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Abstract. This article deals with a mean-field model. We consider a
large number of particles interacting through their empirical law. We know
that there is a unique invariant probability for this diffusion. We look at func-
tional inequalities. In particular, we briefly show that the diffusion satisfies
a Poincaré inequality. Then, we establish a so-called WJ-inequality, which
is independent of the number of particles.
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1. INTRODUCTION

1.1. Model. First, we consider a sequence (X});>1 of independent and identi-
cally distributed random variables with common law /o on R%. We also consider a
sequence of independent Brownian motions (B?);>; on R%. These Brownian mo-
tions are assumed to be independent of the previously introduced random variables.

The system of interacting particles that we look at evolves in the landscape
of a potential V. This potential is denoted as the confining potential. Its effect is,
roughly speaking, to locate the particles in a compact of R%. We assume that the
confining potential V' is convex at infinity but not globally convex. However, we
assume that the Hessian of V' is minorated:

V2V > —61d,

where 6 is a positive constant.
We now introduce the so-called interacting potential F'. We do not assume that
it is either convex or not convex. However, the following inequality is required:

V2F > —ald.

The precise assumptions are given subsequently. We consider the following system
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of interacting particles for 1 < ¢ < IV:

(1.1) XN =X} +oBi - f VV(XiNYds — Z F(XIN — x73Nds.
0 ]:1
Here, N is large.
This system of NV particles in R may be seen as one particle in R Indeed,
let us define

g ey

xNo=(xN o xNN) e RV,

Thus, the diffusion X is a simple diffusion evolving in the landscape of a potential
of RN,

t
N =) + 0B, — N [VYN(xN)ds,
0

where B := (B!, ..., BY), and the potential T*V is defined as

Ni:l 2N i=1j5=1

This model has a natural application in the financial markets in which there is
a huge number of agents who act in function of the global behaviour of the system.
We can also think about the system of exchanges between banks, a classical result
being important for the interaction in the probability of bankruptcy.

With some other assumptions, these equations are used as a model for the
growth of cerebral tumors. Indeed, each of the cells tries to be alone for developing
itself.

Mean-field systems of particles are also used in social interactions (see [H]).
They also appeared quite naturally in the study of stochastic partial differential
equations, see [9].

1.2. Well-known results.

1.2.1. Existence. Basically, we make the following assumptions:

« The potential V' is convex at infinity. In fact, we even have V2V (00) = oo.

« In the neighbourhood of infinity, the confining potential behaves as a poly-
nomial function: (VV (z);z) = ||z|*™ + o(||«||*™) at infinity, where m € N.

« In the neighbourhood of infinity, the interacting potential behaves as a poly-
nomial function: (VF(z); z) = ||z||*" + o(||z|*") at infinity, where n € N.

Then, we consider the maximal degree by putting ¢ := max {m, n}. Thus, if
the initial law admits a moment of order 2¢, that is to say, if

[ llzl*?po(dz) < oo,
Rd

there exists a unique solution to equation (ICT). We denote by (XtN )t>o this dif-
fusion solution. Let us remark that the previous assumption for the existence of a
solution does not depend on the number N of particles.
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Exponential rate of convergence in a mean-field system of particles 147

1.2.2. Invariant probability. There is a unique invariant probability " on
RN for diffusion () defined by

. ) 2N
poN(dX) = 07]1Vexp{—02TN(X)}dX,

where the potential TV is defined in (2).

This potential makes sense when N goes to infinity. Indeed, it represents the
energy associated with the probability % Zf\;l dx,. We can observe that there is
an N in the factor so that the invariant probability and the long-time behaviour
depend on .

1.2.3. Long-time behaviour. Thanks to Bakry et al. [], the measure p” sat-
isfies a Poincaré inequality

Varon (f) < JIVFI? dum

CU(N) RAN

for any f which is a smooth function from R to R. This inequality is equivalent
to the convergence inequality

N 2 2
1P f_E#a,N(f)"L2(Ho,N) < exp{—CU(N)t Var,,o.v (f),

where we have put P} f(x) := E.{f(x")}.

Let us point out that the constant C, (V') which appears in the inequality does
not have any reason to be independent of the number of particles, that is, of the
dimension of the space in which the solution XV evolves.

