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Abstract. Let {X;(t),t > 0}, 1 < i < n, be mutually independent
and identically distributed centered stationary Gaussian processes. Under
some mild assumptions on the covariance function, we derive an asymp-
totic expansion of

P( sup X (t) < u) as u — 00,
te[0,zm - (u)]

where

my(u) = (P( sup X (t) > u)) " (1+0(1)),
t€[0,1]

and {Xy(t),t > 0} is the rth order statistic process of {X;(t),t > 0},
1 < 4,7 < n. As an application of the derived result, we analyze the asymp-
totics of supremum of the order statistic process of stationary Gaussian pro-
cesses over random intervals.
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1. INTRODUCTION

Let {X(¢) : t > 0} be a centered stationary Gaussian process with continuous
sample paths. One of the classical results in extreme value theory states that, under
some mild conditions on the covariance function of X,

(1.1) lim P( sup X(tf)<u)=¢"

U0 iel0,@m(u))]
for z > 0 and m(u) = P( supyeo) X (t) > u)fl; see, e.g., Leadbetter et al. [IT],
Theorem 12.3.4; Arendarczyk and Debicki [4], Lemma 4.3; Tan and Hashorva [I3],
Lemma 3.3.

* This work was supported by the FP7 project RARE-318984.
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Consider a vector-valued Gaussian stochastic process {X(t) : t > 0}, where
X(t) = (X1(t),..., Xn(t)) with {X;(t) : t = 0}, i = 1,...,n, being mutually
independent copies of { X (¢) : ¢ > 0}. Denote by { X(,,)(t),t > 0}, 7 =1,2,...,n,
the rth smallest order statistic process, i.e., for each t > 0,

1.2)  Xy(t) = min X;(t) < X <...< Xi(t)=X .
(1.2) 1) (1) min i(t) (2)(t) max i(t) (n)(t)

In this contribution we derive a counterpart of (IT) for { X, (t),t > 0}.

One of important motivations to analyze asymptotic properties of extremes of
order statistic processes is their relation with the conjunction problem. Following
[T4], the set of conjunctions C,, is defined as

Cry:={t€0,T]: min X;(t) > u},
1<i<n
SO

P(Cry=0)=P( sup min X;(t) < u).
tefo,T] ISisn

We refer to [2], [B], [6], [@], [T4] for recent results on asymptotic properties of

P (Cru #0).

As an application of the obtained result we provide the exact asymptotics of

P( sup X((t) >u) asu— oo
tel0,7]

for 7 being a nonnegative random variable independent of X(¢). The obtained
asymptotics extends the recent results of Arendarczyk and Debicki [4].

2. PRELIMINARIES

Suppose that X(t) = (X1(t),...,X,(¢)) and {X;(¢) : t = 0}, i=1,...,n,
are mutually independent centered stationary Gaussian processes with covariance
function r(¢) satisfying the following conditions:

(A1) r(t) =1—t*4o(t*) ast — 0;
(A2) r(t) < 1ift > 0;
(A3) r(t)logt — 0ast — oo.

Following Debicki et al. [9], let us introduce the generalized Pickands con-
stant as
Ha,k = S’hm S_lek(S) (S (0, OO),
—00

where

Ha,k(s)
k
- )P in (V2B (t) —t* —w;) > 0)dw € (0,00),
few P (s, i, (V28001 ) > o) € 0,
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Extremes of order statistics 63

and Bg ), 1 =1,...,n,are mutually independent standard fractional Brownian mo-
tions with Hurst index «/2 € (0, 1], i.e., centered Gaussian processes with station-
ary increments and variance function ¢*.

Let
@=L iy
2.1 my(u) = T T T Y exp | ———u” |,
T( ) Cn,r—lHoz,n—l—l—r P 2
where

n!
R PR DT PO s T
It follows from Theorem 2.2 in [R] that, foreachT > 0and 1 < r < n,

(2.2) IP( sup X (t) > u) = cn,r,lHa,nH,rTuwo‘ (\I/(u))nﬂ_r(l + 0(1))
t€[0,T]
T
T o) mu—,

where W (u) = \/#27 [ exp(—?/2)da.

3. MAIN RESULTS

The following theorem constitutes the main result of this contribution.

