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Abstract. Let {X,,,n € V C N?} be a two-dimensional random field
of independent identically distributed random variables indexed by some
subset V of lattice N2. For some sets V' the strong law of large numbers

> X
. keV,ksn
lim ——— =pas.
n—oo,neV |n\

is equivalent to

EXi=p and Y P[Xi|>|n|] < occ.
nev

In this paper we characterize such sets V.
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1. INTRODUCTION

Let {X,,,n = (n1,n2,...,n4) € N} be a family of independent identically
distributed random variables indexed by N%-vectors, and let us put

Sp=> X, neN

k<n

where £ < n iff k; < nj;,j =1,2,...,d. In this paper we investigate the almost

. def .
sure behavior of the sums S,, when |n/| = H;lzl nj — o0, i.e., the strong law of

large numbers (SLLN).
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186 A. M. Gdula and A. Krajka

In the case of d = 1 the classical Kolmogorov’s SLLN result asserts that

Sy
(1.1) — — [ a.s.
|
is equivalent to
(1.2) EX =pu, E|X|< oo,

where here and in what follows X = X;. The proof of Kolmogorov’s SLLN is
based on the fact that for d = 1 the relation (I is equivalent to

Sn

n|

(1.3) Vw0 P[ ,u’ > ¢, infinitely often| = 0.

This is not the case if d > 1, since (1)) is weaker than (I3) even for i.i.d. random
fields. Fortunately, Smythe [8] (Proposition 3.1, p. 913) observed that for i.i.d.
random fields satisfying E'|X | < oo (this is obviously necessary for (I to hold)
relations (1) and (I3) are equivalent. Moreover, Smythe [[Z] proved that (I3) is
equivalent to

(1.4) EX =pu, FE|X|(log, | X)) < .

Let us notice that the sufficiency of (I"4) was obtained in a more general setting of
non-commutative ergodic transformations much earlier by Dunford [I] (see also
Zygmund [T0]).

It was Gabriel [2] who first observed that if we replace the whole lattice N
with a sector Ved ={n:0n; <n; <0 'n;, i#j, i,j=12,...,d}, then the
situation is completely analogous to the one-dimensional case, namely F|X| <
+o0 if and only if

. Sn .
lim — exists a.s.,
V' n|
and then the limit is, of course, equal to £FX. Here limy ¢, = cp means that for
every € > 0 we have |¢,, — co| < € for all but a finite number of n € V. (We refer
also to [3] for the sectorial Marcinkiewicz—Zygmund laws of large numbers.)

Later, Klesov and Rychlik [G] and Indlekofer and Klesov [&] proved that for a

large class of subsets V' C N the SLLN along V i.e.

S
(1.5) lim —= = EX as.,
V' |n|
is equivalent to
(1.6) 3 P[IX]| > |n|] < +oo.

nev
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SLLN for random fields 187

The relation (ICA) can be written in terms of the Dirichlet divisors. For V. C N¢ let
us define

v (n) =card{k € V : |[k| =n}, Ty(z)= > mv(k).

k<x

By the very definition we have

ZVPHX\ > |n[] = ETy (1X]),

hence (1.6) can be verified if we are able to determine the asymptotics of 7j,. For
example, using methods of number theory, one can show that

Tya(z) ~ nwg—1(log x),

where wy_1 is a polynomial of degree £ — 1. This in turn leads to (1.4) as a neces-
sary and sufficient condition for (1.1) and rediscovers a result of Smythe [R].

In fact, the results of [B] and [H] were proved for the case d = 2 only. We
shall describe them briefly. Let us introduce the following classes of nonnegative
functions on N:

def

B=Aff e < f2), f(x)/z 7},

G = g9/, g9@) <w, gla)/z \J,
I def {f : f is nondecreasing, = < f(z)},

Go def {g : g is nondecreasing, g(z) < z}.

By C(F;,G;),i = 1,2, we will denote the class of subsets V' C N? of the
form

V =V(f,g)={n=(n1,n2) : g(n1) <nz < f(n1)},

where f € F;, g € G;. Then the main result of [4] states that the class C'(F;, G1)
consists of good sets, i.e. such that (1.5) is equivalent to (1.6), while the paper [G]
proves that a larger class C'(F», G2) has this property as well.

