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Abstract. In the paper we solve a system of Bellman equations for
finite horizon continuous time terminal utility maximization problem with
general cadlag bid and ask prices. We assume that we have a restricted num-
ber of transactions at time moments we choose. The main result of the paper
says that we can find a regular version of solutions to the system of Bellman
equations, which enables us to find the form of nearly optimal strategies.
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1. INTRODUCTION

Assume we are given probability space (2, F, (F}), P) satisfying usual condi-
tions. Assume furthermore that U is a continuous nondecreasing function defined
on Ry :=[0,00), and (s,), (5;) are (F;)-adapted cadlag positive processes such
that s, < 5; for t € [0, T). Let for (z,y) € R2

(1.1) Az,y,8,3) ={(,m) € R: :x+ms—15> 0,y —m+1> 0},
and by A:(x,y, s;, 5¢) we denote F;-adapted random variables (/, m) taking values
in A(z,y, s;,5;). Note that for 0 < s < 5 and (z,y) € R% the set A(x,y,s,3) is

compact. Define the following sequence of parametrized processes for (x,y) € Ri
andt € [0,T7:
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(1.2)
Vo(2,9,5,5) := Uz + ys),
‘_/1<3771%§t,§t7t) = €sssup E[%($+m§t_l§t7y_m+l)§T7§T)‘Ft]7

(l7m) EAt (m7y’§t »gi)

%(xuyat) = eSSSUpE[‘_/l(.’E,y,§T,§7—,T)‘Ft],

t<r<T
%(w7y7§t7§t7t) = €ss sup ‘/1($+m§t_l§t7y_m+l7t)7
(l,m)EAt({L‘,yét,gt)
‘/Q(wv yat) = ess SUPE[VQ(%%&-agn T)‘FtL
t<r<T
‘Z'(xay7§t7§tvt) = €ss sup ‘/T'fl(m+m§t_l§tay_m+lat)a

(l,m) cA; (x7y7§t 7§t)

Vi(e,y,t) = esssup E[Vy(z,y, 5,,5,,7)| F}].
t<r<T

This system () of Bellman equations corresponds to the following portfolio op-
timization. We want to maximize terminal utility U of the wealth process at time
T, given adapted to (F;) bid and ask prices (s;), (5¢), s, < ¢, for t € [0,T]. We
assume that our portfolio position at time ¢ is characterized by the pair (x¢, y;),
where x; is the amount located on the safe (bank) account while g; denotes a num-
ber of assets in our portfolio. We consider the case when we are not allowed to
have short selling (both x; and y; variables should be nonnegative). Furthermore,
we are allowed to have at most 7 transactions over the time interval [0, 7']. Conse-
quently, our trading strategy will be in the form of sequence (7;, (I*,m")), where
0<7T <7 <...<7 <T, and (I*,m?) are F. -measurable random variables,
and at time 7; we buy [’ assets paying for them [%5,, and sell m' assets increasing
bank account by m's,.. Given the initial bank and asset position (z,y) € R% and
the trading strategy (7;, (I*,m")), the pair (z, 1) is piecewise constant and is of
the form: (zo,y0) = (z,9), (@7, yn) = (@ +m's, — s,y —m' + 1), for
1=1,2,...,r—1
1

_ i+ 1= i+1 i+1
(xTi+17y7'i+1) - (xTi +m §‘ri+1 —1 Srip1r Y —M +1 )7

and finally (xr,yr) = '(.Z‘TT', yr,.). Since we are not allowed to have short selling,
we shall assume that (I',m*) € A, (z,y, s,,,57,). Our reward functional is of the
form

(13) Joy (72 (1F,m")) ) = E[U a7 + yrsp),

where in J,; , we point out that we start with initial bank account x and have ini-
tially y assets. Assuming that the Bellman system () has solutions with certain
properties, we expect to show that V,.(x, y, 0) corresponds to the optimal value of
the functional J ,. In the sequel we shall assume the following:
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ASSUMPTION (Al). For each (z,y) € R2,n=1,...,7r and t € [0,T] we
have

(1.4) E[ sup  Va(x,y,s;,5,1)] < oo,
te[0,TINQ

where by Q) we denote the set of rational numbers.

Notice that because of monotonicity of U and the fact that (z,y) € Ri we see
that the left-hand side of (I'4) is minorized by U (x), which corresponds to absence
of transactions.

The main result of the paper can be formulated as follows:

THEOREM 1.1. Under (Al) there exists N C 2 such that P(N) = 0 and for
w € Q\ N there are versions of random functions Vy,(x,y, s;, 3, t) and Vy (2,9, 1)
forn € {1,...,r}, being continuous in (x,y) € R2, uniformly in t € [0,T] for
(z,y) from compact sets, which means that whenever (zy,yi) — (z,y) as k —
00 we have limy_, SUPycpo, 1) Vi (Tes Yks 845 5, 1) — V(2 Y, 84,56, )| = 0 and
limg— o0 SUPsefo ) |V (2 Yks t) — V (2,9, t)| = 0. Furthermore, Vi(Z,Y, 84,51, )
and Vy(z,y,t), forn € {1,... 1}, for each (z,y) € R%r are cadlag in t € [0, T
and are such that the system of equations (IL2) is satisfied P-a.e.