“1.2.4. Hydrodynamical limit. Intuitively, (th‘,N>t>O behaves as the diffusion
(Y;)@o when N is large. Here, the diffusion X " is defined by the equation

A ' ot A t .
X, =X{+0oB}— [VV(X,)ds — [ VF * p,(X,)ds
0 0
with pg := Pyl. Indeed, we can observe that the influence of the particle j on the
particle 1 becomes small when N is large. So, roughly speaking, the particles of

the interacting system of particles become independent. However, equation ()
can be written in the form

XN = X+ 0Bl - [VV(XPN)ds — [V Y (X2N)ds,
0 0

with pY = % Zj\;l 0 XIN- If the particles become independent, the measure p2Y

converges to jis, which explains why the particles X*" intuitively are close to X'
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We now assume E{|| X[|3¢°} < oo, that is,

S ll2l* po(da) < oo,

Ra
where we remind the reader that ¢ is the maximum of the degrees of V' and F.
Under this assumption, we have a so-called propagation of chaos:

sup E{|| X" - X[} — 0
te[0,T)
forany 7' > 0.
See 2], [T4], [1], [X0], [B], [4] for propagation of chaos.

1.3. Aim of the article. The following theorem is our main result.

THEOREM 1.1. Let the assumptions listed in Subsection 3 hold, and let o
be large. Then the law of the diffusion XN converges to the unique invariant prob-
ability p®N as t — oo in the Wasserstein distance Wo. Moreover, the rate of the
convergence is exponential and uniform with respect to the number of particles.

1.4. Outline of the article. First, we present the assumptions of the article.
In the next section, we justify why the diffusion satisfies a Poincaré inequality.
Then, we give some classical results on this inequality and discuss an eventual
uniform Poincaré inequality. In Section 3, we present the framework of the paper.
In Section 4, we give the main result and its proof. Finally, in the last section, we
give the proof of a technical proposition which is of crucial interest in our work.

1.5. Assumptions. Let us present the assumptions of the paper.

(A1) V is a smooth function on R¢.

(A2) V is convex at infinity: for any A > 0, there exists Ry > 0 such that V2V (z)
> AId for any ||z|| > Rx.

(A3) There exists a convex non-negative function V; such that V2V5(0) = 0 and
Vi(z) = Vo(x) — g||acH2 with 6 > 0.

(A4) There exist m € N* and C' > 0 such that |VV (z)|| < C(1 + ||=||*™~!) for
all z € RY,

(A5) The inequality |V (z)| < ¢||z||? holds for ||z|| < 1; in particular, V' (0) = 0.

(A6) F(z) = G(||z]|) — %||z|*, where G is a polynomial, even and convex func-
tion with degree equal to deg(G) =: 2n > 2 and G(0) = 0. Here, « is not
necessarily positive.

(A7) fRd 1]89° 1o (dzz) < oo with ¢ := max{m,n}.

(A8) The entropy of the probability measure is finite. In other words, pg is abso-
lutely continuous with respect to the Lebesgue measure, and we have

[ uo(x)log (uo(z))dz < oo
R4

where ug is the density of .
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Exponential rate of convergence in a mean-field system of particles 149

2. PRELIMINARIES

We begin by looking at a Poincaré inequality for our model. Let us remind the
reader that the invariant probability 1%V is of the form e~Y. According to [2], it
satisfies a Poincaré inequality under simple assumptions. Indeed:

PROPOSITION 2.1. Let k be a positive integer. Let ju(dz) = e~V ®)dx be a
probability measure on R*. We assume that the potential U is C* and bounded from
below. If there exist « > 0 and R > 0 such that, for |x| > R,

(;VU(2)) > alz],
then p satisfies a Poincaré inequality with constant

41+ (exp{3(aR+1—k)} +1)kg)
(a— (k—1)/R)?

for any R such that o« — (k — 1)/R > 0. Here, kR is the Poincaré constant of
restricted to the ball B (0; R).

The proof is omitted, see [2]. The general idea is the following. We can apply

Theorem 1.4 in []. Indeed, we consider a sequence of smooth functions W,, which
satisfies

W, (x) = exp{3(a—(k—1)/R)|z|}  for|z| > R,
' <R

exp{3(aR+1—k—1/n?} for|z —1/n.

Consequently, we have the inequality
AW, (z) — (VW,(z); VU (2))
1 k—1\
<—5la-=—%=) W,
1 (a 7 ) Wy (x)

1 1
+ (exp{2 <aR—I— 1—Fk— n2)} + 1> Tg(o;r) ()

We may apply this proposition to our model under the assumptions (A1)—(A7).
We now give two classical results on functional inequalities.