The purpose of the present paper is to indicate some other classes of subsets
of N2, which are determined by classes of functions F; and G, exhibiting less
regularity in comparison with C'(F», G2), but still containing C(F», G2). In the
next section we provide three theorems, each exploiting a different direction, as
Example 2.1 shows:

(i) We smooth out the boundaries from up and down and evaluate the differ-
ence of series (ILA) for these boundaries.

(i1)) We introduce the usual order for the boundaries with a finite number of
oscillations.

Probability and Mathematical Statistics 37, z. 1, 2017
© for this edition by CNS



188 A. M. Gdula and A. Krajka

(iii) We smooth on the boundaries from the bottom and evaluate the measure
of area between the smoothed and original boundaries.

Throughout the paper, ¢ denotes the generic constants different in different
places, perhaps. All functions in the families ' and G considered in this paper al-
ways satisfy additionally f(z) > z,2 € Ry, and 0 < g(z) < z,z € R, respec-
tively. We will use the inverse function for not necessarily strictly monotone and
continuous functions putting f=(y) = inf{x € Ry : f(z —0) <y < f(z +0)}
and f~!(y) = sup{z € Ry : f(x — 0) <y < f(z + 0)}. Furthermore, for an ar-
bitrary graph I' = {(z, f(2)),x € X }, where X C R, we define the N? boundary
of I' by
1.7)

0Ny = {(i,5) e N*: 3 fin) < g, f(ia) > j2}
(i1,41),(i2,j2) €
{(@5),(i41,9),(4,5+1),(i+ 1,5 +1) }

(obviously, this definition obeys the case when f is a function). In the whole pa-
perwenote x Vy = max{z,y},x Ay = min{z, y},log, x = max{logx,0}, and
log = denotes the natural logarithm.

2. MAIN RESULTS

For an arbitrary function f € R%*, we put

f@) = inf f@). F@)= swp fw.

ouke

It is easy to check that B
() f(x)is nondecreasing, f(x) is nondecreasing,

(i) f(x) < f(z) < f(x),z € Ry,
(iii) for f(z) nondecreasing or f(z) nonincreasing, f(z) = f(z) = f(x).
Furthermore, for two functions f, g we put

(for fixed f,g we will often omit arguments), and for arbitrary families of the
functions F' and G let us define

C(F,G)={V(f,9): f€F, ge G},

@1 C(F,G)={V(f,9): f € F, g€ G}.

Moreover, let us define the families of the functions { F3, G} as follows:

o log 7(£)V6  log g(i)\/e
Fg:{f;fwdx@o}, Gg:{g:fwdxm}_
0

V1 0 V1
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SLLN for random fields 189

THEOREM 2.1. The class C(F3,G3) consists of good sets.

Let By(y) denote the minimal family of connected subsets of the set {(z,y) :
f(x) <y} (minimal means that for every By € By(y), B2 € By(y), B1 # Do,
By U By is disconnected). Let us note that all sets of the family B (y) are subsets
[0,y] x {y}. Furthermore, let K ¢(y) := card{B#(y)}. Let us define

Fy={f:supKs(n) < oo}, G4={g:supKy(n)<oo}.
neN neN

THEOREM 2.2. The class C(Fy, G4) consists of good sets.

Now we consider the families:

= {F Vaernyeiso s { [y = £(@)]log, (2 - f(@)]) < ey
or [ £71(y) — o log (u[/=H(w) — 1) < e} },
Gs = {9+ Vaew yelom g@nrm {[9() -yl log.. (2[5(x) = y1) < ey
or [z =5~ ()] log, (ylz =7~ ( ﬂ)w}},
Fy = {f : Vaen[f(2) = ()] log, (a[f(2) - f(2)]) < ef(a

Ge = {9 : Vaen[g(x) — g(fﬂﬂ log, (z[g(z ) g9(z)]) < cg(x)
Fr = {f : Vaenye(s@).f@)nn [ f=) — [=Hy)] log, (y[f=

~—

}

)

TE
N
|
T
I
&
—
~—

THEOREM 2.3. The class C(F5, G5) consists of good sets.

It is obvious that if I C F/,G C G, and the class C(F”’, G') consists of good
sets, then the class C(F, G) consists also of good sets.