THEOREM 3.1. Let {X(t),t > 0} be independent and identically distributed
centered stationary Gaussian processes with convariance function r(t) satisfying
the conditions (A1)—(A3) and assume that 0 < A < B < oo and x > 0. Then

(3.1) P( sup X(t) <u) —e ™ asu— oo,
te[0,xmy (u)]

uniformly for x € [A, B].

Let 7 be a nonnegative random variable which is independent of X. In the fol-
lowing theorem we discuss the asymptotic behavior of IP’( SuPyefo,7] X (r) (t) > u)
as u — oo. It appears that the qualitative form of the asymptotics strongly depends
on heaviness of the tail of 7.

THEOREM 3.2. Let {X(t),t > 0} be independent and identically distributed
centered stationary Gaussian processes with convariance function r(t) satisfying
the conditions (A1)—(A3), and let T be a nonnegative random variable indepen-

dent of X.
(1) IfET < oo, then, as u — oo,
(3.2)
P( s[upﬂ Xy (t) >u) = ET cnr1Hami1—ru?/® (\I/(u))nﬂfr(l +0(1)).
telo,
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(1) If T has a regularly varying tail distribution at infinity with index \ €
(0,1), then, as u — oo,

(3.3) P(tes[lépﬂ Xy (t) >u) =T (1 = N)P(T > m,(u))(1+o0(1)).

(iii) If T has a slowly varying tail distribution at infinity, then, as u — 00,

(3.4) P(tes[lépﬂ Xy (t) > u) =P(T > myp(u))(1+0(1)).

The proofs of Theorems B and BZ1 are given in Section &,

4. PROOFS
Before proceeding to the proofs of Theorems Bl and B2, we give some pre-
liminary lemmas. Let us put 7, = xm,(u) and n,, = |7,.|. For any € € (0,1) and

1<i<ny,wewrite; =[l—-1+¢,lJand [ =[I - 1,1 —1+¢].

LEMMA 4.1. Foreach B > A > 0,

@.1) lim |P( sup X(y(t) <u) —P( sup X((t) <u)| < pae),
Um0 te[0,n,] tel U I

uniformly for x € [A, B|, where p1(¢) — 0ase — 0.

Proof. Supposethatx € [A, B]. By stationarity, Bonferroni’s inequality (see,
e.g., [T0]) and (Z22), we have

0<P( sup X(t) <u)—P( sup X(y(t) <u)

telJ " I tel0,nr]
=P( sup X((t)>u) —P( sup X(t)>u)
te[0,n,] te U I
<P( sup  X()(t) > u) <n,P( sup Xy(t) > u)
el I te[0.]
5
= xmr(u)mr(u) (1+0(1)) < Be =: p1(e) asu— oo.

This completes the proof. =
LEMMA 4.2. Let ¢ = q(u) = au~2'® for some a > 0. Then

limsup [P( sup Xoy(t) <u) —P( max  X,)(ig) < u)| < pa(a),
u—00 telUpr, I iq€UZy I

uniformly for x € [A, B], where pa(a) — 0 as a — 0.
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Extremes of order statistics 65

Proof. Since X;(t) are independent and identically distributed, we obtain
P X
(max X (ig) > u)

=P( U U {Elkl,...,kj,Xkl(iq)>u,...,ij(iq)>u})
igel; j=n—r+1

:]P)( U U {Elkl,...,k’j,Xkl(iq)>u,...,ij(z'q)>u
iqel; j=n—r+1

Xi(iq) S uk #ki,...,k;})

= > niP(3igen, Xiliq) > u,..., X;(iq) > u, Xi(iq) < u, k> j)
j=n—r+1

- i3 X; > 1 ).
X ensP(max min Xifig) > ) 1+ o(0)

Following Debicki et al. [R] we define

1
' oia) == i (m) _ o < )
42) Ha,a) aP<IIIg1§f(IgIWILI<Ij (V2B{™ (ak) — (ak)™ +nm) < 0),
where j = 1,2,...,n,and {B((xm), t > 0}, m > 1, are independent and identically
distributed standard fractional Brownian motions which are further independent of
independent unit exponential random variables 7,,. Using analogous arguments to
those in the proof of Theorem 1.1 in Degbicki et al. [8] or Lemma 1 in Albin and
Choi [T], we have
H’mj(a) 1—¢
Hoc,j mn+1—j(u)
H antl—r(a) 1 —¢
Ha,n+l—r my ('LL)

