2Z3) when ¢ # 0, and we
have

(2.14) 0 < pp(t,z,y) =pp(t,y, ) < p(t,z,y).
In particular,
(2.15) [ pp(t,z,y)dy < 1.

]Rd

By Blumenthal’s zero-one law, radial symmetry of p; and C'"! geometry of the
boundary 0D, we have P*(7p = 0) = 1 forevery z € D Inparticular, pp (¢, x, y)
=0ifx € D ory € D°. By the strong Markov property,

E*[t < 7p; f(Xo)] = [ fy)pp(t,z,y)dy, t>0, z€RY,
Rd

for functions f > 0.
Fors € R,z € R? and ¢ € C*(R x D), we have (see [[], Remark 4.2, and
[6], the proof of Lemma 5)

(2.16) Offpp(u — 8,2, 2) [Oup(u, 2) + Lop(u, 2)] dzdu = —¢(s, x),
s D

which justifies calling pp the Dirichlet heat kernel of £ on D. R
In a similar way, we define an analogous object for the process X. Let 7p =
inf{t > 0: X; ¢ D}. By Hunt’s formula,

(217) ﬁD(twr:y) = ﬁ(t,%y) - INEI [TD < tv ﬁ(t - TD7XTD7y)]'

Except symmetry, pp has analogous properties to pp, i.e., the Chapman—Kolmogo-
rov equation holds,

f pp(s,z,2)pp(t, z,y)dz = pp(s + t,z,y), s,t>0, z,y€RY,

R4
and 0 < pp(t,z,y) < p(t, x,y). Now, we will prove that pp is jointly continuous
on (0,00) x D x D. First, we need two preparatory lemmas.
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LEMMA 2.1. Let § > 0. Then Mg := Sup;~ |z—y(>5 P(t, @, y) < 00

Proof. By ('13) and [B], Corollary 7, for ¢t < 1,
t
|z —y[)|z —yl¢

Ptz y) < S

Hence,
c

Sup ﬁ(twray) < Y797\ o
O<t<1,jo—y|>6 V2(8)6d

Furthermore, by the semigroup property, for £ > 1,

p(t,z,y) < ¢ [ plt—1,2,2)p(L, 2 — y)dz < ep(1,0),
Rd

which implies

M;s < cmax{(V(d)(Sd)fl,p(l,O)} <00 m

LEMMA 2.2. Let§ > 0. Then

(2.18) lim sup P*(|X; — Xo| > 6) =0,
s—0T t<s,x€R4
(2.19) lim sup P*(7p(,.4) < 5) = 0.
s—=0T pcrd 7

Proof. Lets < 1and? < s. By (13) and [B], Corollary 6,

- t
BT(|X, — Xo| > 6) < ty)dy <
(] X¢ ol = 9) C1Ej;§p( y)dy CV2(5)

< ¢(9)s.
Hence, we obtain (ZIX). The equality (Z19) is a consequence of (ZIX) and the
strong Markov property (see [I], the proof of Lemma 3.1). =

Although, in this paper, we consider only bounded sets, the following lemma
also holds for unbounded domains. To obtain it we use standard arguments (e.g.,
[3], Theorem 2.4).

LEMMA 2.3. pp is jointly continuous on (0,00) x D x D.

Proof. Let0<d <7, D° ={y € D:ép(y) =6} and D! = D’ N B,.
Generally, ¢ is close to zero and r is large. We assume that (¢, z,y) € [J,r] X
D% x D?. We denote by

fD(tv Z, y) = Ex[ﬁ(t —TD, XTDa y)v p < t]
the killing measure of X . Hence,

ﬁD(t,ﬂ?,y) = ﬁ(taxa y) - fD(ta x??/)
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Lets < 6/2,
hs(t,z,y) = E*[p(t — s — 7p, Xrp, y), ™D < t — 8],
and ¢4 (t, z,y) = Ehy(t, Xs, y). By the Markov property,

Fo(t,2,9) — 9oty 2,5) = B[3(t = 7, Xep,9), 7 < 9
_EI[TD EXS[ (t_S_TD7XTD7y)7TD <t_3]]~

By Lemma [T,
(2.20)

ITp(t,x,y) — ¢s(t,x,y)| < 2M5Pm(TD <s) < 2Ms supd ]fDZ(TB(m;) < s).

zeR
Hence, by (Z-19), it is enough to prove the continuity of ¢ on [5,r] x D? x D?
for0 < s < d/2.
First, we prove the equicontinuity of h,(-, z, -) on [6,7] x D9 for z € R?. Fix

e > 0. By (I3) and (Z9), there is 0 < A < ¢/4 such that, for w € D¢, v € D’
and u < A,

A
V2(6)5d
Next, by the semigroup property, (Z9) and (Z13), there is R > 2r such that, for
w € Bj,v € Brandu <,

2.21) Blu, w,v) <

V2(R/2)R4

Now, we divide h; into three parts and treat them separately,

(2.22) Blu,w,v) <

hs(t, z,y) = it 2,y) + Ja(t, 2,y) + J3(t, 2,9),
where
Ji(t,z,y) = E*[p(t — s — mp, X7p,y), 70 <t — 5 — \, X+, € Bp|,
Jo(t,z,y) = E*[p(t — 5 — 7D, Xop,y)st — 5 — A< Tp < t — 3],
J3(t, 2,y) = E*[p(t — s — 7p, Xsp,y), 70 <t — 5 — \, X, € BE].
By (Z21)) and (Z22),
(2.23) Jo(t, z,y) + J3(t, z,y) < 2, z€ R (t,y) € [d,r] x D.

