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Abstract. In this paper, we define a fractional negative binomial pro-
cess (FNBP) by replacing the Poisson process by a fractional Poisson pro-
cess (FPP) in the gamma subordinated form of the negative binomial pro-
cess. It is shown that the one-dimensional distributions of the FPP and the
FNBP are not infinitely divisible. Also, the space fractional Pélya process
(SFPP) is defined by replacing the rate parameter A by a gamma random
variable in the definition of the space fractional Poisson process. The prop-
erties of the FNBP and the SFPP and the connections to PDEs governing
the density of the FNBP and the SFPP are also investigated.
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1. INTRODUCTION

The fractional generalizations of classical stochastic processes have received
considerable attention by researchers in the recent years. These generalizations
have found applications in several disciplines such as control theory, quantum
physics, option pricing, actuarial science and reliability. For example, the fractional
Poisson processes (FPPs) have been used recently in [[5] to define a new family of
quantum coherent states as well as the fractional generalization of Bell polynomi-
als, Bell numbers and Stirling’s numbers of the second kind. Also, a new renewal
risk model, which is non-stationary and has the long-range dependence property,
is defined using the FPP in [6]. In this paper, we define a fractional generaliza-
tion of the negative binomial process and a space fractional version of the Pdlya
process. Quite recently, a fractional generalization of the negative binomial pro-
cess has been defined in [B] and [@]. We introduce here a different generalization
of the negative binomial process. It is known that the negative binomial process

* The research of AM was supported by UGC, Govt. of India grant F. 2-2/98 (SA-1).

Probability and Mathematical Statistics 38, z. 1, 2018
© for this edition by CNS



78 P. Vellaisamy and A. Maheshwari

can be viewed as a Poisson process time-changed by a gamma subordinator. Let
a >0, p>0,and {I'(t) }s>0 be a gamma process, where I'(¢) ~ G(c, pt), which
denotes the gamma distribution with scale parameter o ~! and shape parameter pt.
Let

Qt,\) = N(T(t),\), t=0,

where { N (¢, A) }+>0 is a Poisson process with intensity A > 0. Then {Q(¢, \) }+>0
is called the negative binomial process, and Q(t,\) ~ NB(pt,n) the negative bi-
nomial distribution with parameters pt and 7 = \/(a + \) (see Section 22). For
0 < B <1, let {Dg(t)}i>0 be a [B-stable subordinator, and {FE3(t)}i>0 be its
(right-continuous) inverse stable subordinator defined by

(1.1) Ep(t) = inf{s > 0: Dg(s) > t}, t>0.
A natural generalization of {Q (¢, A) }+>0 is to consider
Q/@(i,)\) :Ng(l—‘(t),)\), t >0,

where {Ng(t, \)}¢>0 is the FPP (see [I4], [20]). We call {Qs(t, \) }1>0 the frac-
tional negative binomial process (FNBP). We will show that this process is dif-
ferent from the FNBP discussed in [3] and [4]. It is known that the Pélya pro-
cess is obtained by replacing the parameter A by a gamma random variable in the
definition of the Poisson process {N(t,\)};>0. Let I' ~ G(a, p) and WT(t) =
N(t,T), where T is independent of {N (¢, \) }¢>0. Then {W'(#)}+>0 is called the
Polya process. However, a fractional version of the Pélya process has not been
addressed in the literature before. Recently, in [22], a space fractional Poisson pro-
cess {Ng(t, A) }e>0, where Ng(t, \) = N (Dg(t), A), is introduced and its proper-
ties are investigated. We here introduce, as a fractional generalization of the P6lya
process, the space fractional Pélya process (SFPP) defined by Wg (t) = Na(t,T')
fort > 0.

The paper is organized as follows. In Section [, some preliminary notation
and results are stated. In Section B, we discuss the infinite divisibility of the FPP
{N3(t, A) }¢+>0 and also that of {N(EZ)" (t),\) }t>0, where E7"(t) is the n-iterated
process of inverse stable subordinators. In Section B, we define the FNBP, compute
its one-dimensional distributions and discuss their properties. It is shown that their
one-dimensional distributions are not infinitely divisible, and they solve certain
fractional PDEs. In Section B, we define the SFPP and show that it has stationary
increments and is stochastically continuous. However, it does not have independent
increments and hence is not a Lévy process. The fractional PDEs governed by the
SFPP with respect to both the variables ¢ and p are also discussed.

2. PRELIMINARIES

In this section, we introduce the notation and the results that will be used later.
Let Z+ = {0, 1, ...} be the set of nonnegative integers.
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Fractional negative binomial and Pélya processes 79

2.1. Some special functions. We start with some special functions that will be
required later.
(i) The Mittag-Leffler function Lg(z) is defined as (see [R])

00 k
(21) LB(Z) = IEOI‘(lj-ﬁk)’ B,Z € Cand RC(B) > 0.

(ii) For z € C and 0 < 8 < 1, the M-Wright function Mg (z) (see [10], [I'7])
is defined as

Mpg(z) = § (=a)" _L io: ﬂf(ﬁn) sin(7fn)
=TGR —m) " (-1l '

Letp,q € Z4. Also,for0 <i<p, 0<j<gq,leta;,bj,z€C.
(iii) Let «; and f3; be reals. The generalized Wright function is defined, under
certain conditions (see [IT], eq. (1.1)), as

p
HF(ai + Oéik) k
(@i, ai)1p _ i i=1 z
(b5, Bj)1.q a !

ey w6 2Lz
k=0 H F(bj + ﬂjk))
j=1

P¢q

(iv) Let A; and B; be positive reals. The H-function (see [19], Section 1.2) is
defined in terms of the Mellin—Barnes type integral as