IP’(gleaI)l(X( )( )>u) = :z;

(1+o0(1)) asu— oo,

where H',, (a) — Hq i as a — 0. Therefore, by stationarity, we obtain

0<P( max X (iq —P( sup X U
(e | Xolia) < w) (teU“]l () <)

< ny [max (P(gg}l(X( ) (iq) < u) _P(igEX(T)(t) < u))

nP (X()(0) > u) + n,P( sup  X,(t) > u)
te[0,1—¢]

—n, P( qun[éalx ; X (iq) > u)

. < < >+ 1f5  Hantir(a) 15>(1+0(1))

HOA,TL+17T mr(u)
< B <1 . a n+1l—r )>
= a n+1l—r
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where the penultimate expression is due to (Z2). Since p2(a) — 0 as a — 0, the
proof is completed. =

For each 1 < j < n, let {X ( ),t > 0}32, be a sequence of independent
and identically dlstrlbuted centered stationary Gaussian processes that satisfy the
conditions (A1)—(A3). Define

Yi(t)=Xx"(t) iftek—1,k),
and, for ¢t > 0,
Viy(t) = min Yi(6) < Yiay(9) < ... < o ¥;(0) = Vi ()
LEMMA 4.3. We have
lim ‘IP’( sup X(T)(iq) < u) - IP’( sup Y(r)(zq) )‘ =0.
umoo b N e, igelJyr, 1

Proof. Define A=NNU}”, Lig™' = {i1,ia,... i}, where 1 < iy <ip <
. < iq < 00, and observe that
= |P( sup X(r)(iQ) <u) —P( sup  Y)(ig) <u)|
igel )y I ige U I
‘]P’(supX( )( q) < u) —P(sup(,)(iq) <u)l.
€A €A

Fori € Aand1 <
Note that

ain,lk = EXi;j X = EX;(iq) Xy (lg) = 7”((2 —1)q )H{j =k} =0 H{j =k},
— EY, Yy = EX(LM]J-H)( )X(U‘IJ-H)( lq)
=r((i = Da){lig) = [lq)}I{j = k} == o3 I{j = k}.

It follows from Theorem 2.4 in [[7] that

u72(nfr) Z

€A il

< n,weput X;; = X, (iq) and Y;; = Y;(iq) = XJ(-UQJH)(iq).

Y
0451k

n(cn—1,-1)>

A(r) < (27-‘-)71-1—1—7“

1A | exp (—

pi = max{log |, loji [} = [r((i = Da) .

‘7')1( (1+|h’)2(n—r)
(r _ |
Ail - J;/ (1 . h2)(n+1—7")/2dh
9l

r((i—0)q)

+ |h
= ((_ hl)(’7)1+1 e SdhI{|iq] #
0

llq]}-
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Since § := sup{|r(t )| t >e} <1, for i,l € A satisfying |ig] # |lg], one has
|(i—1)q| > e, and | (i—1) )} < 6 < 1. Notice that the integrand in the definition

of Ag) is continuous and bounded on [0, 4], so there exists a constant K such that

A < Ka[r((i = Da) |[1{ig) # |lq)}-

Hence
n(cn-1,-1)°K1 _opm_n7Tr (n+1—7r)u?
Ay < ’ w2 L r(kq)|exp
(r) (2m)n+i-r q e<l§<7}| (k)| 1+ \r kq)|
n(cn—1,-1)*K1 —o(n—r) Ir (n+1- r)u2
= P pr—C — > Ir(kq)lexp
(2m)nti=r R 1+ [r(kq)|
n(en-1,-1)°Ki —o(n—r) Ir (n+1l-1)u
+ poare [ — > |r(kg)lexp | -~
(2my T s e T
=: Py + Py,

where 0 < < (1 —9)/(1+9).
First, we prove that P; — 0 as © — oo. Indeed,

(27T)n+1 r 1_|_5

n(Cn1,r— 1) K1 4769 f+1 (n+1-—

B+1 B 2
P, < n(cn—1,-1)°K1 —o(n— )T ox p< (n+1-—ru >

r)u2 ) 2/(149)

2 B (1-0)/(1+5)
)

< Kou/0m 2=+ (B+1)(nt1-r=2/a) oy (W“_”“
— 0 asu — oo.