REMARK 2.1. The following inclusions are true:
FsUF; C F5, GgUGr CGs.

Because for f nondecreasing and g nondecreasing we have f = f = 1, g=
g=gand K;(y) = 1, K4(y) = 1, we get

COROLLARY 2.1. The following inclusions are true:
Fy,CFy,CF, and G1CG2CGZ' fori:3,4,5,6,7.

Therefore, all our Theorems 2123 generalize the main results of [2] and [6].
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190 A. M. Gdula and A. Krajka

EXAMPLE 2.1. We will consider the class of functions

(2.2) f(x) =u(z) + g(m)’cos (h(x)w)‘

for nondecreasing positive functions g and u, with u(z) > =, and an arbitrary func-
tion h. Notice that we always have f(z) = u(x) + g(x) and f(z) = u(z).
() If u(x) = 2°(log x)?, g(z) = 2%, h(z) = 2%(logx)?, = € R, then the
assumptions of Theorem Il are satisfied, but those of Theorems 22 and 73 fail.
(i) If u(z) = z, g(x) =z, h(z) = (v — 2F) /21 2 € R, k = [log, 7],
then the assumptions of Theorem 22 hold, but those of Theorems 1 and 23 fail.
(iii) If u(z) = x, g(z) = x/logz, h(x) = 2%, x € R, then the assumptions
of Theorem 3 are satisfied, but those of Theorems T and I fail.

3. PROOFS

Proof of Theorem [ZI. From Theorem 1 in [2] we infer that for arbi-
trary families of the functions F, G the conditions for both the classes C'(F, G) and
C(F, G) to consist of good sets are satisfied, i.e.

Sp
@ (ZPHX‘>mH<ooandEX:,u)<:)hmm i,
nev.
and
.. s,
(ii) (ZPHX\>]QH<ooandEX:M)<:>hmW .
v n
neVv

If additionally we show that, for every fixed f € F3,¢g € Gs,

(3.1) > PX] > nf] < o,
neV\vV.

then the assertion follows from the chain of implications

(Y PlIX|>nf]<ocand EX=p) ' ('3 P[X| > [n]] < oo and EX = p1)

nev nev
g(hmsn ,u) (th_ > (thn:,u,)
[ n| vV |n|
W (¥ Plx[> Infl <00 and BX =p) D (¥ P[IX]>nl] <0 and EX = )
neyv neV

so that it is enough to prove (Bl). From the above considerations we may and do
assume that EX = p, i.e. E|X]| < oo.
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SLLN for random fields 191

Because for each nonincreasing function h and nondecreasing ¢ we have

h(z) Ab(Ddz, > P[IX|> [nf] < EV[X]

nedNt

> h(n) <
n=1

/
o—3

(for the last inequality see the proof of Lemma 2 in [&]), and

ElX]|
T PIXIzml< T S
neV\V neV\v. =
we obtain
1
S P[IX|> |nf] < E|X| I/ dayd
neV\v freR? f) <<y (1Y D@2 VD)
1
+ E‘X| dl’ld{L‘g
{zeR?:g(x1)<z2<g(21)} (z1V1)(@2 V1)
+ > PlX[>n]+ > PIX|> [nl]
QG@AL ﬂeaA?
+ > PX|> ]+ > PIX]>[n]]
QGBAg nedlg
< E|\X|L + E|X|I, +4E+/|X]|, say.
Now we show how to evaluate I .
First we remark that because for 0 < a < b < oo we have
b log(b/a) ifl<a<b,
f:c\/ldx: log(b) + (1 —a) ifa<1<b,
“ b—a ifa<b<l,
and for a < 1 we get log /% bve > 1, the following inequality holds true:
b
1 bVe
dr < 21 .
J ot <2l oy
Therefore,
(z)Vve
oo f(z1 1 o log (f(x)\/ )
d 2 dr <
‘[ .732\/1 xl\/l 1S ‘[ V1 T

0 f(=

and similarly for I < co. =
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192 A. M. Gdula and A. Krajka

For the proof of Theorem 22 let us notice that the functions f and ¢ from the
families F; and G4, respectively, can be discontinuous. If, e.g., f(zo — 0) = yo <
y1 = f(zo + 0), then we “complete” the definition putting f(xo) = [yo,y1] (the
whole interval [y, y1]). Obviously, at this moment I' = {(z, f(z)), 2 € R} is not
a function, but a continuous graph, and f is a relation. However, we will write later
“function f”, so that it does not cause misunderstanding. We say that the piecewise
continuous graph {(x, f (:c)) ,r € X } for X C R satisfies the condition G iff

CONDITION G. If{(x,f(x)),ac € (xo,xl)} and {(x, f(w)),x € (:L'Q,xg,)}
are two pieces where the graph is continuous and x1 < T2, then f(zg) < f(x3).