(aivA)
(ij By)l,q

fx )z~ %ds,

(2.3) H)W(z) = Hyp" [z I

where z # 0 and z2~* = exp|[—s{In |z| + i arg(z) }]. Here, In |z| represents the nat-

ural logarithm of |z| and arg(z) is not necessarily the principal value. Also, an
empty product is interpreted as unity and

r'l—a; — H (bj + Bjs)

Xpg (5) = )

I’(ai + AZS) H P(l - bj + BjS)
+1 Jj=n+1

::1hd E:S

1=

3

where m, n, p and ¢ are nonnegative integers such that0 < m < p, 1 < n < ¢gand
Ai(bj +1) # Bj(a; — k — 1)

forl,keZ4,1 m and 1 < j < n. The contour L in (Z3) runs from ¢ — 100
to ¢ + 400 and separates the poles sji = —((bj +1)/B;) of I'(b; + Bjs) from
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the poles w; j, = ((1 —a; + k)/Az) of I'(1 — a; — Ajs), where 1 < ¢ < m and
I<j<n

It is known that, under certain conditions (see [[1], eq. (5.2)), the generalized
Wright function 1), given in (Z2) satisfies

(1 —ai, Ai)ap)

—Z
(07 1)) (1 - bj7 Bj)(l,q)

(ais Ai)1p) 1p
. :H7
oV |7 (b, Bj)(1,9) patl

2.2. Some elementary distributions. Let {N (¢, A\)};>0 be a Poisson process
with rate A > 0, so that

nef/\t
plntt, ) =BV (Y =] = X g,

Fora > 0, p > 0, let {I'(¢) }+>0 be a gamma process, where I'(t) ~ G(«, pt) with
density

2.4) 9(yla, pt) =

P
yPTrem )y > 0.
I'(pt)

We say that a random variable X follows a negative binomial distribution with
parameters o > 0 and 0 < 1 < 1, denoted by NB(«, n), if

(2.5) P[X =n] = <"+Z_1>n"(1—n)a, nez,.

If « is a natural number, then X denotes the number of successes before the a-th
failure in a sequence of Bernoulli trials with success probability 7.

We say that X follows a logarithmic series distribution with parameter 7,
denoted by LS(n), if

PIX = n] = nln?lnrin) n e 7.,\{0}.

Let {Dg(t)}+>0 be a [-stable subordinator. Then the density of Dg(t) is (see
[10], eq. (4.7))

gs(z,t) = Btmf(ﬁﬂ)Mg(m*ﬁ), x> 0.

Let { E3(t) }+>0 be the inverse /3-stable subordinator defined in (IT)). Then the
density of E(t) is (see [10], eq. (5.7))

(2.6) h,(z,t) =t P Mgt Pz), 2>0.
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Fractional negative binomial and Pdlya processes 81

2.3. Some fractional derivatives. Let AC|[a,b] be the space of functions f
which are absolutely continuous on [a, b] and

n—1

i d
AC"[a,b] = {f:[a,b] - R

f(t) eAC’[a,b]},

where AC[a,b] = ACa, b).

DEFINITION 2.1. Let m € Z;\{0} and v > 0. If f(t) € AC™][0,T], then
the (left-hand) Riemann—Liouville fractional derivative 0] f of f (see [17], Lem-
ma 2.2) is defined by (with Y f = f)

1 dm t f(S)
7mf ———ds, m—1<v<m,
Q7 o f(t):= L(m —v)dtm ¢ (t—s)y—mtt

7f(t)7 v=m.
DEFINITION 2.2. Let m € Z,\{0} and v > 0. If f(¢) € AC™[0,T], then

the (left-hand) Caputo fractional derivative DY f of f (see [12], Theorem 2.1) is
defined by (with DY f = f)

ds, m-—1<v<m,

1 ¢ (m) (g
f(f (s)
0

2.8)  Dyf(t):= L(m—v) 7y (t—s)y—mtl
I .

The relation between the Riemann—Liouville fractional derivative and the Ca-
puto fractional derivative is (see [I2], eq. (2.4.6))

m—1 tk—y

O f(t)=Dif(t)+ >

- (k)
i T(k—v+ 1)f (0),

where f(*)(01) := lim;_, o+ C%if(t)-

3. FRACTIONAL POISSON PROCESS

Let 0 < 3 < 1. The fractional Poisson process (FPP) {Ng(t, X) }+>0, which is
a generalization of the Poisson process { N (¢, A) }+>0, is defined to be a stochastic
process for which p, (n[t, \) = P[Ng(t, \) = n] satisfies (see [T4], [IR], [20])
Dlp,(nft,\) = =Alp,(nlt,A) = p,(n — 1[t,\)] forn >1,
D/p, (0]t ) = =Ap, (0]t, A),
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with p, (1|0, ) = 1if n = 0 and p;(n|0, A) = 0if n > 1. Here, Dtﬁ denotes the
Caputo fractional derivative defined in (Z8). The pmf p,(n|t, \) for the FPP is
given by (see [I4], [20])

(MO 2 (n +k)! (=AtP)*

>

(3.1) py(nft,A) = — = k' T(B(k+n)+1)

Note that the equation (BI) can also be represented as

()

ps(nlt, A) = n! Wy | A (m+1,1)

(nB+1,0)|’

by using the generalized Wright function defined in (Z2).
The mean and the variance of the FPP are given by (see [[4])

(3.2) E[Ns(t, )] = qt”,

(3.3) Var[Ng(t, \)] = qt” [1 + qt” (W - 1)]

where ¢ = A\/T'(1 + ) and B(a, b) denotes the beta function. An alternative form
for Var[Ng(t, A)] is given in [5], eq. (2.8), as

ar — B (At/B)Z 1 — !
(3.4) Var[Ng(t, )] = qt” + 3 <r(25) ﬂFQ(ﬁ))

Note that (B4) follows from (B3) using the Legendre’s duplication formula (see
[I], p. 22)
['(2a)['(1/2) = 22T (a)[(a +1/2), a > 0.