Since (-, -, -) is continuous on (0, 00) x R? x RY, it is uniformly continuous on
[A/2,7] x Br x B;.Hence, thereis 0 < £1 < A/2 such that, for (u, w), (ug, wo) €
[A/2,7] x D¢ and w € Bg,

(2.24)  |p(u, v, w) — plug, v, wo)| <&  if |(u,w) — (ug,wo)| < 1, v € RY
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Assume that (tg, 7o) € [6,7] x DS and tq < t. Then
Ji(to, z,90) = E*[p(to — s — 7D, Xrp, %0), 70 < t — 5 — X\, X;,, € BR]

- ]Ez[ﬁ(to - TDaXTD7y0)7tO < D + s+ A< taXTD S BR]
This, (Z221) and (Z224) imply, for (,y), (to, o) € [§,7] x D2,

(2.25)

sup ‘Jl(tazay) - Jl(t07z7y0)’ < 2 if ’(tﬂ y) - (t()?y())’ <é€1, 2 € Rd'
z€R4

Combining (Z23) with (ZZ23) gives the equicontinuity of hs(-, z, -) on [§,7] x D?
for 2 € R,

This implies the equicontinuity of ¢s(-, 2, -) on [§,7] x D¢ for z € R Since
P, is strong Feller, ¢,(t,-,y) is continuous on RY. Therefore, ¢(-, -, -) is jointly
continuous on [§,7] x R? x D?. By (ZZ20) and (Z19), rp (-, -, -) is jointly continu-
ous on [8, 7] x DS x D2, which implies continuity on (0, 00) x D x D. Since j is
jointly continuous, pp is jointly continuous on (0,00) X D x D. =

By similar calculations to those in [20], Theorem 2, one can prove that p is the
fundamental solutions for L.

LEMMA 2.4. Fors >0,z € D and ¢ € Cgo(((), o0) X D), we have

(2.26) Ofofﬁp(u —5,2,2)(8y + L) (u, z) dz du = —p(s, x).
s D

3. GREEN FUNCTIONS

In this section we define and prove some properties of the Green functions of
L and L.

3.1. Green function of L.

DEFINITION 3.1. A non-empty open set D C R? is of class C1! at scale >0
if for every @ € 9D there are balls B(z/,r) C D and B(z”,r) C D¢ tangent at Q).

If Dis Cb! at some unspecified scale (hence also at all smaller scales), then
we simply say that D is C'»!. The localization radius,

ro = ro(D) = sup{r : D is C*! at scale r},
refers to the local geometry of D, while the diameter,
diam(D) = sup{|z — y| : z,y € D},

refers to the global geometry of D. The ratio diam(D)/ro(D) > 2 will be cal-
led the distortion of D. We can localize each C'! open set as follows (see [5],
Lemma 1):
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LEMMA 3.1. There exists k& > 0 such that if D is CY! at scale r and QQ € 0D,
then there is a CY' domain F C D with ro(F) > xr, diam(F) < 2r and

3.1) DN B(Q,r/4) = FNB(Q,r/4).

We will write F' = F(z,7), and note that the distortion of F' is at most 2/k,
an absolute constant.

In what follows D will be a non-empty bounded C'*! open set in R%. We note
that such D may be disconnected, but then it may only have a finite number of
connected components at a positive distance from each other.

DEFINITION 3.2. We say that a function h is £-harmonic in the open set D if
for every U such that U C D we have

h(z) = E*h(X,,), = cR?.
We define the Green function of £ for D,

(3.2) GD(-:U,Z/) = pr(t,.%',y)dt, T,y € Rd'
0

We briefly recall some basic properties of Gp(z,y) (see [4] for details). For x €
D¢ ory e D¢ Gp(z,y) = 0. The Green function Gp(z,y) is symmetric, con-
tinuous for x # y, and Gp(x,z) = oo for © € D. Furthermore, Gp(-,y) is L-
harmonic in D \ {y} for every y € D. We also have

LEMMA 3.2. Let —v/(r)/r be non-increasing. Then (I2) holds.