The proof shall consist of several steps. We need a number of auxiliary results.
Those which concern random functions are formulated in Section @ and at the
beginning of Section B. The auxiliary results which concern deterministic functions
are shown in Section B. The proof of the main theorem is in Section B. Applications
of this analytical result are formulated in Section .

2. AUXILIARY RESULTS

We start with a lemma in which we shall approximate processes depending on
parameters (x,y) by processes with deterministically separated parameters from
the random time variables. We have

~ LEMMA 2.1. Assume that for a given w € () the mapping Ri 3 (z,y) —
V(z,y,t)(w) is continuous uniformly int € [0, T] for (x,y) from compact subsets
of Ri. Then for any compact set K C Ri there is a sequence of pairs (;,y;) €
R%r, 1=1,2,..., and for each m = 1,2, ... there is a finite sequence of con-
tinuous functions R% > (z,y) — ¢im(z,y) fori=1,2,...,n(m) with compact
supports taking values in [0, 1] such that Z?:(T) Gim(z,y) =1 for (z,y) € K,
and for the random function V™ (x,y,t)(w) = Z?:(T) V (i, yis t) (W) Pim (7, y)
we have

.1 sup sup [V (z,y,1)(w) = V(z,y,1)(w)] = 0

(z,y)€K te[0,T]

as m — OoQ.
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Proof. Denote by B(z,y, p) the closed ball in R? with center in (x,y) and
radius p > 0, and let dist(z,y, B) be a distance from (z,y) to B C R?. For a
given compact set K C Ri consider a p cover of K, i.e. a sequence of rational

pairs (x;,y;) with ¢ = 1,2,...,n(1) such that K C Uffz(ll) B(zi,yi, p), and then

extend this sequence to pairs (z;,y;) with¢ = 1,2, ..., n(2) such that
n(2)
K C U B(l‘i)yiuzilp)'
i=1

We continue the procedure inductively, i.e. having chosen a sequence (x;,y;) for
i=1,2,...,n(m) suchthat K C U?iT) B(w;,yi, 2™ p) we extend the sequence
to (x;,y;) fori = 1,2,...,n(m + 1) such that K C U?:(TH) B(zi,yi,27™p).
Define, for i < n(m), gim(z,y) = (1 — p~tdist(z, y, B(zs, v, 2_’”“;))))Jr
and let
gim(z,y)

n(m)

gbi,m(x? y) = .
E gj,m(xu y)
j=1

Clearly, Z?:(T) dim(z,y) = 1for (x,y) € K,and ¢; »,(x,y) = 0 whenever (z, y)
¢ B(xu Yi, 27m+210)'
Let Vm (33‘, Y, t) = ZZL:(T) V(l"n Yi, t)d)i,m(ma y) Then

sup sup ‘ Z V(xzay17t)¢l,m<m7y) - V(.’L',y,t)l
(z,y)EK t€[0,T]

< sup sup Z | m’myh V($>y7t)|¢z7m($7y) —0
(z,y)eK te[0,T] i=1

P-a.e. by uniform continuity in ¢ of V' with respect to (z,y) € K. m

Using Lemma 2.1 we are going now to show that nice properties of the state
process are preserved by the Snell envelope taken over a finite time horizon.

PROPOSITION 2.1. Assume that there is N C Q, P(N) = 0 such that, for
w€Q\ N and (z,y) € R%, V(z,y,t)(w) is a cadlag process adapted to (F;)
such that (x, y) s V(z,y,t) is continuous uniformly in t for (x,y) from compact
subsets of R%, and Elsupycpon |V (x,y,t)|] < oco. Then, for w€ Q\ N, P(N)=0,
there is a cadlag process (V(z,y,t))(w), adapted to (Fy), such that (z,y) —
V(z,y,t) is continuous uniformly in t for (z,y) from compact subsets of R2., and

(2.2) V(z,y,t) = esssup E[V (z,y,7)|F] P-a.e.
t<r<T

Proof. Let V™(x,,t) be a sequence of the form

v ('T yvt Z V xlay’bv )(w)¢z,m(xay)
=1

Probability and Mathematical Statistics 38, z. 1, 2018
© for this edition by CNS
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for which (1) holds. Let

V™ (x,y,t) :==esssup Y E[V(xi,vi, 7)|Ft]pim(z,y).
i<T<T =1
By Theorems 2 and 3 of [7] as well as Theorem 2.46 of [R] there is N1, P(/N1) = 0
such that for w € Q\ Ny and (z,y) € Q% the mapping [0,T] > t — V™ (x,y,t)
is cadlag. Furthermore, there is No C €, N1 C No, and P(N2) = 0 such that for
(z,y), (2',y') € Q% and t € [0, T] such that