PROPOSITION 2.2. Let 11 be a probability measure on R*  and U be a bounded
function from R* to R. We define the measure v — the perturbation of j by U — as
follows:

e

U
dv = 7 dp  with 7 = erd,u.

If i satisfies a Poincaré inequality with constant C, then v satisfies a Poincaré
inequality with constant C exp{supgr U — infgpx U}.
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Proof. Let f be any smooth function. For a = ka f(y)du(y) we have

[ (F@) —a)’due) = [ (@)~ a)*e"@du(z)
RE RF
< expfsupU} [ (£(x) o) du(a)
Rk Rk
C

fexp{s]ll{lp U} f IV f(z)|*du(z)
<C xp{sup U} f IV f(@)|?e V@ dy(z)

Cexp{supU mka}f IV f(z)|dv(z).
Rk

As Var,(f) is the infimum of [, (f(x) — a)Qdy(x) for a € R”, this completes
the proof. =m

Another well-known result is the tensorization one. We present it in R? with-
out any loss of generality.

PROPOSITION 2.3. Let 11 and po be two probability measures on R. We as-
sume that both probability measures py and us satisfy a Poincaré inequality with
constant C. Then the probability measure on R?, 11 ® o, satisfies a Poincaré
inequality with constant C.

Proof. For any smooth function from R? to R, one can easily prove the
inequality

Var,, ¢, (f) < Eupopu, (Varm (f)) + Epou (Varuz (f))7

where Var,,, (respectively, Var,,) means that the first (respectively, the second)
variable is the only one to be affected by the integration. Indeed, this inequality is
equivalent to

Eu1®u2 (f2) - Eu1®u2 [(Em (f))Q] - Eu1®u2 [(Euz (f))Q] + (EM1®M2 (f))2 > O’

which can also be written as

Eu1®ﬂ2 [(f - E,ul (f) - EM2(f) + EM1®M2 (f))Q] > 0.

However, the Poincaré inequality implies

Vary, (f) < C [|Va fPdun  and  Vary,(f) < C [ |V, f|? dus,
R R

which completes the proof. =
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Exponential rate of convergence in a mean-field system of particles 151

We proceed in a similar way for the tensorization of £ measures on R.

In the model considered we have a Poincaré inequality. However, the constant
may depend on the dimension.

The following constant, which appears in Proposition 71l does depend on the

dimension:
41+ (exp {3 (aR+1—k)} + 1)kR)

(o= (k—1)/R)?
Indeed, R has to be such that « > (k — 1)/R, which means that R > (k — 1) /.
Consequently, the constant is greater than

4(]. + QK(k—l)/R)

(o — (k—1)/R)?

However, we can remark that limp_,,, kg = +o00.
By using the tensorization result, we easily prove that the measure

2 N
exp{ - ;El V(xk)}dxl codxy

satisfies a Poincaré inequality with a constant which does not depend on the dimen-
sion N. If we assume that F' is bounded, we can use the perturbation result to prove
that the measure exp { — %NTN(xl, ...,xy)}dxy ... dzy satisfies a Poincaré

inequality. However, the constant just obtained does depend on the dimension.
Let us observe that we can write

N
NYN(zq,...,2n5) = kz (V (zk) +F*77X(xk:))7
=1

with ¥ = % Z]kvzl 0z, However, we cannot use the tensorization result. Intu-
itively, the propagation of chaos means that the particles become independent so
that we have a Poincaré inequality with a constant which does not depend on the
dimension.

In the following, we deal with W/-inequality to get inequality independent of
the dimension.

3. FRAMEWORK

Let us give the framework (definitions and basic propositions) of our paper.
We begin by introducing the Wasserstein distance.

DEFINITION 3.1. For any probability measures on R%, 11 and v, the Wasser-
stein distance between p and v is

Wy (5 v) == /inf B{|| X — Y]},
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where the infimum is taken over the random variables X and Y with law p and v,
respectively.

By Brenier’s theorem, see [[7], the Wasserstein distance can be characterized
in the following way.