Proof. Since Gp(-,y) is L-harmonic on D \ B(y,r) for small » > 0, by
(10) and by Theorem 1.1 and Proposition 1.3 in [3], we have

GD(SU,y) < 92 GD(SU,y)

(3.3)  |V.Gp(z,y)| <c < . m
| p(@ )l SD\B(y,Jz—y|/2)(T) |z —y| Adp(x) A1

The Green operator of £ for D is
Gpf(x) =E ff Xp)dt = [ Gp(z,y)f(y)dy, =R,
Rd

and we have

(3.4) Gp(L)(x f Gp(z,y)Lo(y)dy = —d(z), xR’ ¢ € CX(D).

By the Ikeda—Watanabe formula [[I'Z], the P*-distribution of X, has a density
function, called the Poisson kernel and defined as

(3.5) Pp(z,2) = [ Gp(z,y)v(z —y)dy, =z€ D, z¢€ (D).
D
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Hence,

P*(X;, € B) = [ Pp(z,2z)dz, B C (D).
B

Because of the C1! geometry of D, P*(X,, € D) = 0 (see [30]); hence, the
above formula holds for B C D¢ (we put Pp(z,z) = 0 for z € 9D).
By G we denote the potential kernel of X, that is,

(o)
G(x) = f pe(x) dt,
0
which is finite on R? \ {0} since d > 2 and the global weak upper scaling condition

for ¢ holds. For x € R?\ {0}, we write

2 x
ooy = V2l

We note that, by (Z3), U(x) is radially non-increasing. In [I3], Theorem 3 and
Section 4, it was proved that G(z) ~ U(x) for z # 0. Let

r(y,z) =0p(y) Vip(2) V |y — 2.
LEMMA 3.3. Let D be a bounded open C! set. Then

V(6p(y))V (6p(2))
V2 (r(y, z)) ’

where the comparability constant depends only on 1) and the distortion of D.

y,z € RY,

Gp(y,2) = U(y — 2)

Proof. Taking the estimates of pp (¢, x, y) (see [4], Proposition 4.4 and The-
orem 4.5) and integrating them against time (see [I1], the proof of Theorem 7.3),

we get
G0t~ 0= (ST ),

where the comparability constant depends on 1) only through the scaling charac-
teristics and the distortion of D. Since V' is non-decreasing, we have

V(6p(y))V (0p(2)) . V(0p(y))V (0p(2))
V2(r(y,2) VEly—2))

By the symmetry of Gp(z,y), we may assume that dp(y) < dp(2). If r(y,2) =
ly — z|, then

Al

Vo)V () | _ Vo)V ()
V2(y 2 V2(r(p2)
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Letr(y,z) = dp(z). If op(y) = dp(2)/2, then
V(p()V(én(2)) _ V(0p(y) _ 1 _1/V(Sp(¥)V(n(2))
- >35> 5(" g M)

V2(r(y,2)) = V(25p(y)) T 2~
If 6p(y) < 0p(2)/2, then r(y,z) = dp(z) < 2|y — z|. Hence, by (Z3), we have,
fory,z € D,

Verm)V(En(:) . V)V 6n() . V(enm)V (6n(2)
V=) S T Va2 S V(. 2)

The following result is the so-called 3G-theorem (see [6]).

PROPOSITION 3.1. Let D be a bounded open CV' set at scale r > 0. There
is a constant Cy = Ca(d, 1, diam(D) /r) such that

Gp(z,2)Gp(z,y) Gp(z,z) Gp(z,y) )
Gp(z,y) V(ép(z))  V(éply))/)

Proof. LetG(z,y) = U(y — x)/V?(r(z,y)). Then

< CoV (6p(2)) (

(3.6) G(z,2) NG(z,y) < c(d)G(x,y).

Indeed, assume that |y — z| < |z — z|; then |z — y| < 2|z — 2| and
r(z,y) < op(x) + v -y < 3r(z, 2).

By the monotonicity of U, V' and (Z3) we obtain

U9
92 S V2 (0, 3)

By Lemma B3, Gp(z,y) =~ Gp(z,y)/(V(6p(x))V (6p(y))). Hence, by (BH),

Gp(z,2)Gp(2,Y) _ <0 s G(z,2)G(2y) V(50 s .
Gy S VIR) TS <V (8() (9(22) V 6(2,)

~ p GD(.T,Z) GD(Z7y) .
~ V(% (2) <v(5D<m>) v v(<sD<y>))‘

The next lemma is crucial in our consideration. The proof is based on the proof
of Lemma 9 in [6]. Nevertheless, we give the details, because here we can see how
the weak scaling condition is used.

< 322G (z, y).