For such graphs we have

PROPOSITION 3.1. Let {(az, f(a:)),:p € X}, where X C R, be a piecewise
nonincreasing graph satisfying the condition G. Then

(3.2) S PX| > ij] < 4E|X].
(z',j)EBAf

Proof of Proposition Bd. By Q(i,7) we denote the square {(x,y) €
R2:i<a<i+l,j<y<j+1}.

Let us consider one piece of the graph I' = {(z, f(z)),z € (wo,z1)} on
which the graph is continuous (and it is not continuous or even does not exist
at xq).

The boundary of this piece of the graph can be expressed as a subset P} (may
be empty) of the path P = [(4,j),..., (i + k,j — l)] for some positive integers
i,7,k,l, where if (i1, j1) and (i2, j2) are subsequent points, then (i2, j2) is equal to
(i1 + 1,71) or (41,71 — 1), or (i1 + 1,71 — 1) according to the way the graph I’
“goes out” from (i1, 71) and “enters” Q(i2, jo). If the graph I" does not “enter”
the interior Q(ig, j2), then (ig, j2) & Py, but obviously (iz, j2) € P.

For such paths P and P, we construct a function H defined on A and taking
values in {(z,1) : x € N} U{(1,y) : y € N} as follows:

H((Zlv.jl)) - (ila 1)7
(ik, 1) if i > 11,
(L,gk)  ifig =ig_1.

H (i, jr))

On the piece (zg, x1) we have
H(Af, g eyy) €L 1), (G41,1), 0 (i E, 1), (1, 5), (L= 1), ., (L7 =D,

and H is the injective function (in this area), where f |xe(x0,x1) denotes the restric-
tion of the function f to the interval (z¢, z1). Obviously, because for every point
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SLLN for random fields 193

(i,7) € (N\{0})? we have ij > max{i, j}, it follows that

(3.3) Y PIX]> i) < > P[IX| > ij].

(i,j)GA” (Z’])GH(A )

z€(xg,r1) f|me(a:0,x1)

It may happen then that one continuous piece of the graph I' has a path of
boundaries [(7,j),...,(i + k,j — )], whereas the next continuous piece of the
graph contains a point (i + k, j), and in this case the projection H may transform
(i + k, 7) into the existing point (¢ + k, 1) or (1, 7); consequently,

(3.4)
oo
> PIX[>idjl<2 > PX[>u] <4} P[X]>i] =4E|X],
(4,7)€0¢ (i,7)€H (0f) =1

which completes the proof. =

Proof of Theorem 2. Without loss of generality we assume £ X =0.
We consider only the sector {(m,n) € R? : m < n} and the family of functions
F since in the case (G4 the proof runs similarly. For the function f : R — R, such
that f(x) > x and every y € R, we define the partition of the interval [0, y] =
By(y) + A5(0) by By(0) = () : /o) < 0} A0) = ((@.0) ) > ),
an

By(y) = ([0,21) x {y}) U (w2, 23) x {y}) U... U (@K (p)-1, Tk, ) X {U})

Kf Y)
U1 By(f,n)
Ap(y) = ([z1,22] x {y}) U ([ws,z4] X {y}) V... U ([, ), 9] x {¥})
Ky (y)
OAkf, 0<z1 <xp<w3<...<Tgy <Y,

for some finite (the definition of the family F}) integers K ¢(y) € N. We put K =
sup{K¢(y) : y € R}. For each y we complete the families B(f,y) = {Bx(f,v),
1 < k< K¢(y)} putting Bi(f,y) =0 for k = Ks(y) + 1, K¢(y) + 2,..., K.
Immediately, from the definition of this family we have the property

Vo <yo Vi<isk J1<j<uBi(f, y1) C Bj(f,y2).

