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Abstract. Let {X(t) : t = (t1,t2,...,tq) € [0,00)%} be a centered
stationary Gaussian field with almost surely continuous sample paths, unit
variance and correlation function r satisfying r(t) < 1 for every t # 0
and r(t) = 1 — Zle [t: | + 0(2?:1 [t:]%%), as t — 0, with some
a1,az,...,aq € (0,2]. The main result of this contribution is the de-
scription of the asymptotic behaviour of P (sup{X(t) : t € Jm} < u),
as u — 0o, for some Jordan-measurable sets Jp of volume proportional to
P (sup{X(t) : t € [0,1]9} > u) "' (1 4 o(1)).
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1. INTRODUCTION

In extreme value theory of Gaussian processes, we have the following seminal
result (see Leadbetter et al. [d], Theorem 12.3.4; Arendarczyk and Dgbicki [[],
Lemma 4.3; Tan and Hashorva [], Lemma 3.3) concerning the asymptotics of the
distribution of supremum of a centered stationary Gaussian process { X (¢) : ¢t > 0}
with correlation function satisfying

(1.1) r(t) = Cov (X (t), X(0)) =1 — [¢t|* + o(|t|*), ast— 0,
for some «v € (0, 2], over intervals with length proportional to

pu(u) =P (tzl[(l)pl]X(t) > u)fl(l +0(1)), asu— oo.

THEOREM 1.1. Let {X(t) : t > 0} be a zero-mean, unit-variance stationary
Gaussian process with a.s. continuous sample paths and correlation function r
satisfying (1) and r(t)logt — R € [0,00) as t — c0. Let 0 < A < B < oc.
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Then

P( sup X(t)<u)— Eexp (—xexp (-R+ @W)),
te[0,xp(u)]

as u — oo, uniformly for x € [A, B], with W an N(0, 1) random variable.

It is natural to study a similar problem in the d-dimensional setting for ar-
bitrary d € N. In this case one considers a centered stationary Gaussian process
{X(t1,t9,...,tq) : t1,t2,...,tq > 0} with unit variance and correlation function
r(ti,to,...,tq) = Cov (X(tl,tg, .o tq), X(0,0,. .. ,0)) satisfying

d d
(1.2) r(ty,ta, .. tg) = 1= > [t “4o( Y [t:]*),
i=1 i=1
as ti,ta,...,tqg — 0, with oy, g, ..., a4 € (0,2]. The subject of interest is then
the distribution of supremum of the field { X (¢, t2,...,t4)} over sets of volume

proportional to

m(u):P( sup X(t17t27"'7td) >U)_1(1+0(1))
(t1,t2,..,tq)€[0,1]¢

In this paper we investigate suprema over sets of the form

X . d . 1 [2) td
jm.—{(tl,tg,...,td)ER ( e (u)>6j}7

zimy(u) zoma(u)’ " xgmg

where J C R? is a Jordan-measurable set with Lebesgue measure \(J) > 0,
x=(21,22,...,24) € (0,00)% and m= (my, ma, ..., mq) with my,ma,...,myg
some positive functions satisfying mq(u)ma(u)...mg(u) = m(u). Let us put
JIm = T One interesting case is 7 = [0, 1]% with 7X = szl[o, ximg(u)].

In a recent paper D¢bicki et al. [B] consider the case d = 2. They assume that
the functions m; and my tend to infinity and satisfy

log m1 ()

—1 asu— co.
log ma(u)

(1.3)

The authors establish the following two-dimensional counterpart ([3], Theorem 2)
of Theorem [T

THEOREM 1.2. Let {X(t1,t2) : t1,t2 = 0} be a zero-mean, unit-variance
stationary Gaussian field with a.s. continuous sample paths and correlation func-
tion r satisfying (T2) and r(t1,t2)log \/t2 +t3 — R € [0,00) as t3 + 13 — oc.
Let my and mgy be positive functions such that my(u)me(u) = m(u) and (I3)
hold. Then:
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(i) for each0 < A < B < 00,

P ( sup X(t1,t2) <u) — Ee ™72 exp(—2R+2VRW)
(t17t2)€[0)m1m1]X[O,.TQT)’LQ]

)

as u — oo, uniformly for (w1, x2) € [A, B]?, with W an N (0, 1) random variable;
(ii) for every Jordan-measurable set J C R? with Lebesgue measure \(J) >0,

P( sup X (t1,t2) < u) S Ee M) EXP(—?RH\/EV\/)7
(t17t2)€jm

as uw — oo, with W an N (0, 1) random variable.