LEMMA 3.4. Let us assume that 0 < ro < oo and diam(D) < ro. Then it fol-
lows that Gp(y, z)/[0p(2) A |y — z|] is uniformly in y integrable against |b(z)|dz.
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Proof. By Lemma B33, it is enough to prove the uniform integrability of

V(p())V(9n(2)) dp(2) V |y — 2|
V2(r(y, 2)) ly — zldp(2)

Let Ar(y) = {z € D: H(y, z) > R}. We will show that

H(y,2)=U(y — 2)

lim sup [ H(y,2)|b(z)|dz = 0.
R=00yeD Ap(y)

Let ¢, = ¢y( diam(D)) be such that
(3.7) Vinr) < en®/?V(r), n<1,r< diam(D)

(see Remark ). We recall that o; > 1. For » > 0, we put

69) Ko=swp [ by Ty

dy.
z€R? B(z,7) |z =yl

By (11), K, < oo and K, | 0 as r | 0. Since U is a radial decreasing function,
we may write U(r) = U(z) for all |z| = r, and we have

b(2)|dz < Kp——, z€R% r>0.

T U(r — z) r
[ Ib(z)dz < T S U@’

B(z,r) (T) B(z,r) |'T o Z|

Let m > 2 be such that dp(y) < mdp(z); then, by (B22),

Sp(y) 6p(z)
-z _ V(EEw2) VRS 0:2) )

(3.9) H(y,z <
( )U(y - Z) V(T’(y,z))2 (5[)(2)
dp(y)*/? o (Sp@)\' T _ o i
< 2 < 5p(y) _ w2
) Q2T(y’z)gl_15D(z)l_gl/2 S 2\ on(z) S agms !

By (BZ), we also have

Uly—=2) V3(y — z) <2 ly — z|% V2

3.10 = < ;
10 =2 Jy— 2T S Cdiam(D)e

(diam(D)).

Hence, the relation (B9) yields Ag(y) C {z € D: |y — z| < cR~V/(dF1-a)},
where ¢ = ¢(m, (diam(D), a;)) is some constant.
Let D, = {x € D :6p(z) > r}.If R — oo, then, uniformly in y,

(3.11) i H(y,2)|b(z)|dz < ngl_g1/2KCR—l/(d+l—g1) — 0.
ArRWINDs 4y /m
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Fory € D, k,n > 0and m > 2, we consider

W (y) = { ep: 22W 5 0y < W) k<|y_z|<k+1}.

m2n+1 man’ 5D( )
W™ (y) may be covered by c1 (k + 1)**m?~127(4=1) balls of radii 6D£n), thus
[ Ib(z)]dz
W:}k(y)
< ek + 1) 2md=12md=D) gyp i |b(2)| dz

z€R? B(z,5p (y)/(m27))

5 d+1 5
< 01K5D<y>/(m2n)(k+1)d‘2md—12n<d—1>( p(y ) 2< p(y) )

m2n m2n
= CchiD(y)/(mT‘)(k + 1)d—2m—22—2n5D( )d+1V < 2 )
P

For z € W, (y), we have dp(y) > 26p(2), hence we get [y — z|
ly — 2| > 5D(z) Therefore,

V (6p())V (3(2)
y—elp(z) W)

dp(y)/2 and

H(y,z) <

and we obtain

[ HmobE@le< s s OV EE), ),

ArW\Ds 1 (y) /m n=0 k=0 W™ (y) ly — Z’d(SD(Z)

<y §v(aD<y>>v(6D<y>/<m2”>>m2”“ [l dz

n=0 k=0 ((k+1)8 (y)/Q) ép(y) W (y)

o oo o e V(ép(y)
S 2Kipm X 3 (k4 1) 7m0 e S

< 3K yym O O (b + 1) 2m™ 2 1om@270 < oym® 2T K
n=0 k=0

Lete > 0. We choose m and R so large that c4m®/ >~ K gian(pym < €/2 and

sup i H(y,2)|b(z)|dz < e/2.
yeDh D5 (y)/mNAR(Y)

This completes the proof. =
LEMMA 3.5. If f € KY, then

(3.12)  V, [Gp(y,2)f(2)dz= [V,Gp(y,2)f(z)dz, yeD.
D D
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Proof. Fixy € D,andlet 0 < h < dp(y)/2 and hy = (0,...,0,h) € R4
Then
|Gp(y + ha,z) — Gp(y,2)| 1|1 d
7 ; {dSGD(y—i—shd,z)ds
L G h
gclf D(y+$ d?z) dS
o [y 4 sha — 2| Nop(y + shq)

1
0
= 7G +Sh %4 dS
‘{8yd p(y + sha, z)

Since f € KY, U(y + shq,2)/(ly + shq — z|) is uniformly in & integrable on
(0,1) x D, which completes the proof (see [6], Lemma 10). =

For x,y € D, we let

i _ ; GD(ZL‘, Z)GD(Z,Z/)
(3.13) @) = M G o) Ay =) &

3.14) R(z,y) = [ |b(2)] Gp(r,2)Gp(2y)(Op(@) Az —yl)

N G G ) o) Ay — =) o) Ae — =)

LEMMA 3.6. Let A\ < co,r < 1. There is C5 = Cs(d, v, b, \, ) such that if
D is CY', diam(D)/ro(D) < A and diam(D) < r, then k(z,y) < C3, RK(z,y)
< 2Cs for x,y € D, and Cs(d, 1, b, \,7) — 0asr — 0.