It is also known that (see [20]) when 0 < 5 < 1,
d
(3.5) Ng(t,\) = N(Eg(t), )\),

where {Eg(t)}i>0 is the inverse (-stable subordinator and is independent of
{N(t, A\) }+>0. First we establish an important property of the FPP.

THEOREM 3.1. Let 0 < B < 1. The one-dimensional distributions of the FPP
{N3(t, \) }i=0 are not infinitely divisible (i.d.).

Proof. Since the sample paths of { Dg(t)}:>¢ are strictly increasing, the pro-
cess { E3(t) }+>0 has continuous sample paths. Further,

]P)[Eg(t) < x] = ]P[Dg(%) } t].
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Fractional negative binomial and Pdlya processes 83

It is well known that a -stable process is self-similar with index 1/0, that is,

Ds(ct) £ MPDg(t), c>0.

Hence,
P[Eg(ct) < 2] = P[Dg(x) > ct] =P [1Ds(x) > t] = P[Dg(x/c") > 1]
= P[E;(t) < 2/ = P[P Es(t) < =)
That is,
(3.6) Es(ct) £ P Ey(t),

showing that F3(t) is also self-similar with index /3.
Observe now that

d d
Ng(t,\) = N(Eg(t),\) = N(t°Eg(1), \).
By the renewal theorem for the Poisson process,

N
lim (7;;’)\) = )as.

t—o0

This implies, since E(t) is independent of { N (¢, ) }+>0,

N(tPEs(1), ) _ By(1) Tim N(tPEg(1),\)

= A\E3(1) as.
6 t—00 tﬂEg(l) B( ) as.,

37 lim

since E3(1) > 0 a.s. Hence, for0 < 8 < 1,

N(t7>\) L
5757/3 - )\Eﬁ(l)a

where 2 denotes convergence in law. Assume now that Ng(t,\) is i.d. Then
Ng(t, \) /t8 is also i.d. for each t. Since the limit of a sequence of i.d. random
variables is also i.d. (see [23], Lemma 7.8), it follows that )\E,g(l) or, equivalently,
E3(1) is i.d., which is a contradiction since Eg(t) is not i.d. for t > 0 (see [25]).
Hence, the result follows. m

Let {Es,(t)},...,{Egs,(t)} be independent inverse stable subordinators and
B = B1P2...Bp. Consider the n-iterated process {E3"(t)}, where E3"(t) =
Eg, 0 Eg,0...0Eg,(t)and, for example, Eg, o Eg,(t) = Eg, (Eg,(t)). By [23],
Remark 2.5, we infer that £3"(?) is not i.d. We have the following result for the
Poisson process with time change E7" (t).
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THEOREM 3.2. The one-dimensional distributions of the subordinated Pois-
son process {N(E*" )}t>0 are not i.d.

Proof. For some ¢ > 0 and using (B6), we have
d d
Eg, (Egy(ct) = Ep, (™ Ep, () = " Ep, (E, (t)).
Thus, in general, for 8 = 153, ... Bn, we have E3"(ct) < cﬂEg” (t) and hence

N(E5"(#),2)

= L AER (1),

which is not i.d., and hence the result follows. =

4. FRACTIONAL NEGATIVE BINOMIAL PROCESS

4.1. Definition and properties. Let {/N (¢, A\)};>0 be a Poisson process and
{T'(t) }+>0 be a gamma subordinator, where I'(t) ~ G(«, pt) as defined in (Z74),
and be independent of { N (¢, \) }+>0. The negative binomial process {Q (¢, \) }+>0
= {N(F(t), )\) }@0 is a subordinated Poisson process (see [9], [13]) with

ozpt AT

PlQ(t, \) = n] = d(n|a, pt, \) J"ynert Lev(@t3) gy
0

n+pt—1 a ' A \" n+pt—1 "
e — 7’L1_ D
( n ><a+)\> a+ A n n* (L= )",

where 7 = A/(a+ A). That is, Q(t, \) ~ NB(pt,n) for t > 0, defined in (Z3).

DEFINITION 4.1. The fractional negative binomial process (FNBP) is de-
fined as

Qﬁ(t,)\) :Ng(r(t),)\), t>0,

where { N3(t, A) }+>0 is an FPP and is independent of {I'(¢) };>0.

Let g(y|a, pt) denote the pdf of I'(¢), given in (Z4). Then,

@.1) PlQs(t,A) =n] = d,(nla,pt,\) = [ p,(nly. Ng(yla, pt)dy
0
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A (n+k)! 1 aPt %2 _
=2 )¢ e~ (ntk)B+pt—1 4
n! k:o( ) k! F(ﬂ(n +k)+ 1) ['(pt) { y Y

A (_/\)k(n+k:)! 1 ot T((n+k)B+pt)
~ nl kKl T(B(n+k)+1)T(pt)  antk)Bpt

<>\>" 1 2 (n+k)! T((n+k)p+pt) (4)’“
= >

o) b=k TEOD(B(n+ k) +1) \a?

ab

(n+1,1), (nf+pt,p)
(nf+1,5) '

1 A\ -
=it (o) 0 |

Assume | — A\/a®| < 1. Then, by Theorem 1(b) in [IT] and with § =1"13"538 =1,
A = — 3 — 1= —1, the associated series of ,7, function in the last equality in
(E-T) converges. Thus, we have proved the following result.