Our goal is to derive a general limit theorem for the distribution of supremum
of the field { X (¢1,t2,...,tq)} over sets JX, for arbitrary d € N and for a wide
class of families {1, ma,...,mg} of functions, uniform for x € [A, B]?, for all
0 < A < B < oo. The main result is Theorem B1l. In the paper we do not assume
that every m; tends to infinity like Debicki et al. [B] do. We fully explain the case
when all m;s are separated from zero (see Theorem B and Remark Bl) and give
some partial results in the case when some of m;s tend to zero (see Corollaries B4
and B3).

2. PRELIMINARIES

We consider R? with coordinatewise order <, write t = (t1,t2,...,tq) for
an element t € R%, put 0 := (0,0,...,0) and 1 := (1,1,...,1), and denote by
| - ||oo the sup-norm in R%, i.e., ||t|loo = max{|ti], |t2],. .., |tq]} for any t € R%.

Let {X(t) : t € [0,00)?} be a centered stationary Gaussian field with a.s.
continuous sample paths, unit variance and correlation function

r(t) = Cov (X(t), X(0)).

We will often assume that the correlation function satisfies:
AL r(t) =10 [l 4+ o( 00, |t:]%) as t1, b2, . . ., ta—0;
A2:r(t) < 1fort # 0;

A3:r(t)log /B + 83+ +13 = Rast + B +...+1 —ox,
with some constants a1, aa, ..., aq € (0,2] and R € [0, 00).

The above conditions are analogous to the ones given in [&], [I], [[7], [B].

Condition A1 implies that the correlation function r is continuous. Al and
A2 give |r(t)| < 1 for t # 0. Moreover, condition A2 follows from A1 and A3.
Notice that we study both weakly dependent fields, satisfying A3 with R = 0, and
strongly dependent fields, satisfying A3 with R € (0, c0).

For every a € (0, 2], we denote by H,, the Pickands constant (see [5]), i.e.,

E exp (max B t) — [t|*
M. = lim p (maxo<r<r Baya(t) — [t|)

T—o0 T ’

where { B, /2(t) : t > 0} is a fractional Brownian motion with Hurst index a/2.
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Let W be a standard normal random variable and let ®(u) := P(W < u),
U(u) :== P(W > u). We recall that

W) = — exp(—“;> (1+0(1)) asu— oo.

If the considered field { X (t)} satisfies A1 and A2, then, for arbitrary Jordan-
measurable set 7 C R with Lebesgue measure \(7) > 0, we have

2.1 P (ItnaXX(t) > u) = \NJ) ﬁ (Ha,u® )T (u) (1 4 o(1)),

cJ i=1
as u — 00, due to Piterbarg [A], Theorem 7.1. Thus

d

m(u) == (] (HaiUZ/ai)q;(u))_l =P( n[lax]dX(t) > u)_l (1+o0(1)).
i=1 te[o,1
Let my, ma, ..., mq be positive functions such that

mi(u)mao(u)...mg(u) = m(u)

and for some k € {0,1,...,d —1}:
1. foreveryi € {1,2,...,k} there exists an M; € (0, c0) such that

mi(u) — M;  asu — o0;
2. foreveryi € {k+1,k+2,...,d} we have
mg(u) — oo (asu — oo) and  m;(u) = exp(yu?)ei(u),
for some constant 7; € [0,1/2] and positive function ¢; with log ¢;(u) = o(u?).
Then Y41 + Yeio + - - - + Y4 = 1/2. We put v := max; ;.

For arbitrary x € (0,00)%, we define R* := [0, 1] x [0, 23] x ... x [0,z4]
and RY, := [0,z1m1(u)] x [0, xama(u)] X ... X [0,z4mg(u)] for each u € R.
Note that RX, = JX for J = [0, 1]¢.