Proof. By Lemma and (1), we have

z 2 z
582& ;GD“’ 9~ ((f@( z)>)) )
dp(z) \* , Al U(x—=z)
(765) vama=clont a7

By Proposition B, we obtain

(3.15) Gp(@,2)Gp(2 y) Gp(z,2) , Gp(2,y) >

Gp(z,y) V() V(o))
<Gy ((%(z) Nz — z|)[M> v ((5D(Z) Aly — Z|)U(y—z)>

|z — 2] ly — 2|

=CCy(6p(z) Nz — 2| Ay — 2|) (U(a:—z) v U(y—z)>.

=z fy—2|

< CoV (6p(2)) <
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Hence,

Gp(z,2)Gp(z,y) Ulx—2) Uly—=z)
G5 (6p(2) Ay — 2| Az — ) <o (v ),

By (B3) and the observation that lim,_,g K, = 0, we have the statement for <. The
rest of the proof is the same as that of Lemma 11 in [6], so we omit it. =

3.2. Green function of £. We will consider analogous objects to the ones con-
sidered in the previous section. We define the Green function and the Green oper-
atorof L =L+ bV on D:

Gny f (t,z,y)d z,y € RY,

(3.16) 0

Gpo(z) = [ Gp iy, ¢ € CRY).
Rd

From the properties of pp(t, z,y) we get Gp(z,y) = 0if z € D¢ ory € D°.
By (13), we have

i P22 Y) o P2 y)

t—0 t =0 t =vly -2

Thus, the intensity of jumps of the canonical process X; is the same as that of X;.
Accordingly, we obtain the following description.

LEMMA 3.7. The P*-distribution of (7p, X)) on (0,00) x (D) has density

(3.17) f (u,z,y)v(z —y)dy, u>0,z¢€ (D)
D

We define the Poisson kernel of D for E,

(3.18) Pp(z,y) = fép(x,z)y(y —2)dz, x€D,yeD".
D

By (BE18), (B18) and (B112), we have

(3.19) P*(X,, € A)= [ Pp
A

if A C (D)®. For the case of A C 9D, we refer the reader to Lemma ET.

LEMMA 3.8. Gp(z,y) is continuous for x # y, Gp(z,z) = co for x € D,
and

éD(xay) < C4U(a:—y), x?QGRdv
where Cy = Cy(d, 1, diam(D)).
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Since the proof of the lemma is the same as the proof of Lemma 7 in [6], we
omit it.
For z # y, we let
Gi(z,y) = [ Gp(z,2)b(2) - V2.Gp(z,y)dz.
D
By Lemma B8,
(3.20)

b(2)|Gp (2, 2)Gp(2,y)
Grla )l < CoGl@9) | e ) Ay = 2I)

dz < CoCsG(x,y).

For f € Y, we have

Gp(z,2)Gp(z,y) »
o gyl

< C3 [ Gp(z,y)|f(y)ldy < oo.
D

J Gp(a,y) [ 1b(2)
D D

Hence, by Lemma B3, (B33) and Fubini’s theorem,
GpbVGpf(x fGD (z,2) fb -VGp(z y)f(y)dydz:fGl(x,y)f(y)dy.
D

Let us note that the linear map f — bVGp f preserves ICdV because VGpf is a
bounded function, see Lemma B4 for b equal to f.
The next lemma results from integrating (Z26) against time.

LEMMA 3.9. Forall p € C°(D) and x € D, we have
3.21)

£Gp(x, z)ﬁgp(z) dz = gép(x, 2) (/Jgo(z) +b(z) - ch(z))dz = —p(x).

For every z € D, let us define the function

(322)  f.(y) = Gp(x,y) — Gp(z,y) f G(z,2)b(2) - V.Gp(2,y)dz.

We can notice that f,(y) = 0 fory € D°.

LEMMA 3.10. The function f,(y) is well defined on R% \ {x}, integrable on
R? and bounded on R? \ B(x,r) for r > 0.

Proof. Letus fix y # z and 0 < p < min{|z — y|/2,dp(x)/2}. By Lem-

ma BX and (E3),
(3.23)

~ 1Gp(2y)|
g‘GD(x’Z)b( z) - V,Gp(z,y)|dz < C’4C'ofU )‘b(z)’m <
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Let D = D; U Dy, where D1 = B(z,p/2)° N D and Dy = B(x,p/2). By the
monotonicity of U and Lemma B4,

R (€ V)|
(3.24) I[IU(:c )1b( )léD(Z)/\,Z_m

/(8) [P <o ()

forevery y € D. Since b € Ky,
(3.25)

o V(2 Gp(z,y) C’4U
AU( )[b( )!—5 BYNEET

0P
fU z)|dz < )

It implies that (B23) is finite for every 3 # 2 and bounded on R¢ \ B(x,r) for
every r > 0.