THEOREM 4.1. Let 0 < B < 1,0 < X\ < &?, where o > 0. Then the FNBP
{Qs(t, \) }i=0 has the one-dimensional distributions

(n+1,1), (nB+pt,B)

1 AN" A
(42) 0,(nfa,pt,\) = =—— <aﬁ> S v (nB+1,p)

['(pt)n!

and, consequently,

4.3)
1 A" a2 | A (=n,1), (1—-nB—ptp)
5ﬁ(n|a,pt, )‘) = F(Tﬁ)n' (Ck6> H (O, 1)7 (_nﬂ’ﬁ) ’

12 | A
2,2 | B

where n € Z, and H2122 is the H-function defined in (Z3).

When 5 = 1, we can see that J, (n|a, pt, \) reduces to the pmf of NB(pt, n)
distribution. We next show that ¢, (n|a, pt, A) is indeed a pmf for 0 < § < 1 also.
Note that

Sosoinrn = £ () 5 () et £ ()

B 0o ()\/aﬁ)n ) k! F(kﬁﬁ-}-pt) )\ k—n
7712130 n!T(pt) gn (k—n)! T(kB+1) <aﬁ>

= %7 g@ Fr(gc%iﬁt)) éo @ @) (;f?)k -h

since only the term corresponding to k£ = 0 remains.
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REMARK 4.1. Let 0 < o < \. Then, using the representation given in (B3)
and from (Z8), we also obtain

5, (nle, pt, A) = Zf‘;fpm\x, M, (2. 9)g (], pt) dedy
o X (n+k\ Tpt-5-pk) [ o\
=t ) ey )
— aﬁ ¢ _aﬁ (TL—|—1,1), (pt_ﬁa_ﬂ)
nIAD(pt)>" ' | XN |[(1—=5,-0) .

Henceforth, let us put
gq=MT1+pB), d=2\/T(28+1) and dy=p¢*B(3,1+p5).

THEOREM 4.2. The mean, variance and autocovariance functions of the
FNBP {Qg(t, \) }1>0 are given by
: I'(pt + B) pt\’ _ ()’

E[Qs(t,\)] = ¢————> =qEIP(t)] ~q (=) =(=) E[Ns(t, A
O EQst M) =0 S =m0 ~a (B ) = (2) BN )
for large t,

N ~ ql(pt + B) ql'(pt + B) diT'(pt + 2P)
i VarlQs(t M = =5 <1 T T l) ) TG

['(ps + () d I'(ps +20)

(i) Covl@p(s, A), Qa(t N = 4= 55" + 2= 5500
e Eﬁ’;?&f)) F({fﬁ;f L4 PRI ()B(5,1+ B:T(5)/T(1)].

Proof. For simplicity, the parameter A is suppressed in {Ng(¢, A) }+>0 and
{Qp(t, A) }+=0, when no confusion arises. First note that

1 T(pt+1)

(44) ECOl = 7

> 0.

Using a conditioning argument and the equation (B72), we get

4.5) E[Qs(t)] = OZ]BIW = ¢E[TP(1)].

By Stirling’s formula, (T'(pt + 3)/T'(pt)) ~ (pt)” for large ¢, and so we get
E[Ns(T(t))] ~ (p/)’ gt = (p/)  B[Ns(t, M),

which proves part (i).
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Using (B22) and (B-4), we get

Var[Q(t)] = Var [E [Ns(D(1)) \r(t)ﬂ +E
= qE[7(1)] (1 - ¢E[T°(1)]) + L ET(1)]
_dC(pt+B) (1 _ Bt + )\ | dil(pt +26)
T (pt) afT(pt) a®T(pt)
using (B4). This proves part (ii).
<t

Next, from [[I6], eq. (14), we get, for 0 < s
Cov[Ns(s), Na(t)] = qs” + dos® + [Bt*P B(B, 1 + B; s/t) — (st)7],

where B(a, b; x) fo t2~1(1 — t)>~1dt, 0 < x < 1, is the incomplete beta func-
tion. Hence, from (B2),

E[N3(s)Ns(t)] = qs® + d2s®® + B[t B(8,1 + B; s/1)],

which leads to

E[Qs(5)Qs(t)] = E[E[Nj(I'(5)) No (N(9) [T (s), T(1)]
= qE[I'’(s)] + LE[T* (s)] + B¢*E[T* (¢)B(B,1 + B;T'(s)/T(¢))].

Hence, using (E3), we get
Cov[Qs(s), Qs(t)] = qE[IP(s)] + d2E[I* ()] — ¢*E[I’ (s)JE[T" ()]
+ BPE[T?P (1) B(B,1+ B;T(s)/T(t))].

Using (B4)), we obtain part (iii). =

REMARK 4.2. A stochastic process {X (t)}i1>0 is said be overdispersed if
Var[X (t)] — E[X (¢)] > 0forall t > 0 (see [8]). Now, for the FNBP,

2
VarlQa()] - BIQs(0)] = A2 - (4D

A2 (E[r%(t)] (E[rﬂ(t)]f)

CANNNCE) BT2(3)
> (AE[DP () 2(8)  (because BT (1)] > (ETP(1)])?),

where Z(8) = =1 (1/T'(28) — 1/BT%(B)) > 0 for all B € (0,1) (see [4], Sec-
tion 3.1). Hence, the FNBP exhibits overdispersion.
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The next result shows that the FNBP is not i.d.

THEOREM 4.3. The one-dimensional distributions of the FNBP {Q3(t, \) }+>0
are not i.d.

Proof. Since Eg(t) L tPEg(1), we have

Qs(t. ) = N(Es(L(®).A) £ N (L7 (1) Es(1). A).