(23) |[V™(z,y,t) = V™', ¢/, t)|

(m)

< E[Sup ‘V(‘rlv Yi, u)HFt”(bZ,m(x7 y) - (bi,m(m/? y/)‘
=1 u

3
3

and for each i = 1,2, ..., the mapping [0, T] > t — E[sup,, |V (z;, y;,w)||Fy] is
cadlag (by Theorem 2.46 of [R] again). Consequently, using (Z3) we may de-
fine V"™(z,y,t) for (z,y) € R% \ Q% as a unique limit, independent of a chosen
sequence of V™ (2™, y™, t), where Q2 > (zy,ys) — (x,y). By continuity, (Z3)
is also satisfied for (z,y), (2/,y’) € RA. Furthermore, from (Z3) we also infer
that for w € Q \ Ny the mapping (z,y) — V"™ (z,y,t) is continuous uniformly in
t € [0,T1] for (x,y) from compact sets.

In addition, for (z,y) € R% the mapping [0,7] 3 t — V™ (z,y,1) is cadlag.
In fact, this holds for (z,y) € Qi. If¢;, | t and Qi S (T, yn)— (x,y) € Ri\Qi
as k — oo, n — 00, we have

< ‘Vm(wuyatk> - Vm<mn7y”7tk)‘
+ ‘Vm(a;nvynvtk) - vm(xna ynat)’ + |Vm($na ynat) - Vm(l}yi)\

Z E Sup ’V(l‘uyza >||Ftk]|¢z,m($ay) - ¢i,m(xnayn)|
=1

+ ‘V (wnaynatk) - Vm(xmymt)’

; sup|V iy Yi, U )HFtHQSz,m(mnayn) _¢Z,m(xay)|
ar(n

)+ be(n) + ¢(n).

For € > 0 there is n(e) such that for n > n(e) we have ax(n) < § for any k and
c¢(n) < §. For fixed n > n(e) we can find £ such that by(n) < §. Since € can
be chosen arbitrarily small, we have V"™ (z,y,tx) — V"™ (x,y,t) as k — oo. The
existence of the left limit of the mapping [0,7] > ¢t — V™ (z,y,t) for (z,y) €
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Ri \ Qi can be proved in a similar way. Consequently, for w € 2 \ Ny we infer
that V™(z,y,t) is continuous in (z,y) € R2 uniformly in ¢ for (z,y) for com-
pact sets, and the mapping [0,7] > t — V" (x,y,t) is cadlag. Using Theorems 2
and 3 of [[7] as well as Theorem 2.46 of [K], we see that there is N3 C {2 such that
Ny C N3, P(N3) = 0and forw € Q\ N3, (z,y) € Q% there is a cadlag version
of the supermartingale

V(l‘, Y, t) = €sssup E[V(ﬂj7 Y, T)|Ft]7
t<r<T

and for balls K = B(0,n),n =1,2,..., we have

(2.5)  sup sup  |V(z,y,t) = V™ (x,y,T)|
t€[0,TINQ (z,y)eQINK
n(m) _ 3
< sup sup Y. E[ sup |V(xi,yi,u) = V(z,y,uw)||Foim(z,y),

te[0,TINQ (z,y)€QINK i=1  u€[0,T]

which by Lemma 71l tends to zero P-a.e. The claim now follows from Lemma
below. =

3. PROOF OF THE MAIN RESULT

Before we prove the main result we need a regularity property of the first step
in the Bellman system, i.e. regularity (in the sense defined below) of the process
V7 defined as

3.1 ‘/Yl(xayat) = E[%(:E7y7§T,§T)‘Ft]'

We have the following

PROPOSITION 3.1. There is a version of Vi and N C Q such that P(N) = 0
and for w € Q\ N and (z,y) € R% the mapping [0,T] > t — Vi(z,y,t)(w) is
cadlag, and for any compact set K C R% the mapping K > (z,y) — Vi(z,y,t)(w)
is continuous uniformly int € [0,T).

Proof. The proof consists of two steps.
Step 1. We claim that for M € Q)4 there is a version of

VIM(xﬂ Y, t) =k [%(‘Ta Y,Sr A M7 ST A M)’Ft}

such that for M € Q4 there is N C Q, P(N) = 0 such that for w € Q\ N the
mapping [0,T] > t — VM (x,y,t) is cadlag, and for any compact set K C R%
the mapping K > (x,y) — V™ (z,y,t) is continuous uniformly in ¢ € [0, T7.
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For fixed M € )4, a compact set K and € > 0, by the Stone—Weierstrass
theorem (Theorem 13.4 of [I0]) there are sequences of continuous functions
1 9541 =1,2,...,k(e), such that for w € Q

3.2)
k(e)
sup  |Vo(z,y, 570 AM,5p AM) =Y ¢ i(z,y)¢5,(sp A M, sp AM)| <e
(zy)eK i=1