It remains to show the integrability of f,. Letr = 0p(z)/4 and B = B(z, 2r).
We put M, = (2¢1U(r/2) + coU(r)/r)|D|. By (B24) and (B23),

ff\GD T, %) -V.Gp(z,y)|dzdy

<M, + [ [|Gp(x,2)b(z) - V.G p(z,y)|dzdy
B B

GD(Zay>
<M, +C? U(x — 2)|b(2)| =———""—dzdy
U(z —
< MT—i-Cgfo(x —z)\b(z)]Hdzdy
B B Y
<M+ C2 [Ule—2)p(z) [ Mdydz
D B(z,diam(D |Z o y|

<M, +ep [Ule - 2)[b(2)|dz,
D

which is finite since b € ICdV. ]
THEOREM 3.1. Letz,y € RY, & # 1. We have
(3.26) Gp(z,y) = Gplz,y) + fGD(JUaZ)b(Z) -V.Gp(z,y)dz.
D
Proof. Forx ¢ D, Gp(x,-) = 0 and (BZ6) holds true. We fix x € D. Let

g € C2°(B(0,1)) be a symmetric function such that g > O and [ g(x)dx = 1. Let
re = 6p(x)/3 > 6 > 0and gs(x) = 6 %g(x/5). Set

Dis = {x:dist(z,D) <} and D_s;={z e D :dist(x,0D) > 6}.
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We consider us ; = g5 * fr € Co°(D4s). Let o€ C°(D_s); then g5 * p € C°(D).
By Lemma B9,

(3.27) (95 * fo, LO) = (fe, 95 % Lo) = (fe, L(g5 % ©)) = 0.

So s, is weak L-harmonic on D_s. Since us, € D(L), by [8], Theorem 2.7, we
get us . (y) = EYus (X, ) for every U C D_;. Since § < 7, for every y € R?
we have

|u5,x(y)| < Ey|u5,x(XTB(z,2m))‘ < ||fx]lBC(:L’,7‘1)HOO =M.

. 6—0 . .
Since [t (y)] =% | fo(y)] a5, we obtain |fo(y)] < [|fol pe(rrylloo as. Since
f2 is continuous, f, is bounded on R%.

Let {Uy, } nen be a family of sets such that U,, /" D_s. By the quasi-left con-
tinuity of X4,
|U§,x(y)‘ = | lim Eyu(s,x(XTUnﬂ = |Ey lim U(S,:v(X‘rUn)| = |Eyu§,x(XTD7§)|
n—oo n—oo

= |BY (us.2(Xrp_, ), Xrp_, € Dis\ D_5)| < MPY(X,,, € Dys\ D).
So |usa(y)| < MPY(Xr, € Dys\ D—s), and with § — 0 we finally obtain
|[fo(y)] < MPY(Xr, € OD) =0,

which completes the proof. =

Let Go(z,y) = Gp(z,y). We inductively define
Gn(z,y) = fGn_l(w,z)b(z) -V.Gp(z,y)dz, x#yeD, n=12,...
D

By Lemmas B3 and B-f, Fubini’s theorem and induction, we also have

(3.28)
Gn(z,y) = fGD(m,z)b(z) -V.Gno1(z,y)dz, x#yeD, n=2.3,...

We end this section with the estimates of G p(x,y) for small sets D.

LEMMA 3.11. Letd > 2,b € IC(Y and X\ > 0. There is ¢ = £(d,y,b,\) > 0
such that if diam(D) /ro(D) < X and diam(D) < &, then

2 ~ 4
(3.29) 3Gp(@,y) < Gp(wy) < 3Gp(wy), zye R,

Proof. We follow the arguments from [6]. We present only the main steps
of the proof, the details are left to the reader.
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Let x # y. Iterating (326), by (B28) we obtain, forn =0, 1,.. .,
(330)  Gp(z,y) = Gplz,y) + [ Gplz,2)b(2) - V.Gp(z,y)dz

= kZ”: Gi(z,y) + f GD(LU, 2)b(z) - V.G (z,y)dz.
=0

Let A > 0. We note that the constant C'5 from Lemma B may be arbitrarily
small if diam(D)/ro(D) < A and ro(D) is small enough. Hence, we may choose
e =e(d, 1, b, \) > 0 such that C,C5 < 1/4. By (I2), (320), Lemma B and in-
duction,

(3.31) |Gu(z,y)| < [ |Gnoi1(z, 2)||6(2)||V-Gp(z,y)|dz
D

< (CoC3)" ™" [ Gp(@,2)[b(2)||V:Gp(2,y)|dz < 47"Gp(z,y),
D

GD(xa y)

3.32 V,Gn(z,y)| < 27"Co—r 2N 9]
(332) V.Gl y)| < 27" Gy 2T

forn =0,1,2,... Now, we have Gp(z,y) = > .00 | Gy(z,y). Indeed, by (332),
the remainder in (B30) is bounded by