3. RESULTS
Below, in Section B, we present Theorem B, which is the main result. Its

proof is given in Sections B3 and B4. Some consequences of Theorem Bl can be
found in Sections B and B72.
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3.1. Main theorem. The following theorem describes the asymptotic behaviour
of P (sup{X(t) : t € JX} < u), as u — oo, for Jordan-measurable sets 7, of
volume proportional to m(u).

THEOREM 3.1. Let {X(t) : t € [0,00)?} be a centered stationary Gaussian
field with a.s. continuous sample paths, unit variance and correlation function r
that satisfies A1 and A3 with some R € [0, 00). Then, for every Jordan-measurable
set J C R with \(J) > 0, foreach0 < A < B < o0,

P(supX(t)gu)—>Eexp<—x1w2...mdA(j)eXp<—R—i— RW)),
tETH 2y "\ v

as u — oo, uniformly for x € [A, B]%.
Applying the above theorem for 7 = [0, 1]¢, we obtain the following result.

COROLLARY 3.1. Let { X (t)} satisfy the assumptions of Theorem B. Then,
foreach) < A < B < o0,

P( sup X(t) éu) HEeXp(:leg...xdeXp<R+ RW)),
tERE, 2y v

as u — oo, uniformly for x € [A, B]%.

In the special case, when £ = 0 and the functions m1, mo, ..., mg are chosen
so that y; = 9 = ... = 4 (and thus a d-dimensional analog of (I3) holds), we
have the following corollary. Note that for d = 2 it coincides with Theorem 2.

COROLLARY 3.2. Let the assumptions of Theorem Bl be satisfied and let

log m;(u)

(3.1 — lasu — oo, fori,j€{1,2,...,d}.

log m;j(u)
Then, for every Jordan-measurable set J C R with \(J) > 0,

P ( sup X(t) <u)— Eexp<—xlxg...xd)\(j)exp(—dR+\/2dRW)>,
LISVES

as u — oo, uniformly for x € [A, B]?, for each0 < A < B < oo.

3.2. Some consequences of the main theorem. Let the field { X (t)} satisfy the
assumptions of Theorem Bl In this section we ask for the asymptotic behaviour
of the supremum of {X (t)} over sets JZ, for 7 C R a Jordan-measurable set
with \(J) > 0, x € (0,00)%, m = (my, Mo, ..., My) and My, Ma, . . ., My some
positive functions with m1(u)meo(u) ... mg(u) = m(u). Note, we do not assume
that my,mae, ..., my fulfill all the conditions, which have to be satisfied by the
functions mi, mao, ..., my introduced in Section Q.
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First, we consider the case when the functions m1,mao, ..., mgy are separated
from zero, i.e., m1(u), ma(u),...,mq(u) > € for some € > 0. Then, it is easy
to show that every sequence {uy },cn tending to infinity contains a subsequence
{un, }jen such that for each i € {1,2,...,d} we have m;(un,) — M; € [e, 00),
as j — oo, or, alternatively, m;(u,,) = exp(%u%j)éi(unj) — 00, as j — oo, for
some constant ; € [0, 1/2] and some function ¢; with log &;(uy,) = o(u,%j). We
can apply Theorem Bl for such subsequences. This justifies the following remark.

REMARK 3.1. Theorem Bl fully explains the case when my,ma, ..., My are
positive functions separated from zero, such that mi(u)ma(u) ... mg(u) = m(u).
It gives the asymptotics for convergent subsequences.

Since for weakly dependent Gaussian fields the limit in Theorem Bl does not
depend on ~y, the above considerations entail a concise corollary.

COROLLARY 3.3. Let {X(t)} satisfy the assumptions of Theorem Bl with
R = 0 and let m1,ma, ..., Mg be positive functions separated from zero, such
that mi(u)ma(u) ... mg(w) = m(u). Then, for each 0 < A < B < 00,

P (sup X(t) <u) —exp(—z122...24A(T)),
teJx

as u — oo, uniformly for x € [A, B]%.

Next, we focus on the case when m;s are allowed to tend to zero. In general,
such weakening of the assumptions enforces a different approach. However, basing
on Theorem B, we can give the limit theorems in two special opposite cases: when
m; — 0 sufficiently fast and when m; — 0 sufficiently slow.