By Proposition 3 of [[3] there is a measurable function on Ri x R x € such
that its value XN/IM (x,y,t) for each (z,y) € Ri is indistinguishable from an op-
tional process. By Theorem V.20 in [B] this process is indistinguishable from the
cadlag process. Therefore, due to Lemma 1 of [I5] (see also Lemma 5 of [H])
there is N1 C Q, P(Ny) = 0 such that for w € 2\ Ny and (z,y) € R% the
trajectories t — V1 are cadlag. Let €, | 0. By Theorems 2.44 and 2.46 of [&]
there is N, Ny C N, P(N) = 0 such that, for each n = 1,2,. .., the processes
t — E[¢5" (s A M,sp A M)|Fy] are cadlag martingales. Let

) k(en)
VM (g, t) Z O (2, y) E[65" (s A M, 57 A M)|F).

Then, forw € Q\ No, \A/lM’”(x, y, t) is a cadlag martingale, continuous in (x,y) €
K, uniformly in ¢ € [0, T].
We are going now to show that
VM n

sup sup H/l (‘T Y, ) 1 ’ (:1:7y7t)| _>0
te[0,T] (z,y)eKNQL

in probability. By Doob’s inequality for submartingales (see Theorem V.24 of [H]),
forp > 1

BE{suwp sup [VM(z,y,t) = V" (a,y, )P}
te[0,T] (z,y)e KNQ%

k(en)
< CE{ sup |Vo(z,y,spAM,5pAM)— 3 65" (z,y)¢5" (s AM, 57 AM)|"}
(zy)eK i=1

< Ceb.
Consequently, for a suitably chosen subsequence n, we have
VlM,n,«

sup  sup VM (z,y,t) — (z,y,t)] =0

te[0,T] (z,y)e KNQ3T

as r — 00, P-a.e. Using Lemma B2, we obtain the desired properties of f/lM (z,y,t).
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Step 2. By Proposition 3 of [15], then Theorem V.20 of [4] and Lemma 1 of
[13], there is a version of Vi (x, y,t) such that for w € Q\ N, where P(N) = 0,
for (z,y) € R the trajectories ¢t — Vi(z,y,t) are cadlag. By Step 1, for Q. >
M, — oo there is N’ such that N ¢ N’, P(N’) = 0 such that, for we Q\ N/,
(z,9) € Q2. the trajectories [0, 7] > t — V" (z,y, t) are cadlag and K > (x,y)
— V"™ (z,y,t) is continuous uniformly in ¢. By Doob’s inequality for submartin-
gales (Theorem V.24 of [8]), forp > 1

E{sup  sup |[Vi(z,y,t) = V" (2,y, 1)}
te[0,7] (e.y)€KNQ2

< CE{ sup |V1(1:ay7§T7§T) - ‘/i(x7y>§T A MagT A M)|p} —0
ryeK

as n — oo. Therefore, we have convergence in probability and for a suitably cho-
sen subsequence (n, ) the convergence

sup sup [Va(w,y,t) — V"' (2,,1)] — 0
t€[0,T] (z,y)e KNQ2

P-a.e. as r — oo. It remains now to use Lemma B to complete the proof. m

REMARK 3.1. Notice that in both Steps 1 and 2 we used Proposition 3 of [19],
and next Theorem V.20 of [8] and Lemma 1 of [15] to get, for each (z,y) € Ri,
cadlag versions of the processes f/lM or V1. In view of Lemma we need only
cadlag versions of the processes Vln’M and then VIM", since by uniform conver-
gence for (z,y) € Q% and t € [0,T] we may define (in a unique way) the pro-
cesses \71M and Vi to be cadlag. In Proposition 1 we had no such possibility and
we had to use a direct (not simplified) version of Lemma B

We are now in a position to complete the proof of the main theorem.

Proof of Theorem [I. By Proposition B, Vi (x, y, t) is continuous in
(z,y) from compact subsets of B2 uniformly in ¢ € [0, 7] and is cadlag in ¢ for
fixed (z,y) € Ri. Using Lemma B3, we see that Vi (z,y, s;, 5, ) is continuous
in (2,y) from compact subsets of R? uniformly in ¢ € [0,7] and is cadlag in t
for fixed (z,y) € R_Qi_. By Proposition 711 we infer that Vi (x,y,t) is continuous
in (z,y) from compact subsets of R% uniformly in ¢ € [0,7] and is cadlag in
t for fixed (z,y) € R%. We now proceed by induction. Assume that V,(z,y, t)
is continuous in (z,y) from compact subsets of R2 uniformly in ¢ € [0, 7] and
is cadlag in t for fixed (z,y) € R%. Then, by Lemma B3, V,,41(z, v, 8;, 51, t)
is continuous in (z,y) from compact subsets of R2 uniformly in ¢ € [0, 7] and
is cadlag in t for fixed (z,y) € Ri. Using Proposition 2711 again, we infer that
Vit1(z,y,t) is continuous in (z,y) from compact subsets of R% uniformly in
t € [0,7] and is cadlag in t for fixed (z,y) € R%. This completes the proof. =
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4. APPLICATIONS

In this section we shall formulate some implications of the analytical result
formulated in Theorem Il

PROPOSITION 4.1. Under (A1) we have

4.1) sup Jx7y<(n~, (lz,m’))) =V (z,9,0).
(7i,(1*,m?))