277Gl [ Ul - 2)h(e) 525 g 0 asn oo
D D

(2) Ay — 2|
The integral is finite because of Lemma B4. Thus, by (B31),

B oo oo 4
GD(-T,Z/) < Z Gn(x7y) < Z 4_nGD(x7y) = gGD(x7y)a

s 2
GD(SC,y) = GD(-T,y) - Z 4_nGD(‘T)y) = gGD(Q?,y) u

n=1
4. PROOF OF THEOREM 1.1

Using the comparability of Gp and Gp for small C1! sets and repeating
the arguments from [6], we obtain estimates of the Poisson kernel and Harnack
principles. The proofs are almost identical to the ones from [f]. Nevertheless, due
to the references we use, we present them below.

By the Ikeda—Watanabe formula, we get

.1 P*(X,, € A) ~P*(X,, € A), z<cD, Ac (D),

for a sufficiently small diam(D) and bounded distortion. The next lemma says
that the process X; does not hit the boundary of our general C'*! open set D at the
moment of the first exit from D.
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LEMMA 4.1. For every x € D, we have P*(X,, € D) = 0.

Proof. Letu(z) = P*(X,, € dD), z € R%. We claim that there exists ¢ =
c(d, ), D, b) >0 such that u(x) <1 — ¢ for z € D. Indeed, we consider small € >0,
x € D, r = edist(z, D), the ball B = B(z,r/2) C D, and the ball B’ C (D)®
with radius and distance to B comparable with r. By (E), ('T3) and Lemma B72,

P*(X,, ¢ D) > P*(X € B) ~P*(X

TB(x,r/2 TB(x,r/2) € B/) > G
where in the last inequality we used (B3), (Z10), (Z3) and [27]. Furthermore,
let D, = {y € D : dist(y, D) > 1/n}, n =1,2,... We consider n such that
B(z,7/2) C D,,. We have P*(X,, € D) <1-P*(X,, € B') <1—c,as be-
fore. Let C' = sup{u(y) : y € D}. We have u(x) = E”{u(XTDn): X;, €D} <
C(1—c¢),hence C < C(1—c¢),andsoC =0. m

In the context of Lemma BTT, the P* distribution of X, is absolutely contin-
uous with respect to the Lebesgue measure and has the density function

(4.2) Pp(z,y) = Pp(z,y), ye D",
provided x € D. This follows from (B219) and Lemma B-1l. For clarity,
(4.3) P*(X,s € A) = P*(X,, € A), xS AcCS"

LEMMA 4.2 (Harnack inequality for L). Let z, Yy € Rd, 0<s<landk €N
satisfy |z — y| < 2¥s. Let u be non-negative in R% and L-harmonic in B(x,s) U
B(y, s). There is Cs = C5(d, 1, b) such that

(4.4) C5 27 My () < uly) < C52K Dy (2).

Proof. Wemay assume that s < 1 Ae/2, with € of Lemma BT, Let f(2) =
u(z) for z € B(y,2s/3)¢ and f(z) = fB(y,Qs/S)C u(v) Pp(y2s/3)(2,v) dv for z €
B(y,2s/3), so that f is non-negative in R? and £-harmonic in B(y,2s/3). Let
z € B(y,s/2). By (E3),

u(z) =B*u(X (Tpyas3) = [ ulv)Ppyays)(z0)dv = f(2).

B(y,2s/3)°
The Harnack inequality for £ (see [I5]) implies u(y) ~ u(z), where the compara-
bility constant depends on 1, d, b. The standard chain rule provides u(z) ~ u(y)
for |x — y| < 3/2s. Therefore, we assume that |x — y| > 3s/2. For z € B(y, s/2)
and w € B(x,s/2) wehave |w — z| < |z —y| + |y — 2| + |w — x| < 2¥s + 5 <
2k+1s Hence, by the Ikeda—Watanabe formula, (T0) and [277],

PB(I,S/Q)($7 Z) = f GB(x,s/Z)(x7w)V(‘w - Z‘)dw > ExTB(x,S/Z)V(2k+1S)
B(z,s/2)
L (/M) 1 S R
(2k+15)dep(2/s) = (2k+1$)d62a(k+2) 7 ok(d+a) Ciod+2a )
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Since ]53(3:73/2) ~ Pp(z,s/2), by the first part of the proof we obtain

u(ac) - f PB(m,s/Q)(xaz)u<z) dz = f pB(x7s/2)<‘rvz>u(z) dz
B(z,s/2)¢ B(y,s/2)

c|B(y,s/2 _k(dta
S [ Paamle ) dz > SOPSID ) k)

B(y,s/2)
By symmetry, u(z) ~ u(y). =
We obtain also the boundary Harnack principle for £ and general C'*+! sets D.