Suppose that for some 0 < j < k < d:

0. foreveryi € {1,2,...,7} we have

mi(u) — 0 asu — oo;
1. foreveryi € {j+1,5+2,...,k} there exists an M; € (0, c0) such that
mi(u) — M;  asu — oo;

2. foreveryi € {k+1,k+2,...,d}

mi(u) — oo (asu — 0o0) and  m;(u) = exp(Fu?)E(u)

hold for some constant 4; > 0 and function &; such that log ¢;(u) = o(u?). Then
Vi1 + Vkr2 + ..+ Ja = 1/2. We put 7 := max; ;.

Note that the above conditions are very similar to the conditions given in Sec-
tion O for the functions my, ma, . .., mg. Under these assumptions (and some extra
ones) we can prove the following results.
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COROLLARY 3.4. Assume that m1,ma, ..., My satisfy the above conditions
and, moreover,

() = exp(—ru?)c(u)

for some constant k > 0 and function c satisfying log c(u) = o(u?). Then,

P (sup X(t)<u) —0, asu— oo,
teJi

uniformly for x € [A, 00)?, for each A > 0.

Proof. Let x € (0,00)%. Since the set 7 C R? is Jordan-measurable and
AJ) > 0, there existy € Reandz € (0, oo)d such that y + R* C J. Thus

P(sup X(t)<u) <P( sup X(t)<u)=P( sup X(t)<u),
teJEy te(y+R?)E, teRZE

with zx := (2121, 222, . . ., 2qT4), Where the last equality is a consequence of
stationarity. Furthermore,

P(sup X(t)<u)<P( sup  X(0,...,0,t6s1,ths2,...,ta) < u).

teRES 0<t; <zxim;

We will show that the right-hand side of the above inequality tends to zero, using

Theorem Bl for the field X(tk+17 tit2y -y td) =X (0,...,0,tpt1,thr2y .-, td),

tit1,tkra, - - -, tq = 0, that satisfies (d — k)-dimensional conditions A1 and A3.
Since k > 0, we have 0 := Y41 + Jk4+2 + - .. + 74 > 1/2. Hence

M1 (W) Mgy2(u) - ma(u)
i (u)

— 00, asu — 090,

where

d
m(u) := ( I (HaiUQ/O"')\If(u))_l.
i=k+1

Foreveryi € {k+1,k+2,...,d}, we put

mi(u) == exp(Fiu®)é;(u),

b A —15 5 3 2 19y} 1/ (d=k) N
with4; == (20) 7 '9; and &;(u) := (rh(u) exp(—u?/2)) .Then+; € [0,1/2],
log ¢;(u) = o(u?) and Y11 + Ykt + - - . + A4 = 1/2. Moreover, the functions 77;
satisfy M1 (u)mgso(u) ... mg(u) = m(u) and we have

— OO as u — oQ.
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Let C' > 0 be arbitrary. Since m;(u)/m;(u) > C for all sufficiently large u,
we obtain

limsupP ( sup  X(0,...,0,tp41,tpt2,- - tq) < u)

U—00 0<ti<zimy;

:hmsupP( sup X(tk+1,tk+27---;td)<u)

U—00 0<ti <z

< limsup P ( sup X(tk—',-lytk-i-% cootg) < U)

U—00 0<t; <Cxymin;

_— d_k LY
Eexp ( C "Xk 1%p42 ... Tg€XP < 97 + 4/ :YW>>

with 4 := max; 7;, due to Theorem Bl Since the right-hand side tends to zero as
C — o0, the proof of pointwise convergence is complete. Uniform convergence
simply follows from the monoticity of x — P (sup{X (t) <u:t e JX}). =

COROLLARY 3.5. Suppose that mi,ma, ..., mq are positive functions such
that mq(u)ma(u) ... mg(u) = m(u) holds and, moreover, assume that

mi(u) =1, fori < j, forsomej € {1,2,...,d—1},

mi(u) = exp(yiu?)ei(u) — M; € (0,00], asu — oo,  fori > j,

where v; € [0,1/2] and log c;(u) = o(u?). There exist some positive functions
v1,va,. .., vj satisfying vi(u) — 0, such that for all my,ma, ..., mq satisfying
the conditions: v;(u) = o(m;(u)) for each i € {1,2,...,j}, mi(u) = m;(u) for
eachi € {j+1,7+2,...,d—1} and mg(u) = mg(u) - Hz L mi(u)~t, we have

P ( sup X(t) <u) —>Eexp(—>\(k7)exp ——}—\/»W

teIm

as u — OQ.