Thus, on the base of the family B( f, y) we define the family

=

Mi
I,
-
N
~+~
A

U Bj(f,t), 1<k<K.
B](fvt)CBz(fzy)vlg.]gK

Lk(y) =
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194 A. M. Gdula and A. Krajka

Furthermore, for every 1 < k < K we put

Alk) = U A(fry), k=1,2,3,....K.
yER

We explain the introduced families in Figure 1.

FIGURE 1. The partition of the graph on the areas A(i),1 <i < K

It is easy to check that Lemma 1 and the proof of Theorem 1 in [4] hold for the
sequences {n;, k € N} C A(k) and the increasing sequences of sums of random
variables

Yﬂ(k) = Z Xm = Z Xma n € A(k)>
meT'y (nz)NN? me([l,n]x[1,n2]NB
iff only A(k) is not bounded for £ = 1,2,3,..., K. Some comments are required

about the fulfilling of Lemma 2 in [4] for the boundaries of our sets A(k). The
boundary of such sets can be divided by at most K graphs =;,1 < 7 < K, piece-
wise continuous and increasing (in Figure [l we mark three such graphs: a, b and
¢, respectively) and at most K graphs T;,1 < ¢ < K, piecewise continuous and
decreasing (in Figure I we mark two such graphs: d and e, respectively). For
each graph from the family =;, 1 < ¢ < K, we intermediately use Lemma 2 of [4],
whereas for the graphs from the family T;, 1 <¢ < K, we use our Proposition B-1l.
Thus, using the notation of [4],
Yo (k)

lim — =0, k=1,23,..., K,
neA(k) Hl,nl] X [1,n2] N B‘
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SLLN for random fields 195

and because each subsequence N' = {n; € A,i € N} can be divided into K sub-
sequences N N A(k), the assertion holds. =

Note that in the above proof we use only the definitions of {4;(f,vy), Bi(f,y),
[i(y)} for integer y’s. Therefore, we restrict ourselves in the definitions of F; and
G4, and K¢ (y) and K4 (y) for integer 3’s, only.

Proof of Theorem [Z3. We show that if

Sh
3.5 lim =& = = FX,
Vv on
then
. S
(3.6) Iim — = FX.
V. on

Obviously, (B3) follows from Theorem 1 in [4]. Then we have F|X| < co. Fur-
thermore, we define four functions:

‘ V—1V,
My - { ((k1, k2)) = (k1. [ f(k1)]),

. V—-V,
Mo { ((k1, k) = ([f~1(k2)], k2),
M - { V—V,
AU Ms (k1 k) = (K1, [G(k1)1),
V —V
My : T
! { ((k1, k) = (Lo~ (k2) ], k2).
Obviously, as M;(k1, k) € V,1=1,2,3,4, from (33) we have
. SM; (n)
1
inl—somev [M;(n)]

(3.7) =EX, i=1,234.

Let the sequence {n;, = (nix,n24),k € N} C V\V be such that |n,| — oo,
and let

4
{og, € N} = Uy = (nionih). b € N}

be four subsequences such that

(£ = F(n DT logy (T F(nf)) = F(i)]) < ef (1)),
[f=Ln) — f=mE)] 1og+ (205 — £ nE)T) < efLn$)).
g(n(%) — g1 log,, (i 7g(n%) — 9(n)1) < cg(n?),
[~ (n5)) — g H(n$) T og, (n$) g7 () — g (nE)1) < egH(nlY)
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196 A. M. Gdula and A. Krajka

At least one of the above-defined subsequences is infinite (we denote the set of
such subsequences by I).

Let us remark that for z > y > 0 we have |x| — |y] < [x — y]. Indeed, if
x — y is an integer, then |z| — |y| = 2 —y = [z — y]. On the other hand, since
for arbitrary z € (0,2) we have | z] < 1, it follows that

lz] = ly) = |z — lyl] = [z —y+ {y}]
=|le—yl+{r -y} +{v}| = lz -yl + [{z -y} + {y}]
<lz—yl+1=[z—y].