LEMMA 4.3 (boundary Harnack principle). Let z € 0D, 0 < r < ro(D), and
0 < p < L. If 4,7 are non-negative in R%, regular L-harmonic in D N B(z, 1),
vanish on D N B(z,r) and satisfy u(xo) = 0(xg) for some xo € D N B(z,pr),
then

4.5) Oy to(z) < a(r) < Csv(z), =€ DN B(z,pr),
with CG = Cﬁ (d7 Q;Dv b)p) TU(D))

Proof. In view of Lemma B2 we may assume that r is small. Let F' =
F(z,r/2) C B(z r) be the C'*! domain of Lemma B, localizing D atz. Forz €
F we have u(z fPFa:z) (z) dz ~ u(z), where u(z) = [ Pp(z,2)u(z) dz.
Similarly, 0(z )~ v(z) = [ Pp(x,2)0(z) dz. Since u(xo) = 0(xp), we have u(x)
~ v(zp). By [21], Theorem 2.18, u(x) ~ v(z) provided x € D N B(z,r/8). We
use Lemma B2 for the full range € D N B(z,pr). =

Now, we have all the tools necessary to prove the main result of our paper.
Since in the proof we follow the idea from [B], we only give its basic steps (for
details see [B], the proof of Theorem 1).

Proof of Theorem [ By (BZ8) and (B33), we have the estimate

4.6) Gplz,y) < Gplz,y)+Co [ Gp(z,2)Gp(z,y)

b(z)|dz, =z,ye€ D.
S S Ay -~ [b(2)] y

We consider 7 < 1, say n = 1/2. By Lemma B4 and the uniform integrability in
Lemma B4 (see (B13)), there is a constant > 0 so small that

_ Gplzy) n
4.7) f @A o) ANy —21 |b(2)] dz < o y € D,
GD(CL’,Z)GD(Z,y) n
4.8 b(2)|dz < —, D.
@ ey — <Gy Ve

Probability and Mathematical Statistics 37, z. 1, 2017
© for this edition by CNS



Green function for gradient perturbation 141

Here, D, = {z € D: 6p(z) < r}. We put
p=leNro(D)AT]/16,

with e = e(d, ¢, b,2/k) of Lemma BT, see also Lemma BIl.

To prove (I3) we will consider « and y in the partitions of D x D.

First, we consider y far from the boundary of D, say dp(y) > p/4.

« For |z —y| < p/8,Gp(z,y) = Gp(z,y) = U(xr —y) =~ Gp(x,y) (we use
Lemmas B3, BT, EX).

« If p/8 < 0p(z), we use the Harnack inequalities for £ and L.

« For dp(z) < p/8, we use the boundary Harnack principle (see Lemma
and [21], Theorem 2.18).

Next, suppose that dp(y) < p/4. Here, the difficulty lies in the fact that Gp
is non-symmetric.

In the proof of lower bounds we consider two cases: x close to y, and x far
away from y.

« In the case [z — y| < p, we locally approximate D by a small C-! set F
such that 6p(z) = 6p(z) and 6p(y) = dr(y) (see [6], Lemma 1). Then Gp(z,y)
> Gr(r,y) = Gr(r,y) = Gp(z,y) (see Lemma B3).

« For |x —y| > p and dp(x) > p/4 we use the Harnack inequalities. For
dp(x) < p/4 we use the boundary Harnack principle.

In the next step, we prove the upper bound in (I3) for dp(x) > p/4. We have
already proved that, for z € D\ D",

Cl_lGD(ib',Z) < ép(m,z) < aGp(z, 2).

By (B13), Lemmas B and BR, and (E6), (E1), we have

) GD(x,z)GD(Z,y)
49 ¢ S AGp(a,y) + G
(4.9) p(z,y) p(z,y) + OL’[T ly — 2| ANdp(z)

(4.10) Gp(z,y) < AGp(z,y) + B(x),

[b(2)] dz,

where A =1+ ¢;CoCs and B(z) = nCyU (6pr(x)). Now, plugging (BI0) into
(E9), and using (E7D), (ER) and induction, we get, forn = 0,1,.. .,

4.11) Gp(r,y) <AL +n+...+0")Gp(z,y) + n"B(z).

In consequence,

A
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Finally, we prove the upper bound in (I3) when dp(x) < p/4.
o If |z — y| > p, we use the boundary Harnack principle.

« For |z — y| < p, consider the same set I’ as above. We have

Gp(z,y) = Gr(z,y) + i Pr(z,2)Gp(z,y)dz.
D\F

By Lemma 50 and (82, Cr(r,y) ~ Gr(r,y) and Pr(z.2) ~ Pp(x,2). We
already know that, for |z — y| > p, Gp(z,y) = G(z,y). Thus,

GD(x7y) ~ GF(aj)y> + f PF(I',Z)GD(Z,:I/) dz = GD(.%’,y)
D\F

The proof of Theorem [T is complete. =
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