PROPOSITION 3.1. Let i and v be two probability measures on R%. If 1 is
absolutely continuous with respect to the Lebesgue measure, there exists a convex
function T from R® to R such that the following equality holds for every bounded

test function g:
[ g@)v(dz) = [ g(Vr(@))u(da).
R? Rd
Then, we write
v = V1#u,

and we have the following equality:

Wy (1; v) W |z — V7 (z)|2u(dz).
Rd

The key idea of the paper is a so-called W Jy, p-inequality. Let us present the
expression that we denote by Jy (v | ) if v is absolutely continuous with respect
to the Lebesgue measure:

Jv.Fr (V| w) = Jvo (V| )
+5 ff (VF(&(z,y)) — VF(z —y); &(z,y) — (x — y) )u(dr)p(dy),

de

with {(z,y) := V7(x) — VT(y) and

Jvo(v|p) =— f <AT + AT (VT(2)) — 2d>u(dx)

+ f <VV(VT($)) —VV(x); V() — m>u(d:c),
R4

where 7* denotes the Legendre transform of 7. Here, we have v = V7#u. We now
present the transportation inequality, already used in [[], [8], [B], [T3], on which
the article is based.

DEFINITION 3.2. Let 4 be a probability measure on R? absolutely continu-
ous with respect to the Lebesgue measure and C' > 0. We say that p satisfies a
W Jv, i (C)-inequality if the inequality

OW3 (v; 1) < Jvr (v| )

holds for any probability measure v on R,
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In the following, we aim to establish W J-inequality for the invariant probabil-
ity 4@ of diffusion (ICT). It is well known that ;>% is absolutely continuous with
respect to the Lebesgue measure. Consequently, we can apply Brenier’s theorem.
So, the W Jy, p-inequality reduces to an inequality on the convex functions 7 from
R? to R.

Let us remark that a W .Jy, p-inequality does imply the required convergence.
Indeed, it is a consequence of Proposition 1.1 in [B].

4. MAIN RESULTS

Here we use the result from [S§]. We know that a W .Jy p-inequality holds
with some constant C,, y. Therefore, a W Jy, p-inequality holds with the constant

ngN — (a+0):

PROPOSITION 4.1. Under the assumptions (A1)-(A7), a W Jy, p-inequality
holds for the measure 11° with the constant Cy v — (o + ), where

o,N = (N, R),
Con = REF Co N 1)

and
. [K(R) o* 2
(4.1) Cy(N,R) :=min —3 3 momr XPY T ;S(R) ;
K(R) 3 — 24N 2
(6 ) 9dN eXp{UQ([(R) _S(R))}}v
with
— 2N
4.2) K(R) := H;ﬁgRNV 1o (x),
— N
(4.3) I(R) := IIXIIIIgQRNT (X),
(4.4) S(R):= sup NYN(x).
IxII<3R

In the definition of K (R), the infimum is understood as the smallest eigenvalue of
N VQT{)V (x). Furthermore, T(])V is defined as follows:

N N | NN
NYG () == > Volxi) + oN > Glxi — x5l)-
i=1 i=1j—=1

This proposition is Proposition 3.4 of [A] with explicit constants. For reader’s
convenience, in Section 5 we repeat the proof from [f], tracking the constants
carefully.

However, nothing ensures us a priori that Cy v — (o + ) is positive. This is
the aim of the next theorem:
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THEOREM 4.1. There exists 6. such that Cy Ny > o+ 0 for any N if o > &,

Proof. We will use Proposition Bl and the notation introduced therein.
From (A2) and (A3) we get

VENTY (x) > (12a +120 + 12)1d  if [[x]| > R := Riza+110+12.

Therefore,
4.5) K;R) d(a+0+1).
From (A4) and (AY5) it follows that
vl <e (o + ), o e
2m )’ '
which together with (A5) implies that
(4.6) V(@) < e(ll]® + [|lz*™), = eR%

On the other hand, from (A6) we get F(z) = G(||z||) — &||z||* = D" p_, boxllz||?*
for some by, € R. This and (E6) give

1 N N
@7 NYN(y Z V(xi) 2N Z > Flxi—xj)
=1 J=1
N ) ) 1 N N n ok
e Sl + Il + 5 3 5 3 bal — %
i=1 i=175=1k=1

We continue, using the elementary inequality |a — b|?* < 22#=1(|a|?* 4- |b|?*), and
obtain

N n N
NT(x Z (bell® + 1 17™) + 32 022271 3 ol **
=1 k=1 =1
c(9R* + 9™ R?™) + 3 by 2P 1OPRPF < R if ||| < 3R
k=1

where ¢ = max{m, n} and the constant ¢’ depends only on V" and F. Thus,
(4.8) S(R) < ¢ R*,
Finally, to estimate I(R), we use (A3) and (A6). For ||x|| < 2R

NTY(x) > -3 Z il — Z Z Ixi = x5!
i=175=1
(67
—20R* — — Z Z 2(Ixi 1 + Ix511*) > —(260 + 4a) R?,
2 15=1
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Exponential rate of convergence in a mean-field system of particles 155

hence
4.9) I(R) > —(20 + 4a) R?.