In order to show that Po — 0, we put §(¢) = sup{|r(s)log s|,s > t}. By (A3),
we have |r(t)| < 0(t)/logt and 6(t) | 0 as ¢ — oco. Moreover,

n+1-—r 2

log7, =
og 5

(1+o0(1)) forkq>T7.

Thus,

o (St oo~ 2)
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Py < {K4u2(”r)7;2 exp (—(n+1—r)u?) 1}
> log 77
X

q
T > |r(kq)|log(kq)
" TP <kq<T,

2(n+1-r-2/0) gy ((n 41— r)u2)
u—4/
q
x = 2 |r(kg)[log(kg)
" TP <kq<T,

< K5i > |r(kq)|log(kq) — 0 asu — .
Zr T,% <kq<T,

U 1
< Ksu™20n) exp (—(n+1-— r)uQ) —
u

This completes the proof. m
LEMMA 4.4. We have

limsup [P( sup  Y{;)(iq) <u) —P( sup Yy(t) <u)| <z(ps(a)+¢),
u—00 igeUprr, I te[0,n,]

where p3(a) — 0as a — 0.

Proof. Since [, = 1,2,...,n,, are disjoint, {Y{,y(),t € I;} are indepen-
dent, and, by stationarity,

0< IP’( sup Y (iq) < u) —IP( sup  Y(y(t) < u)

igelUiZy I telUiy L
=P( sup Y((ig) <u)” —P( sup Yi(t) <u)”
iqe[0,1—£] te[0,1—¢]
< n, (IP’( sup Y, (iq) < u) - IP’(sup Yy (t) < u))
iqel; tely

<n, (IP’(Y(T)(O) >u) +P( sup Y (iq) < u)
iq€[0,1—¢]

~P( sup V() < w))
te[0,1—¢]

o o) - (- ) L) o

/
<o (1= M=) ),
an+l—r
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where p3(a) — 0 as a — 0. Moreover,

0<P( sup Y(t) <u) —P( sup Yi(t) <u)

e, I te[0,nr]
SP( sup Yi(t) <u)™ —P( sup Yi(t) <u)”
te[0,1—¢] t€[0,1]
< n,P( sup Yy (t) > )
te(0,e]

= me(u)%(u)(l +0(1)) = ze(1 + o(1)).

The combination of the above displays completes the proof. =
LEMMA 4.5. We have

lim P( sup Y(y(t) <u) =e".

U000 te[0,n

Proof. Since

Ny

P( sup Yy(t) <u) =P( sup Xy(t) <u)
te[0,ny] te(0,1]

= (1 —P( sup X(t) > u))nr
te[0,1]

— (1 _mr(u)—l)rmr(u)(l +0(1)) N e—x’
the proof is completed. m

Proof of Theorem Bl The proof of the theorem follows directly from
Lemmas E1-&5. =

LEMMA 4.6. Forany S > 0, we have
(4.3) )
P( sup  X(t) >u) = cnr1Hamnr1—r(S) (T()" (1 +0(1))
tE[O,Su*WO‘]

as u — oQ.

The proof of Lemma B8 follows line-by-line the same reasoning as the proof
of Theorem 2.2 in [K], and thus we omit it.

Proof of Theorem B2 (i) For any ¢, u, S > 0, let us put

N, — {tJ and Ay =[kSu=*, (k+1)Su=%*| with k=0,1,..., N,.
Su—2/a
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Upper bound. By stationarity of the process {X,(t),
ma B, we obtain

P( sup X((t) >u) = [P( sup X()(s) > u)dP(T <t)
t€[0,7] 0 s€[0,t]

u2/aoo
< P( sup X((s) > tdP(T
(SSEUAPO (1) (5) U)< 5 f

_ Ha,n+177‘ (S)
S

as u — 0o. Thus, letting S — oo, we get

t > 0} and Lem-

)+1>

Cnr A BT U2/ (T (u)) "7 (1 4+ o(1))