Furthermore, for a given (z,y) € Ri and € > 0 there is an c-optimal investment
strategy (TZ', (1%, mz)) given by
4.2)
= inf{t > 0: Vp(z,y,t) < Vi(x,y,5;,5,t) +/r},
(Y, m') = ('t € Ar (2,9, 5,,,5n ),
Vi@, Y, 870,3m1,71) = Veoa(x +iits, — 15,y — ! + 11, 70),

Ti+1 = lnf{t } T : ‘/T‘—i(x’mumit) < ‘/T—i(x’n?y‘l'iaﬁt)ght) + E/T}a
(li—‘rla mH_l) = (Zi+17 mi-i—l) S A7¢+1 (:En y Yris §7’i+1 s §T¢+1)7

M‘—i(l.ﬂ;;yTi7§7—i+17§Ti+17Ti+1)

_ S il Pitlo Sibl | fitl
= r—i—l(xn- +m' St T I Sriq1r Yr — m 1 >Ti+1)7
V()(.%’TT, Yrs ST, ST T) = U(x + yTr§T)’
s _ ~i+1 7i+1= —
where for i =0,1,...,r =1, x7,,, = T, + mit Srii1 — I+ Srq and yr, =

Yr, — AL 4 i

Proof. Consider an arbitrary investment strategy (7;, (I*,m")) and corre-
sponding market positions (x¢,y;) with (zg,y0) = (z,y). Then the value of the
reward functional .J, , is given by E [Vo (27, yr, 5T, 57)], and

(43) Vl (-TTT’ Yrrs §Tr7§7r’ 7-7")
> EVo(xr, +m"s, —1"84,yr, —m" + 1", s7,57)|Fr,].

Moreover,

(4.4) V1 (xT,_l yYre_1s Tr—l) > E[Vl (xTra Y7rs Sr5 Sy Tr) |FTT,1]
andfori=0,1,...,r—1

(45) ‘/7‘724('%7'1‘7 yTi7§7—i+17§T¢+1a Ti+1)

i+1 i+1— i+1 i+1
> ‘/T‘fifl(xn + m’H— §Ti+1 - lz+ STi+17yTi - mz+ + Z’H_ aTZ'+1)7
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(46) ‘/;“—i(xTia yT“ Ti+1) > E[‘_/:"—i(xﬁ? y’?'i Y §Ti+1 Y §’Ti+1 I Ti+1) |F7'z]

For the strategy defined in (EZ%) we have equalities in (B3) and (E3) (because the
strategy maximizes the left-hand sides of (83) and (B3)), while in (B&4) and (E-H)
inverse inequalities with V; or V,._; decreased by % Now we can condition the
final reward using (E3)—(8-6) and obtain

@7 E[Vo(zr,yr, ST, 87)]

E[Vl(xnvynvfn Sy )] < EVi(Tr, 4y Yy, 1) <
BV i(@r Yrir Sryy 1 Srigrs Tid )] < BVei (%7, Yy, Tin)] < -
< BV (@, Yn, 87,550, 1)] < Ve(2,9,0).

Notice that for the strategy (B22) we obtain in (EZ1)

<
<

N

E [‘/(](:ETa yTa§T7§T)] > ‘/;”(:Ca Yy, 0) — &,
which is the desired e-optimality. =

In Proposition BTl above we had only e-optimality of strategies, since the ex-
istence of optimal stopping times in () could not be guaranteed. Under addi-
tional assumptions we can however expect to get optimal strategies. Assume the
following:

ASSUMPTION (A2). The filtration (F}) is quasi-left continuous (see Defini-
tion 3.33 in [8]), and the processes (s,) and (S;) are quasi-left continuous (see
Definition 4.22 in [K]).

PROPOSITION 4.2. Under the assumptions (A1) and (A2) there is an optimal
strategy (7'1-, (1, ml)) maximizing (I3). It is of the form
4.8)

- lnf{t > O : V;“(xvyvt) — ‘Z‘(xvyaﬁtagtvt)}7
(ll,ml) = (zl,ml) € A (2,9,8,,,51),
‘_/7”('1"5 ya§7—17§7'1>7—1) - ‘/T‘—l(x + m1§7—1 - Z1§T1ay - ml + Z17 Tl)7
Tip1 :=1nf{t > 75 : Vi, yris 1) = Vemi(Zr yrys 84550, 8) )
(liJrl? mi+1) = (Zi+17 mi+1) € Aﬁ'+1 (1’7—“ Y7 §T7;+1 ) §7i+1 )7
‘71“77,' (xTi) Yr; s §Ti+1 ) g‘rzurl ) Ti+1)