We are now ready to estimate C, (N, R). The first term in the minimum on the
right-hand side of (B) is greater than 4(«v + 6 + 1), see (B3). The second term is

greater than
2
g 2 ! P2q
mR?eXp{_ 2k }

see (BER), which in turn is larger than o + 6 + 1 for o large enough. Finally, the
third term in the minimum in (&) is greater than

1 2 1
2(a+9+1)2exp{02(—(29+4Q)R2_6/R2q)} >a+9+§

for large 0. To summarize, Cy (N, R) > o + 6 + % and, consequently,

1
Co',N > o + 0 + 5
for every N € N and for large 0. =

Proof of Theorem [ From Theorem B, if the diffusion coefficient
o is large enough, a W .Jy p-inequality holds with a constant which does not de-
pend on the dimension. Thus the assertion follows from Proposition 1.1 in [6]. =

5. PROOF OF PROPOSITION 4.1
. T
Here, we consider a monotone map A on R™, and by VA := % w
denote the symmetric part of its Jacobian.
We remind Lemma 3.12 of [5]:

(S

LEMMA 5.1. Let A be a C' monotone map on R™ for which there exist two
constants R and K > 0 such that VS A(x) > K for all |x| > R. Then

(Ala) — A)z —) > S e —yl?

if|z| > 2R or ly| > 2R.

Proof of Proposition B, We follow carefully the proof in Sec-
tion 3.5 of [5]. Next pages are an adaptation with o # 1 of Section 3.5 in [5].

Let ¢ be a given strictly convex function on R™. Let us recall that, for the
Hessian operator,

V2 (Vg(2)) = (V2p(z))
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and, in particular,
% -1
Ap*(Vo(z)) = Tr[(Ve(x) ],
Tr being the trace operator.
Let X be the subset of R™ defined by

X :={z eR": |z| <2R,|Vy(x)| < 2R}.
Step 1. First of all, by monotonicity and Lemma B, we have
2
[ (A(Ve(z)) — A(z); Vp(z) — z) exp { = (ﬂV(x)}dx
Rn
> [ (A(Ve(z) — A(z); Vo(z) — z) exp{ p V(a:)}da;
XC
K
> —
31,

Step 2.On the other hand, for § €S" ! we let Ry :=sup {r>0: rfc X }.
In particular, Rgf € X and Ry < 2R. Then, we let 7y € [Ry, 3R] such that

[V(rgd) —rgf| = inf {|Vo(rf) —rf| : r € [Ry,3R]}.

Ve(z) — 2 exp { _ ;V(m)}dx.

In particular,

V(p(?"ge) — 7“99‘ + ’7”99’
|Vp(Rg0) — Reb| + |re0|
<2R+2R+3R="TR,

since |Vp(Rpb)| < 2R and |Rgf| < 2R for Ry € X.
Then, for 70 € X with 0 < r < Ry < 1, let us write

|Vp(red)| <
<

V(rf) —r = Vp(rgd) — reb + }[V%p(s@) — I10ds.

To
Letting H, := V?((s6) for notational convenience, we decompose as
[H — 116 = [H,/? — H'?1H %6,

so that

\} — 1]0ds|* < (Tf \HY? — HV?)|HY?0)ds)?
< <7 |HY? — H7V2)2 exp {—iV(s@)}ds)
) o
X (7\H;/20|2exp {iV(sQ)}ds)
o

r
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by the Holder inequality. But

1/2 ~1/2 _
\HY? — HV2P = up [H? — Hy P22 — sup ([Hs =21+ H |z; x)
zERN ‘$|2 zER™ ‘x’2

< Tr(Hs — 21+ H]') = Ap(s8) — 2n + (Ap*) (V(s0)),
since the eigenvalues of H — 21 + H~! are non-negative. Moreover,

[HY/?01” = (HY0; H)/?0) = (H0; 0).

Hence,
[Vip(ro) — r6]? < 2|Vip(rgh) — re6)?