P( sup X(t) >u) = cn,r_1SHa,n+1_ru2/aET(\I/(u))nﬂ_r(1 +0(1)).

te[0,7]

Lower bound. By Bonferroni’s inequality, we have

(44) P( sup Xy(t) >u) = [P( sup X((s) > u)dP(T <t
t€[0,7] 0 s€[0,t]
> [P( sup Xy (s) > u)dP(T <t)
0 s€[0,t]
u2/a U
> P( sup X((s) > u) < JtdP(T < t) — 1)
s€Ag S 0
- Y P(sup Xy (s) > u, sup Xpy(s) > u)dP(T < t)
0 0<i<j<Ng SEA; SEA;
=11 — 5.
Note that
I = ch,r_lETu2/o‘ (\Il(u))nﬂ_r(l + 0(1))

as u — o0o. Thus, letting S — oo, we obtain

4.5) I > enp1Happ1—rt? “BT (U ()"

Hence, in order to complete the proof it suffices to show that Iy = o(/1) as u — oo.
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Indeed, we have

u Nt
Iy = [ > (Nt — k)P( sup X()(s) > u, sup X(,y(s) > u)dP(T < t)
0 k=1 EISVAN SEAL
2/0{ u Nu
JtdP(T <t) > P(sup X()(s) > u, sup Xy(s) > u)
S 0 k=1 s€Ao sEA
2/

U

Ny
< ET > P( sup X(y(s) > u, sup X(s) > u)
S k=1 s€4A¢ sEAL
u2/a Ny
< _1—ET P i X, > u, X >
Crr-1—5 k; (ssggolgigggl_r i() > u, sup Xy (s) u)
u2/o< Nu
<enr 1 ETS P n X , n X,
Cnr—17g kz::l (Ssglg)olgigﬁllir i(8)>u sseuilgigzlfl—r i(s)>u)
2/«

N
U K
1—ET g P i X; X
tnr-17g = (Sseufo L<iSntl—r i) >, sseuAli ns) >

. e
sSeuAp;C léingEl,T Xi(s) < u)

=: I91 + I2o.
Since

N
; . ; (s) <
]gl P(SSEUAPO o2, Xi(s) > u, sup | min | Xi(s) <, sup Xipy(s) > u)

< NuIP’( sup Xi(s) > u)n+2_r,
sEAQ

we get Iso = o(1) as u — oo. Moreover, using the relations

2/a Ny
I < cm«_lu—ET > IP’( sup X1(s) > u, sup Xi(s) > u)
S k=1 s€Ao SEAE

1 Ny ntr—1
———  » P( sup Xi(s)>u, sup Xi(s >u> ,
§1/(n+r—1) kgl (ser 1(s) oty o 1(s) )

n+r—1

< Cn,r—luz/aET<
we are left with finding a tight asymptotic bound for

1 Ny
—_ P( sup Xi(s) > u, sup Xi(s) > u),
S1/(n+r—1) kgl (ser 1(5) sCA, 1(s) )

which follows by the same argument as that given in the proof of Theorem D.2 in
[I2] (see also the proof of Theorem 3.1 in [#]), with the minor exception that the
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first term in the above summand is bounded by

P( sup Xi(s) > u, sup Xi(s) > u)
SGA() SEAq
<P( sup  Xi(s) >
s€[0,Su—2/]

u, sup X1(s) > u)
[(S_i_Sl/(2(7’:,~|»'r71)))u72/oz7
(2S+Sl/(2(n+r—1)))u—2/a]

+P( sup Xl(S) >u)‘
s€[0,81/ (2(n+r—1))y—2/a]

This completes the proof of Theorem 3.1(1).
(ii) For any 0 < A < B < oo and sufficiently large u, we make the following

decomposition:

IP’( sup X(T)(t) > u)

tel0,7]
Amy(u)  Bmy(u)
=/ + ] + f JP( sup Xp(s) > u)dP(T < t)
0 Amy(u)  Bme(u) s€[0,¢]
=L+ DL+

We analyze I, I>, I3 separately.
Integral I. Since the process { X((t),t

roni’s inequality, we have

> 0} is stationary, by Bonfer-

Amy(u)
(4.6) L <P( sup X((s)>u)( [ tdP(T <t)+1)
s€[0,1] 0
=P( sup X((s) > u)
s€[0,1]

X (Amj(u) P(T > t)dt — Am,(u)P(T > Am,(u)) + 1).