Therefore, the subsequences defined as above satisfy

(3.8)
() (%) (@) ()
— | M; 1 — |M;(n V1
lim sup (mk Il (ﬂk )|)(Og+ (|nk il (nk )|) ) <c<oo, 1€,
k—o00 |nk ‘

and, in consequence because limy\ - log | (|nk)| —|M;(n (z))|) = +o0or |Ql(€l)| =
‘Mz(ﬂk )|,k € N, we obtain

(i)
M;
(3.9) limsup% 1, del
k—o0 ’nk ‘

On the other hand, let us remark that

D
Sp — SMi(ﬂ) ™~ Pn—M;(n)>

and from Theorem 1 in [5] we have

S w—FES @ -8 +ES
) n,

Mi(y”) M)

lim — o o . =0, iecl.

ko0 (mk | — ‘MZ(ﬂk )\)(10g+ (mk | — ’MZ(ﬂk )D \ 1)
Because forz € I

—ES o+ ES
610 Jim o Mital?) o
k= (|ny )(log+ (|”k — | Mi(n”)]) V1)
. —FEX
= lim . ‘ =0,

= log, (|nl’| — [Mi(n{™)]) v 1
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and
S )
7]‘; —
fim { Sy M) S0 = Sunal?)
oo | M) 0] (10— Mi@7))) (log (Inl” |- M (7)) V1)

(1= M) (g (1] = [ Mi()[) v 1)
ng”|

=EX-140-c=EX, iel,

and, in consequence,

Sn,
3.11) lim —% = FX,
k—o0 ’nk\

the proof is completed. m
Proof of Example E. In all the three cases we have

og (T@)ve og (@)l ve
0 Og:(cfv(xlw) —f i x\/1V1 )dx

)

[f(z) = f(2)]logy (x[f(z) — f(x)])
= [g(x)’cos (h(z)m)|] log,. (az [g(x)}cos (h(z)) H)

In the case (i), because log(1 + x) < z, we have

> log (1 +1/(logz) ) o
{ T {xlogm du < oo.

Let us define the sequence {x,,n > 1} divergent to infinity, so that, for i > 1,
2%i(log z;)? € N (it is possible as the function 2% (log x)? is continuously increas-
ing to infinity for = > 1). Then for every constant c there exists 7o such that, for
every ¢ > 1,

2"

cos (2% (log z;)%7) |1 lo x;[2%cos (2% (log ;) *m
(2% (log z;)*m) [ log,. (i (2% (log z:)
=2%logz; + x;2% log 2 > 0(2“ (log z;)* + 2“);
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198 A. M. Gdula and A. Krajka

thus the assumptions of Theorem Il are satisfied, whereas the assumptions of The-
orem 3 fail. Let us remark that, for arbitrary € N in the interval (z, ), the func-
tion f has at least 2¢(logy)? — 2%(log x)? — 2 oscillations, where 2¥(logy)? =
2%[(log x)? + 1]. Therefore, for y > e,

Kf(y) > 2¥(logy)® — 27 (logx)* =2 > 2 — 2,

and Kf(y) — oo as y — 00, so that the assumptions of Theorem P72 fail.
In the case (i1) we have

2 log(2
f os( >dac:oo.
.

Furthermore, it is easy to check that ‘cos (h(m)w) { is equal to one only for z = 2F
or z = 3-2F 1 and it is equal to zero only for z = 5 - 2¥"2 and x = 7 - 22 for
k € N. Thus, in the interval 2 € [2¥, 25*1) the function f has two local minima at
z=5-2"2andx =7-2"2equalto5-2*"2 and 7 - 272, respectively, and two
local maxima at 2 = 2¥ and z = 3 - 2! equal to 2! and 3 - 2, respectively,
so that for every x € R we have K ¢(z) < 4, and the assumptions of Theorem 2
are fulfilled. Taking x = k£ € N, we see that for every constant ¢ there exists a
sufficiently large k£ € N such that

[k|cos(km)[] log, (k[k|cos(km)|]) = 2klogk > ck;

thus the assumptions of Theorem 3 fail.
In the case (iii) we have

Ofo log(1+1/logx) s
1 x

so that the assumptions of Theorem 1l fail. Failure of the assumptions of Theo-
rem 2 follows from analogous considerations to those for the point (i). From

2

T T

|cos(2%)|log <1 |cos(2z7r)|> < é log

log ogT

T

=2z < 2<x + |cos(2’”7r)\>

log z
we see that the assumptions of Theorem 3 are satisfied withc = 2. =
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