1 _ Jitlg qitl 4 fitl

_ S it
=Viici(@r, WM s TSy — s Tit1),

; _ 5 i+l Pitlz _ Sitl | fitl
with &7, | = &, +m'" Srin — s, and yr, = yr, — T4 L
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Proof. By Theorem 1.3 of [J1] or Theorem 1.2.2 of [T2] we have only to show
that the processes V}, and V}, are quasi-left continuous for & = 0,1, ..., 7. Notice
first that by quasi-left continuity of (F}) the process V; defined in (B) is quasi-left
continuous. Now, if a sequence of stopping times o, T o < T as n — oo, then by
(A2) we have s, — s, and 5,, — 55, P-a.e., as n — oo. Therefore, by (ER),
using quasi-left continuity of Vi, we have

Vi(,Y, Sy, , Sns On) — sup Vi (x+ms, —15,,y—m+l,0)

(ILm)EA(z,y,55 55 )

= sup Vilx +ms, — 55,y —m+1,0) = Vi(z,y,5,,55,0)
(Lm)EA(z,y,s5,,50)

P-ae., where f/f denotes the left limit. Consequently, V; is quasi-left continuous.
It remains to show that V; is quasi-left continuous since then the proof can be
continued by induction. For this purpose we repeat the arguments of the proof of
Theorem 1.2.2 of [12] or Theorem 1.5 of []. Let 0, T 0 < T as n — oo. Since
Vi(z,y,t) for fixed x,y € R, is a supermartingale, we infer that Vi (x,y, 0,) >
Vi(z,y,0) and

4.9) EVi(z,y,0n)] = E[V] (z,y,0)] =2 E[Vi(z,y,0)].

Let ((0y) = inf{t > 0y, : Vi(,y,t) = Vi(z,y, 5,5, t)}. Itis clear that (¢(0y))
is increasing, as n — o0, to a stopping time ¢. Furthermore, by quasi-left continu-
ity of V1 we have

(410) E [‘/1 (‘T) Y, Un)] = E[‘71 (:E? y)§¢(on)7§C(a’n)a C(Un))]

- E[Vl(x7y7§(7§C7C)]7
and it is clear that { > o. Therefore,
E[f/l(l" ya§ga§C> C)] SE [Vl((l), Y, C)] < E[Vl(xv Y, U)]a

and from (B9) and (BI0) we obtain lim, . F [Vi(z,y,04,)] = E[Vi(z,y,0)],
which is only possible when V| (z,y,0) = Vi(x,y,0), P-ae., i.e. when Vj is
quasi-left continuous. =

We construct below a family of examples for which the assumption (A2) is
satisfied.

EXAMPLE 4.1. Let (B{) be a fractional Brownian motion with parameter
H > % and continuous trajectories. Let (F}) be a completed filtration generated
by (B/?). It follows from Theorem 3.1 and formula (3.1) of [I1] together with
Corollaries 2.7.8,2.7.9 and Problems 7.1, 7.6 of [H] that there is a Brownian motion
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(W}) such that its completed filtration coincides with (F}), and therefore (F}) is
continuous and, in particular, quasi-left continuous. Define the processes

¢ t
S; = Sp exp { fasds + chdBf}
0 0

and

t t
5p = Sp exp { fbsds + fcsdBf},
0 0

where ¢ € L%(0,T) and (a;), (b;) are (F;)-adapted such that a; < b, fort € [0, 7],
and a,b € L*[Q x [0,T]]. Then (s;) and (5;) are continuous, and one can show
that the processes V} and V}, are continuous for k = 0,1,..., 7.

Proposition Bl concerned the case when we had not more than r transactions
over time interval [0, T']. A natural question is what happens when we let  — oco.
Since the bid price s, is strictly smaller than the ask price s;, we may expect
that we shall have a finite number of transactions in time horizon [0, 7], although
the number of transactions might be random, not necessarily bounded uniformly
in w. Notice that V. and V. are nondecreasing in r. Consequently, the processes
V(z,y,t):=lim, o Vie(x,y,t) and V (2, y, 84, 3¢, t) :=limy, o0 Vi(2, Y, 54, 51, 1)
are well defined although might be equal to +oc. Therefore, we shall assume the
following.

ASSUMPTION (A3). For each x,y € Ry, and t € [0,T] we have

4.11) E[ sup supVy(x,vy,s5,1t)] < 0.
te[0,71NQ n

We have

PROPOSITION 4.3. Under the assumption (A3) the processes (V(:E,y,t))
and (V(z,y, 8;,5¢,t)) for (z,y) € R2 and t € [0,T) are finite and are solutions
to the following system of equations:

V(x7y>§t7§t7t) = €sssup V(x+m§t _lgtay_m+l7t)>
(4.12) (lvm)EAt(x7y7§m§t)7
V(xa Y, t) = esssup E[V(.’L’, Y, 57557, T)’Ft]
t<r<T

Furthermore, for each (x,y) € Qi the process (V(m,y,t)) is indistinguishable
from a cadlag process.