Using (BZ2), we obtain
L N(IE(1),A) L N E(1),A) (m))ﬁ
t—o0 th t—o0 I8(t) ¢

= AE3(1)(E[L(1)])° = AEs(1) (g)ﬁ as.,

since I'(t) — oo and I'(¢) /t — E[I'(1)] a.s., as t — oo. The result follows by con-
tradiction since Eg(1) isnoti.d. m

REMARK 4.3. (i) In fact, the above result can be generalized for any subor-
dinator T'(t) with E[T'(1)] < oc. For a subordinator, the SLLN for Lévy processes
yields lim;_,oo T(t)/t = E[T(1)] a.s. Thus,

N3 (T'(t), A)

5~ ABs(D)(EIT(1)

which is not i.d.
(i1) Since
N (E;;” (T(t)), A)
tB1B2+Bn
it follows that the distributions of {N(EE” (T(®)),\)

LB () ETQ)) T st — oo,

}t20 are also not i.d.

REMARK 4.4. Let q(x,t) be the pdf of Eg(T'(t)), and h,(x,t) be the pdf of
Ejs(t). It is known (see [21], [@]) that E[e=*F8(®)] = Lg[—stf], where Lg(z) is the
Mittag-Leffler function defined in (I11). Then the LT of the process {EB (F(t))
can be computed as

}tZO

(4.6) ElesFsT®)] = [ e*"q(z, t)de =
0

o8
o8

e *h,(v,y)9(y|a, pt)dydz

= T(Bk+pt) [—s\*
Lg(—Syﬁ)g(y’a’pt)dy - kgo Wlfﬂk) (aﬁ)

o8

L [z wts), (LY
L(pt)*™ |af | (1,B) ’
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Using (B8), we obtain the LT of {Qp(t, A) }+>0 as

Ele~Qs(t:N] = E[E[exp (—AEB (T(1) (1 - e”)) \Eﬂ (F(t))ﬂ

1 )
ST | aF | (1L8)

Recently, Beghin [3] and Beghin and Macci [8] also studied the FNBP. For
0 < B < 1and0 < n < 1, they define the FNBP as

N(t,—In(1-n))
X1(t) = 3 Y, and  Xy(t) = N([j(t),1)
=1

in [@] and [3], respectively, where the Y;’s are LS(n)-distributed random variables
independent of {Ng(t,A) b0, {T'5(1) }ez0 = {r* (Eg(t))}t>0 is the fractional
gamma process (see [3]) and I'*(t) ~ G(a, t). It is assumed here that {I'*(¢) }+>0
and { E£3(t) };>0 are independent processes. Note that when 3 = 1,
Xi(t) ~NB(t,n) and X5(t) ~NB(t,1/(1+)).
Observe that our definition of the FNBP is
d
Qs(t, \) := N3(T(t), ) < N(Eg (F(t)),)\).

When 8 =1,Q1(t,A) = N(I'(t), ) ~ NB(pt, \/(A+)),t > 0 (see, e.g., [26]).
Let, fori > 1, Y % LS(M/(ac+ X)). Then it can be seen that

N(pt,— In(a/(A+a)))

Ql(t7 )‘) i Z }/i*v

i=1
where {Y;*};>1 and {N(t, A) }+>0 are independent. It can be seen that our process
is different from theirs.

LEMMA 4.1. Let 0 < 3 < 1. Then the processes {N(F (Eg(t)), /\) }t>0 and
{Qp(t, \) }i>0 are different.

Proof. Itis sufficient to prove that the one-dimensional distributions of the
processes {I'(Ep (t))}t>0 and { Eg (F(t))}t>0 are different. We compare the mean
functions of the processes {I'(E3(t))},., and { E5(T'(t)) Using E[E3(t)] =
t# /T (1 + B), we get

Yeso Yesor

8
E[T(Es(t))] = ar(p1t+ﬁ)’ E[Eg(T(t))] = aﬁrp(gpi;)ﬂr)(pt)’

which are clearly different. This proves the result. m
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4.2. Connections to PDEs. In this section, we discuss PDEs governed by the
one-dimensional distributions of the FNBP.

THEOREM 4.4. Let r € 7Z,\{0}. The pmf (BE2) of the FNBP solves the fol-
lowing PDE:

aT‘

4.7) Wéﬁ(nla,pt,/\)—

1 (T n r—iyn—r ryl,2 A (_n7 1)7 (1 _nﬁ_ptaﬁ)
_— )" A"THy, | — .
T (il 2 () (>< ) 22158 |(r=i,1),  (-nB,p)
with

1, n=0,

(4.8) d,(n|a,0,)) = 0 n>1 and  6,(nla,pt,\) =0 foralln <0.

Proof. Note first that the H-function defined in (Z3) satisfies (see [1Y], Sec-
tion (1.4.1)), for r € Z\{0},

87‘
0z"

{Z—(vﬁl/BﬂHgtén |:Z’Y

(aiyAi)(l,p):| }
(ﬁjv Bj)(Lq)

= <_’Y>TZT(’Yﬁ1/Bl)Hm7n |:Z’7 (O[Z7AZ)(17P) .

B P (7 + B1, B1), (85, Bj) (2,9)
Takingp=2,g=2,m=1,n=2, a1 =—-n,aa=1—nf—pt,1 =0, B =
—nB, Ay =By =1, Ay = By = fFand vy = 1, we get

(4.9) 2
? (07 1)a (_nﬁaﬁ)

g;,Hi [zl(_n71)’ (1—n5—pt,6)]
= (—=1)"2""Hy} [z

(—n’ 1)7 (1 - nﬁ —pt,ﬁ)
(7“, 1)7 (_nﬁuﬁ) '

Now, differentiate r times the right-hand side of (B3) with respect to A, use (E9)
and the Leibniz rule

el =3 (1) 5 u0) o ()

i=0 \?

to obtain the result in (E=7). =
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REMARK 4.5. Whenr = 1, we get

0
0.l pt, )

n 1 AN\"
_ s ) -— () H
A a(nles pt, A) AL (pt)n! <a5)

with the initial condition given in (EXR).

(=n,1), (1-np—pt,p)
(17 1)’ (_n/875)

Next, we obtain the fractional PDE in the time variable ¢ solved by the FNBP
distributions.