Using Karamata’s theorem, we get

Amy(u)
[ P(T > t)dt = %AmT(u)]P’(T > Amy(u))(1+0(1)) asu — oo,
0

which, combined with (B-6) and Theorem 2.2 in [K], implies that

I < %AP(T > Amy(u))(1+ o(1))

A .
= ﬁA1 AP(T > my(u)) (1+0(1)) asu— oo.
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Integral Is.Itis straightforward that
Is <P(7 > Bm,(u))(140(1))= /\]P’(’T >m,(u))(1+0(1)) asu — oo.

Integral Is. Forany e > 0 and sufficiently large u, applying Theorem B,
we get the upper bound

B

L=[P( sup Xgy(s)>u)dP(T < axmy(u))
A s€[0,xmy (u)]

<(l+e) [(1—e™)dP(T < zmy(u))

e "P(T > am,(u))dz — (1 +€)(1 — e_B)IP’(T > Bmy(u))

D—W W

+(1+e)(1 - e_A)IF’(T > Am,(u)),
and similarly we obtain the lower bound
B
L>(1-¢)[e™” P(T > am,(u))dz — (1 —e)(1 — e P)P(T > Bm,(u))
A

+(1—-e)(1—e" )P(T>Amr(u)).

Since 7 has a regularly varying tail distribution at infinity, by Theorem 1.5.2 in [S],
we get

B
£e_mP(T>xmr(u))dx =P(7T >m,(u)) e_mx_)‘d:v(1+o(1)) as u — 00.

n—w

Thus, forany ¢ > 0 and 0 < A < B < oo, we obtain

I =
msup ————~
woe. B(T > my(u

(u))

(1—1-5(73:*)‘ “Tdr — (1—e P)B™ +(1—eA)A*/\)
0

and

I
hm lnf s —
u—oo P(T > m,(u

(u))
(1—¢) (‘fof)‘efmdaz —(l—-e BB +(1- eiA)Af)‘).
0
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Therefore, letting A — 0, B — oo, and ¢ — 0, we find that I; and I3 are negligi-
ble, and
L =T(1-XNP(T >m,(u)(14+0(1)) asu— oo,

which completes the proof of Theorem 3.2(ii).
(iii) Lower bound. From Theorem B, for any given B > 0, it follows
that

P( sup X(y(t) >u) >P(  sup  X((s) > u)P(T > Bm,(u))
te[0,7] s€[0,Bmy(u)]

=(1—e BYP(T > m,(u)) (1 +o(1))

as u — oo. Thus, letting B — oo, we obtain the asymptotic lower bound

P( sup Xy(t) >u) =P(T >m,(u))(1+0(1)) asu— oo.
te[0,7]

Upper bound. For given A > 0, we get

IP’( sup X(T)(t) > u)

tel0,7]
Amy(u)
< P(sup Xy(s) > u)dP(T < t)+P(T > Am,(u))
0 s€[0,¢]
Am(u)
= [ P(sup Xy (s) > u)dP(T <t)+P(T > my(u))(1+0(1))
0 s€0,t]

as u — oo. Due to the stationarity of the process { X, (¢), > 0} and Bonferroni’s
inequality, we have

Amy(u)
@7 [ P(sup X;y(s)>u)dP(T <t)
0 s€[0,t]
Amy(u)
<P( sup X((s) >u)( [ tdP(T <t)+1)
s€[0,1] 0
Amy(u)
<P( sup Xgo(s) >u)( [ P(T >t)dt+1).
s€[0,1] 0

From Karamata’s theorem (see, e.g., Proposition 1.5.8 in [5]), we get

Amy(u)
[ B(T > t)dt = Am, (W)P(T > Am,(u)) (14 o(1))
0
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as u — 0o, which, combined with (B—2) and Theorem 2.2 in [8], implies that

P(tes[%%] Xy (t) >u) < 1+ A)P(T > my(u)) (1+0(1))

as u — oo. Letting A — 0, we obtain (B4). This completes the proof of Theo-
rem3.2. =m
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