Proof. Notice that under (A3) we are allowed to enter ess sups with limit
r — oo. For each (z,y) the processes (V,(z,y,t)) are right continuous super-
martingales so that, by Theorem VI.18 of [8], the process (V(x, Y, t)) is indistin-
guishable from a cadlag process. =
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REMARK 4.1. In the case of continuous time we have to extend the class of
controls to finite variation controls. The problem in the case of power or loga-
rithmic utility leads to singular control problems as one can see for the infinite
horizon case for lognormal prices in [[] and references therein. The control con-
sisting of a finite number of transactions can be considered only as a potential
approximation of the singular control problem. If we impose additional fixed costs
for transactions, we can expect to find optimal control within the class of strategies
consisting of a finite number of transactions, however the number of transactions
will not be bounded deterministically from above. Under the assumption that we
have a decision lag or execution delay, following each transaction decision (see
[[4]) we may expect to have optimal strategies consisting of a finite and bounded
number of transactions. The last two approaches will be a subject of further work.

5. APPENDIX

We formulate here and prove some continuity results which are used in the
paper. Denote by h the Hausdorff metric defined on the space H (Ri) of compact
subsets of Ri as follows:

h(A, B) := max{d(A, B),d(B,A)}

with d(A, B) :=sup{dist(a, B) : a€ A} and dist(z, A) :=inf{dist(z,a) : a€ A}.
Clearly, (H (Ri), h) is a complete metric space (see, e.g., [3]). We have, by The-
orem 2.1 of [[3], the following

LEMMA 5.1. Let (Zp,Yn, S, Sn) be a sequence with coordinates in Ri such
that s,, < Sp, which converges to (x,y,s,s), where s <. Then

(5.1) h(A(z,y,8,3), A(Tn, Yn, $p, 8n)) —— 0.

LEMMA 5.2. Assume that r]*(z,y) is a family of cadlag trajectories depend-
ing on (x,y) € R%— and m = 1,2..., ie. for each m the mapping [0,T] > t —
ri"(x,y) is cadlag, and furthermore, for each m = 1,2, ... the mapping R% >
(z,y) — r7"(x,y) is continuous uniformly in t for (x,y) from compact subsets in
R2. If for any compact set K C R? there is r¢(z,y) for (z,y) € K N Q* and
t € (0,7 N Q such that

(5.2) sup sup | (x,y) —ri(z,y)| — 0
te[0,71NQ (z,y)eKNQ?

as m — oo, then ri(z,y) := lim[O’T}mQatansziB(M’yn)a(zjy) rt, (Tn, Yn) de-
fined for each (z,y) € R3 is such that the mapping [0, T] 3 t — ry(z,y) is cadlag
and the mapping R% > (z,y) — ri(x,y) is continuous uniformly in t for (x,y)
Jfrom compact subsets of Ri.
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Proof. For given € > 0 and a compact set K C R? there is M (K, ¢) such
that for m > M (K, <) we have

(5.3) sup sup  [ri(x,y) — ri(w,y)| <e.
t€[0,T)NQ (z,y)€KNQ?

Notice first that r,(z, y) is well defined for any (z,y) € R2 and ¢ € [0, 7. In fact,
i 0Q2 3 (), (5, 8l) — (5,9), 0,71 N Q3 4, L1, [0,T]NQ 3¢, | ¢
and 7 (z, y) = limy, o0 7t,, (Trs Yn)» Te (T, y) = limy, o0 7y (27, y,), then by (B3)
and continuity of R > (z,y) — ri"(z,y) form > M(K,e) we have

17, (ns Yn) = 74, (235 )|
< |Ttn($nuyn) - T;Z(xnuyn”
11 (@ny yn) = 75 (@, Yo )|+ |15 (20, y3) — 7oy, (20, 9|

< 2e + ‘T;:(xnayn) - T‘;Z(l‘,n,yé)‘ - 257

letting n — oo, which means that 7 (x, y) = 7¢(x, y). Furthermore, (3) and (E2)
hold for any (z,y) € K andt € [0,T]. If K 5 (zp,yn) — (z,y), then

sup |re(@n, yn) — 7¢(2,y)|
te[0,T

< sup {|Tt(xnayn)_7ﬂ;€n(l‘myn)|
t€[0,T]
+ " (@0, yn) — 1 (@, y)| + 1" (@, y) — 7, )|}

< 2e+ sup {|r{" (zn, yn) — (2, 9)|},
t€[0,T]

letting first n — oo, then m — oo, since € could be chosen arbitrarily small. Con-
sequently, we infer that for each compact set K we have uniform in ¢ continuity of
(x,y) — r¢(x,y). The cadlag property of ¢t — r(x,y) follows now directly from
convergence (52). m