LEMMA 4.2. The density of the gamma process I'(t) ~ G(a, pt), given in
(D3), satisfies the following fractional differential equation for any v > 0:

4.10) 0/ g(y|e, pt) = pdy " (log(ay) — ¥(pt))g(yla, pt), y >0,
g(y\oz, 0) =0,

where (x) :=T"(x) /T (x) is the digamma function and O} denotes the Riemann—
Liouville derivative defined in (ZZ1).

Proof. Note first that (see [24], eq. (3.6))

1 1
4.11 —=—[e*z7
@10 NORELE

where C is the Hankel contour given in Figure [.

—a/

FIGURE 1. Hankel contour.

Let I'(a,x) = fxoo et 1dt, a > 0, > 0, denote the incomplete gamma
function. Then, form — 1 <v <m,m € Z,.\{0},

(4.12)

Z %ds = (%)pt (plog %)Vﬁm{l“(m —v)-T (m — v, ptlog %)}
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and

(4.13) %F (m — v, ptlog %) = —p(%)wt (p log %)m_l_ylog (%),

which can be checked using Mathematica 8.0. Now, by definition, for m — 1 <
v<m,

o g(yla pt)
dm t apsyps 1 e

- d
T(m —v) dtmbe t—s)V-i-lms
(yeay) am t (ouy)Ps .

N dtm Sdz |ds  (from (BT
L(m —v)dtm { — s)vtl-m 2m£6’2 z |ds  (from ( ))

_ (ye)=tam 1 Z<f (ay/z)

- ﬁ dt™ o (t>+1_md8> dz  (interchanging the order)
m — i) C — g\

0
ayy—1 gm v—m
M L) ()
X {r ( — v, ptlog %)}dz (from (ET2))
ot i 1 s (%) s 2 (pros)
X {F(m ( — v, ptlog %)} dz
1&?6 o 1) j;:@ 11 27172 £€Z (%)pt (plog %)V_m
X { p( ) (plog %)mil Vlog( )}dz (from (E13))
éye _) a1 (%)p (log(ay) —log(2)) (pIOg %)Vﬁm

B B B ay (yeay)fl dmfl L ;
< {Plm =) = (1 — v, ptlog )} dz + T(m — ) dom 1 2mi 3, ¢

=p

=D

(m —v)dtm= 12mf€

)™ AL e\ gy
B plog(ay)r(m — ) dtm—1 2mi ée (73/) <plog 7y>

X {F(m —v) — F(m — v, ptlog %) }dz
A s )

X {F(m —v)-T (m — v, ptlog %) } dz  (because éezdz =0)
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(yeay)fl dmfl L t apsyps i 1
I'(m —v)dtm=12miy (t—s)vTi=mdsT(ps)

= plog(ay)d; " g(yla, pt) — pdy " {g(yla, pt)y(pt)},

= plog(ay)d; 'g(y|a, pt) — ds

which proves the result. =

The following corollary corresponds to the case v = 1.

COROLLARY 4.1. The density (I4) of the gamma process I'(t) ~ G(a, pt)
solves the following PDE in the time variable t (with g(y|c,0) = 0):

579l pt) = p(log(ay) — ¥ (pt))g(yle, pt), y >0, t>0.

THEOREM 4.5. The pmf (B2) of the FNBP solves the following fractional
PDE in the time variable t:

5, (nlo, pt, \) = 9y (log(ar) — 1(pt))d, (n|e, pt, \)
+ [ py(nly, A)log(y)0; "' g(yla, pt)dy, t >0,
0

where §,(n|a,0,\) = Lifn = 0 and is zero otherwise, and pg(n|t, \) denotes the
pmf of the FPP defined in (B1).

Proof. Letm — 1 < v < m, where m is a positive integer. Then

3y (nla,pt, X) = 3 [ py(nly, Ng(yla, pt)dy
0

1 dm t oo ( | 7p)
= F(m—l/ W{{p[g n’ya — >V+1 mdyd&

and, consequently,

(4.14) 076, (nla,pt,\) =

> dm t gyl 719)

= fpﬁ (nly, N0y g(y|e, pt)dy.

The change in the order of integration in (ET4) can be justified, by using the
Fubini—Tonelli theorem, as follows:

t oo
g(ylo, ps)
AN)——"——"—dyd
‘{‘!;pﬂ(nkya )(t S)V+1_m yas
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t 1 0

< {W{‘pﬁ(n|y7)\)g(y|a’ps)‘dyds
t 1 t(m—v)

< = .
‘Of (t— s)’”rl*mds m—v <

The result now follows from (EI1) and the second line of (E14)). m

5. SPACE FRACTIONAL POLYA PROCESS

5.1. Pélya process. Recall that { N (¢, \) }+>0 represents a Poisson process with
rate A > 0 and P[N (¢, \) = n] = p(n|t,\). The Pélya process {W7' (t)}i>0 :=
{N(t,I') }+>0 is obtained by replacing A by a random variable I', with density
g(x|a,p) given in (Z4), which is independent of {N (¢, A)};>0. Then the pmf
n(n|t,a,p) = P[WT(t) = n] of the Pélya process is given by

_t"T'(n+p) aoP
Tl T(p) (t+aptr

oo
(.1 n(nlt,a,p) = [ p(nlt, z)g(z|o, p)de
0

which is the pmf of NB (p, a%rt) Since the pmf p(n|t, \) of the Poisson process
satisfies

0
2 pnlt, ) = ~Alp(nlt, ) — pn —1]t, 3],
we have
a (e.¢]
(5.2) an(n\t, a,p) = [ —z[p(nlt,x) — p(n — 1|t, z)]g(z|a, p)dx
0
Now,
5.3)

o2 t"a? T'(n+p+1) n+p
t dx = = t eEZ
{xp(n| ,a;)g(a:|a,p) X n'F(p) (t+0{)n+p+1 t+0{7](n| 7a7p)7 n +>

which follows by using (1. Putting (83) in (522), we obtain

n—1+p

n-+p
t = —— t,
n(nlt, a,p) Ennlt,a,p) +

— 1t >0,
5" T o n(n—1t,a,p), n

with n(n|t,«,p) = 0 for n < 0, which is the underlying difference-differential
equation satisfied by the Pélya process.