42 (f (A (s6)~20+A¢" (Vi(s6))) exp{—sz(se)}ds>

T

X (f (H.0: 0) exp {;V(se)}ds>,

T

where
To

J(H0; 0)ds = (Vo(ref) — Vo(rd) ; 0) < [V(red)| + [Ve(rf)] < IR

T

for 76 € X. Hence,

[ [Ve(z) — o exp {— ;V(x)}d:c

X,|z|<2R
Ry 9
< fl L{)‘ pn—1 |V(ro) — 1"9|2 exp {— OQV(TH)}deQ
Sn—
Ry 9
<2 [ [IVe(red) —red|* exp { 2V(T9)}drd0
Sn—1 0 g
Ry L Ty
+AR) [ [t (Agp(s@) —on+ Ag* (w(se)))
Sn=1 0 r

2
X exp {— 2V(89)}dsdrd0,
o

where

MR) = 18Rexp {022 sup {V(z) : |z] < 33}}.
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But,

Snjil IZQ et 7:[9 (Acp(s@) —2n+ Ap* (Vgo(s&))) exp {— ;V(sﬁ)}dsdrdﬂ
< Si1 f}es”_l (Agp(s@) —2n+ Ap* (Vgo(s@))) exp { — ;V(se)}dsdrdﬂ
<2R [ ?jfs”_l (Ago(s@) —2n+ Ap* (Vgo(s@))) exp {— ;V(sﬁ)}dsdﬂ

N 0
= % . % / (A(p(:r) —2n+ Ay” (Vgp(x))) exp { — ;V(a:)}dx.

Hence,

(5.1 [ V() —a:|26xp{— ;V(l‘)}dﬂ?

X,|z|<2R

2 2
< 2exp {— s inf{V(x): |z| < QR}}( )" [ IVe(red) — ro0|* do
S§n—1

4R ) % i (A(p(q:) —2n + Ap* (Vgp(a:))) exp {—;V(m)}dx.

Moreover, by Lemma B and the definition of g, we obtain

[ (A(Ve(z)) — A(z); Ve(z) — z) exp { - ;V(m)}dx

|2|<3R
2
> [ {(A(Ve(x)) = A(z); Vo(z) — x) exp { — 2V(:U)}dx
2R<|z|<3R o
K 2
>— [ |Ve(x) - x| exp {— 2V(a:)}doc
3 oR<jz|<R g
K 2 )
> —exp{——sup{V(z) : [z| < 3R} 1l |\Vo(x) — x|” dx
3 g 2R<|x\<3R
K 2 el
= 5 €Xp §~ 3 SUp {V(z) : |z| <3 f r [ V(o) — 0| dodr
S§n—1
K 2 n—1 2
> —expq——sup{V(z) : [z| < 3R} f r [ IVo(re) — rb|” dodr.
3 o IR sn-1

Probability and Mathematical Statistics 37, z. 1, 2017
© for this edition by CNS



Exponential rate of convergence in a mean-field system of particles 159

Hence, there exists a constant C'(R, K') such that

(52) C(R,K) [ |V(ref) —reb|* do
Sn—l

< [ (A(Ve(z)) — A(z); Vo(z) — z) exp {— 22V(a:)}da:
2| <3R g
Thus, we have
CRK) = K exp {—2 sup {V(z) : o] < 33}}1 (3" — 2") B".
’ 3 o? n
It follows from (B1l) and (B2) that

C'(R,K) [ |Ve(z)— 2| exp { — ;V(x)}d:z:

X,|z|<2R

< [ (A(Ve(x)) — A(z); V() — ) exp {— ;V(x)}dg;
|2|<3R
2

+ % II£SR <A<p(x) — o+ Ag (ch(x))) P {_ ;V(x)}dx’

where
i1 =min{ 2 e {- S5t |
] S - s,

o2

with I(R) := inf|;j<or V and S(R) := supj,<3r V-

Moreover,
2
f <A(V<p(x)) —A(z); Vo(z) — :c> exp { - 2V(m)}al:c
2| <3R g
K 2
> X V(@) — ol exp  — V(@) baa,
3 oR<fzl<3R o?
so that
2
C"(R,K) [ |Vep(z) — z|* exp { - QV(x)}dx
X g

< [ (A(Ve(@) - A(2); V(@) - o) exp {— ;V(x)}dm
|z|<3R

o? *
+ 5 |x£33 <A<p(x) —2n+ Ap (ch(x))) exp {— ;V(ﬂs)}dm,
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where

K o2 2
" -— 3 . _ .
C"(R,K) := mln{ 37 7 2exp{ U2S(R)},

%?g;nznexp {022(1(3) _ S(R))}}.

Finally, the last two integrands are non-negative maps, so we can bound from
above these last two integrals on the set {|x| < 3R} by the corresponding integrals
on the whole R™.

Step 3. We conclude the proof by adding the estimates in Steps 1 and 2.
Then, we replace V by NTV. u
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