LEMMA 5.3. Assume that the mappings [0,T] > t — s, and [0,T] > t — 5,
are cadlag and s, < 5, for t € [0, T). Assume furthermore that the mapping Ri 3
(z,y) — V(z,y,t) is continuous uniformly in t for (z,y) from compact sets, while
the mapping [0, T) > t — V (z,y,t) is cadlag for each (z,y) € R%. Then

(54)  V(z,y,s;,5,t) := sup V(z+ms, — 5,y —m+1,t)
(I,;m)€A(x,y,s,,5t)

is continuous in (x,y) from compact subsets in Ri uniformly in t, and the mapping
[0,T] 5t V(x,y,s,, 5t t) is cadlag.
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Proof. Since A(x,y,s,s) is compact and V (z,y — m + [, t) is continuous
in (z,y), there is (I, m) € A(x,y, s, s) such that

Viz,y,s,5,t) =V(x+ms—1s,y —m-+1,1).

Let now R2 3 (2, yn) — (2, y) and (In, my) € A(Tn, Yn, S;, S¢) be such that

V(.’En, ynvﬁtagt) t) = V(ﬂf + MmnsSy — lngt) Y —mp + lna t)
Without loss of generality, by Lemma B, choosing a suitable subsequence, we
may assume that (I,,, my,) — ([,m) € A(z,y,s;,S:). Hence, by continuity,
(5.5) V(xpn + mps; — nSt, Yn — My + ln, t) — V(z +ms, — ISe,y —m +1,t)

uniformly in ¢ € [0, T'], since trajectories of (s,) and (5;) take values in a compact
set. Then

V(z,y,s;,5,t) = V(e +ms, — 5,y —m+1,t).
If there is (I, m') € A(x,y, s;,5:) such that
(5.6) V(x+m's, —1'sp,y—m' +1U',t) > V(z+ms, — 5,y —m+1,t),
then by Lemma B there is (I),,m)) € A(xn, Yn, S;,St) such that (I}, m]) —
(I,m) and
V(xp +mps, — USt,yn —mi, +1,,t) = V(e +m's, — s,y —m/ + 1, t).
Then
V(zp +mls, — U5, yn —mby + 1, 1) < V(2p, Yn, 8,56, 1),
and consequently
Vie+m's, —U'sp,y —m' +1,t) < V(x+ms, — 5,y —m+1,1),

which is a contradiction to (&8). Therefore, by (83) we have V (2., Yn, 8;, 5¢, 1) —

V(z,vy, ¢, St,t) uniformly in ¢ € [0, 7.
Assume now that t,, | t € [0,T]. Fix (x,y) € R2. There is (In,m,) € A
(z,y,5;,,5t,) such that

V(LU, Y, St, 5 Stn> tn) = V(.T + mpsy, — lngtn’ Y — My + n, tn)-

Using Lemma B again, we may assume, taking into account right continuity of
the trajectories of (s,) and (5;), that (I,,,m,,) — (I,m) € A(z,y, s;,St). We have

V(2 +mpsy,, — 5,y — M+, ty) = V(T +ms;, — 15,y —m + 1, t)]
S |V(x +mps;, — a5,y — My + ln, tn) = V(e +ms, — 15,y —m +1,t,)]
+|V(x+ms, — 5,y —m+1,ty,) = V(z+ms, — IS,y —m+1,t,)]
=a, + b,
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and a, — 0 as n — oo, by right continuity of the trajectories of (s;) and (5;)
and uniform in ¢ continuity of V' with respect to the first two coordinates taking
values in compact sets. Also, b, — 0 as n — oo, by right continuity of [0,7] >
t+— V(z,y,t) for any fixed (z,y) € R2. Consequently,

(57) lim sup V(ZC, Y, St gtn ) tn) < V(Jf, Y, S¢, St t)
n—oo
Suppose now we have in (52) a strict inequality. Let (I, m) € A(z,y, s;,St) be
such that B
V(:L‘a ya§t>§tat) = V(:E + msy — lgtay —m+ l>t)
By Lemma B, there is a sequence (I, m,) € A(x,y, s, ,5¢,) such that (I, my)
— (I, m), and therefore

V(x4 mps;, — n5e,, Y — M + Iy tn) — V(e +ms, — 15,y —m+1,t).
Since for every n
V(:L‘ + MnSt, — lngtrn Y —mp+ lnv tn) < V($7 y7§tn7§tn7tn)a

we have equality in (B4) and instead of lim sup we have just lim there. This means
that V' is right continuous in £. To show that it has also the left-hand limit, it remains
to show that for ¢,, T ¢ and (z,y) € R%

(5.8) lim V(z,y,8; ,5¢,.tn)

— sup Vi(x+ms; =15, ,y—m+1,1)
(Lm)€A(z,y.8, ,5; )

as n — oo, where s; ,5, are left limits of (s,), (5;) at time ¢ and V™ (z,y, t) de-
notes the left limit of V' (z,y,t) at time ¢. The proof is similar to that of right
continuity and is left to the reader. m
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