Observe that the negative binomial process {Q(t, \)}+>0 is a Lévy process
(see [I3], [[]) so that it has independent increments. However, the Pdlya process
{W?T(#) }1>0 is not a Lévy process, as it does not have independent increments (see
Remark B2 below).
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__ 5.2. Space fractional Pélya process. The space fractional Poisson process
{N3(t, A) }+>0, which is a generalization of the Poisson process { N (¢, A) };>0, de-
fined in [2Z], can be viewed as (see [22], Remark 2.3)

Na(t,A) £ N(Dg(t), \),

where Dg(t) is a S-stable subordinator with 0 < 5 < 1. The pmf of the space
fractional Poisson process is given by (see [22], Theorem 2.2)
()" & (A T8k + 1)

P, (nlt,X) = P[N5(t,\) = n] = ~— kgo 0 T 120

It solves the fractional difference-differential equation ([?7], eq. (2.4)) defined by

d _
(5.4) apﬁ(nyt, A) = =X(1-B,)p,(nlt,\), Be01],
1 forn=0
. (n|0,\) = ’
Ps (nl0,4) {0 for n > 0,

where B, is the backward shift operator defined by Byu(x,t) = u(x — 1,¢).

DEFINITION 5.1. Assume {D3(t)}¢>0 is a 3-stable subordinator, and I" is a
G(«, p)-distributed random variable, independent of { Dg(t) }+>0 and { N (¢, A) }¢>o0.

Then the space fractional Pélya process (SFPP) {Wg (t) }+>0 is defined as

W () :== Ng(t,T) = N(Dg(t),L), ¢>0.

THEOREM 5.1. Let0 < B < 1. The one-dimensional distributions of the SFPP
are, forn € Z,

(5.5)

%(nlt,oa,p)Z}P’[Wgr(t)zn]:F<1p)(—n1!)"2w1 _% (1(32’),5) .8

where 211 denotes the generalized Wright function defined in (I2).

Proof. Observe that

(5.6) ﬁﬁ(nua Ot,p) = E[P[Wg(t) - H‘FH = o.‘fﬁﬁ(nﬁvy)g(ma?p)dy
i (_1)71 K (_yﬁt)k F(ﬁk + 1) o p—1_—oay
S ,§0 K T(Bk+1-n)T(p)” ey

0
_ =y i": (-t)" T(Bk+1) of
oonl &2 kD T(Bk+1-n)T(p

i3 k 1
) fyﬁ +p— e~y
0
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_ 1 (D" LBk DI (Bk +p) (t/a")"
I'(p) n! = TBk+1-n) k!

1 (=1)m t
@ n! 2¢1 *J

(1,8),  (p,B)
(1_77‘7/8) ‘

When 5 = 1, we get

_ 1 (=) & T+ DDk +p) (—t/a)k

N T S
L1 (21" X D(k+p) (—tyE o
- I'(p) n! kz::o (k —n)! <E> (putj =k —n)
_ L ()" & Ltg+p) (—t\"
T A L, (%)
_T4pt" & T+j+p) (=t
- @M”ME%H%HWW+m<a>
B ﬁf(n—l—p) aP
“nl T(p) (t+a)ytn’

which is the pmf of NB (p, 7%5). as expected.

REMARK 5.1. Let us consider the time fractional generalization of the Pélya
process, namely {Ng(t,I') };>0, where I is independent of {Ng(t, \)}+>0, which
would also be of interest. It seems difficult to compute its pmf given by

M%wmzm:?mew@mmw

THEOREM 5.2. The SFPP {WN/g (t) }+>0 has stationary increments and is sto-
chastically continuous.

Proof. Consider first the Pélya process {W?' (¢)}i>0.

(i)Stationary increments. Let B be a Borel set. Then, for ¢ > 0 and
s> 0,

PW" (t +s) — W'(s) € B = E[P[N(t + s,T) — N(s,I') € B[]
=E[P[N(t,T) € B|T]] =P[W"(t) € B],

showing that {W?T(¢)};>0 has stationary increments. It is known that the time
change of a process with stationary increments by a process with stationary in-
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crements has stationary increments (see [], Theorem 1.3.25). Since {Ds(t)}+>0
is a Lévy process, {Wg () }+>0 also has stationary increments.

(i) Stochastic continuity. Note first that for any process { X (¢) }+>0
with stationary increments,

}/im]P’HX(t) —X(s)|>a]=0= %irr(l)}P’HX(t)\ >al=0 fora>0.

Suppose that W' (t) = N(t,T') is not stochastically continuous. Then there exist
a,e > 0 and a sequence (t,),>1 with ¢, — 0 such that P[W'(t,) > a] > € for
n > 1. Now choose Ay large enough such that | )\OOO g(A|a, p)d\ < €/2, and since
the Poisson process {N(t, \)}+>0 is stochastically continuous, there exists, for
given \p and a > 0, some ¢ > 0 such that P[N (¢, \g) > a] < ¢/2forallt € (0,0).
Thus, for t € (0,0),

PW"(t) > a] = E[P[N(t,T) > a|[]] = [P[N(t,\) > alg(A|e, p)dA

o —38

Ao 0
= [PIN(t,\) > alg(Ala, p)dX + [PIN(t,\) > a]g(A|a, p)dA.
0 Ao

Since P[N (¢, A) > a] is an increasing function of A\, we have
P[N(t,\) > a] <P[N(t,No) >a] <¢e/2 for0 < X< Ap.

Hence, for ¢t € (0,9),

A0 [e’e)
BIWT(t) > a] < 5 [ g, p)dr + [ g(Na,p)dA < e/2+¢/2 =,
0 Ao

which is a contradiction. Hence, {7 (¢) };> is stochastically continuous. Also, by
similar conditioning arguments, it follows that {WE () }+>0 is also stochastically
continuous. m

REMARK 5.2. The Pélya process {W" (t)};>0 and the SFPP {Wg(t)}@o
are not Lévy processes, since they do not have independent increments. To see this,
let 0 <t < to < tg < oo and By, By be Borel sets. Then

(5.7) PW'(t2) = Wh(t1) € Biy W' (ts) — W' (ta) € By
=E[P[N(t2,T) — N(t1,T') € By; N(t3,T') = N(t2,T) € Bs|T]]
= E[]P)[N(tg,r) — N(tl,l“) S B1]F]P[N(t3,F) — N(tg, F) € BQ‘PH

and
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(5.8) PWT(ty) — WE(t)) € B JP[WT (t3) — W (t2) € By
=E[P[N(t2,T) — N(t1,T) € Bi|[T]|E[P[N(t3,T) — N(t2,T) € Ba[L']].
We next show that the right-hand side of (1) is not equal to the right-hand side

of (BR). Take, for example, t1 = 1, to = 2, t3 = 3, By = {n}, and By = {m}.
Then the right-hand side of (B21) is

(5.9) E[P[N(1,T) = n|[JP[N(1,T) = m|T]] = [Fner W]

n! m!

1 o T(n+m+p)
- ntme=2y dy = .
~ nlml { Y 9Wlesp)dy = Zo T (a5 gy

Again, the right-hand side of (BR) takes the form

(5.100 E[P[N(1,T) = n|T)|E[P[N(2,T) = m[[]] = E [Fne—F} E [rm _p]

n! m!
_ 1 a® I(n+p)l(m+p)
~ nIm!T2(p)  (a+ 1)ntm+2p

It can be seen that the last expressions on the right-hand side of (89) and (5-10)
are different. In a similar way, we can also prove that { W[_l; (t) }+>0 does not have
independent increments.

REMARK 5.3. The mean E[Wg(t)] is infinite, which can be seen as follows.
Thepgfofwg(t) is, for |u| < 1

B[ ) = [ 5tV ]g(Ma, p)dd = [ X100 g(x]a, p)dA

0

o —3

(see, for example, [27], eq. (2.12)). Now differentiate both sides with respect to u,
and let uw — 1 to obtain infinity.

5.3. Connections to PDEs. We here discuss some PDE connections associated
with the distributions of the SFPP. .
First, we establish a result for the process {Wg (t) }+>0, similar to (B4).

THEOREM 5.3. Let k € Z\{0}. The pmf (B3) satisfies the following PDE
in time variable t:

o ( (1=BJ)Tm+B)
w% (n‘tv Ck,p) - <_ aﬁf(p)

k
) 7 (nlt, o,p + kB)

with 1),(n[0, a, p) = 1 if n = 0 and zero otherwise.
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Proof. Note that, from (Bf), we get

0 X0 .
(S.11) 277, (nft, ;) —{épﬂ(n\t, y)g(yla, p)dy

~y?(1 = B,)"p, (nlt.y)g(yla, p)dy  (using (54))

I
S

— (1-B,)’ Ty% (nlt,)9(yla, p)dy

(1-B )ﬂf(p+5)

= — t
Gyl op £ )
where the last step is due to the fact that

I'(p+8)
(5.12) Ba(yle, p) = a,p+ B).
y"9(yle, p) 2 T (p) 9y )

Now, repeating the above computation k times, we get the desired result. m

COROLLARY 5.1. The pgf Gg(ult, o, p) = E[uwlg(t)}, |u| < 1, satisfies the
following k-th order PDE:

o T g
(5.13) @Gf;(uhﬁ,a,p) = <—(1 - u)BCM) Gp(ult,a,p+ kB),

where G3(ul0,a,p) = 1, and k € Z,\{0}.
Proof. Note that

- I+1)

(1= E)I‘r—i—l)I‘(ﬁ—r—l—l)(_ )" Br.
From (BT), we obtain
2 Gplult.p)
- g S il o) = 3 (-a- B S 7 it + )
- —Cf,i’;(ﬁ)) 3 (1= B (nfhup + 5)
D S w0 S e Y B )
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L(p+8) L(B+1) o
T afT(p) nzo ZO T Or@—rin W oriherts)
_ (p+/3) r(B+1) R
- aT(p) 7;) Fr+1I'(B—r+1) (=1) zunﬁ(n—r|t,a,p+ﬁ)
L(p+p) & T'(B+1)
T (p) Zo T F DG —r 4 1) Z“ s (nlt; . p + )
_ 5L +5)

=—(1-u) 2 T () Gp(ult,o,p + f).

Taking the derivative k times, we get the result. =

Finally, we obtain the following result for the variable p.

THEOREM 5.4. The pmf of the SFPP, given in (82), satisfies the following
fractional PDE:

(5.14) 07y, (nft, o, p)

= 8;71 ( log(a) — 1/)(])))775 (nlt, a,p) + O{O'ﬁﬁ (n|t, A) log()\)azflg()\]a,p)d)\

where 1),(n[0, a, p) = 1 if n = 0 and zero otherwise.

Proof. Note that

Oy, (nlt, o, p) = 0 {ﬁﬁ(nlt,A)g(A|a7P)d>\ = {1’5[3 (nlt, )9y g(Aler, p)dA

The theorem now follows from Lemma &7, =
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