Proof. Letey,eg,...,&; > Oande := (e1,€2,...,¢5,1,...,1 Hl 1€ )
By application of Theorem B, we obtain

P ( sup X(t) <u)— Eexp(— MJT) exp ( - ; + \/51/\/))

teJs

as u — oo, uniformly for € € [A, B]¢, for all 0 < A < B < oc. Note that the
above limit does not depend on the choice of €1, ¢2,...,¢;. It is not difficult to
show that there exist some functions v;, i € {1,2,...,j}, tending to zero, such
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that for positive functions ¢; = ¢;(u), i € {1,2,...,j}, tending to zero, and for

e(u) := (e1(u), e2(u), ..., e5(u), 1,..., 1, [T_, & '(u)), we have

P( sup X(t)<u) —>Eexp<—A(J)exp<— R—{—\/EW)),
tegm " 2y Y

whenever v;(u) = o(g;(u)). We shall put ;(u) = m;(u) fori € {1,2,...,j}. =

REMARK 3.2. We do not know the form of the functions v1,vs, ... ,v; from
Corollary B3. Our conjecture is that v;(u) = u=2/% fori € {1,2,...,j}.

3.3. Lemmas. The lemmas formulated in this section are crucial in the proof
of Theorem BTl (see Section B4). They are d-dimensional counterparts of known
results: Lemma BTl generalizes Lemma 12.2.11 in [@] and Lemma 1 in [B]; Lem-
ma B3 combines d-dimensional analogs of Lemma 12.3.1 in [B] (for weakly de-
pendent fields) and Lemma 3.1 in [[] (for strongly dependent fields), it is a gen-
eralization of Lemma 2 in [B]. Since the argumentation for Lemmas Bl and B2
mimics the one given in [#] and expanded in [[7], [2], the proofs are skipped. We
present the proof of Lemma B3, which improves the lemma given by Degbicki et
al. [B], [?] and enables us to establish far more general results than the ones in [B].

Let a > 0. Put ¢; = q;(u) := au=?/% fori € {1,2,...,d}. Moreover, define
ja=ja(u) = (jiq1(u), jaga(w), . .., jaga(w)) for j = (j1,j2, - - -, ja) € Z°.

LEMMA 3.1. Assume that conditions A1 and A2 hold. Then there exists a func-
tion ¥ satisfying 9(a) — 0, as a — 0, such that for every a > 0 we have

1
P( sup X(jg) <u)—P( sup X(t)éu)gmﬂ(a)—{—o(),
Jgey+R* tey+Rx m m

as u — oo, uniformly for'y € [0,00)? and x € [A, B]?, forall 0 < A < B < occ.
REMARK 3.3. An explicit formula for ¥ from Lemma B can be found in [2].

LEMMA 3.2. Suppose that T = T'(u) — oo as u — oo. Then, providing that
conditions A1 and A2 are fulfilled, there exists an € > 0 such that for all R > 0

m R R \2\~1/2
_ 1-7r(q)) ——=(1-( r(ja)+(1—7r(qa)) ——=
v 2|0 (1 (s 0t ) )

3a(0,0,..,0)
u2
xXexp| — - - — 0,
( 1+7”(Jq)+(1—r(Jq))R/10gT>}
as u — Q.
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Let R > 0 be fixed. The last lemma concerns functions p7 and g7 defined for
an arbitrary T > 1 and for t € R? as follows:

e max{|tii1l, [trals - [tal} <1,
pr(t) == ‘ R ige:
r(t) — TaT | otherwise;
(3.2)
or(t) == ()] + (1= 7(t) oo, max{[tial, [terals -, [tal} <1,
’ %7 otherwise.

LEMMA 3.3. Assume that T; = T;(u) ~ 7;m;(u), as u— oo, for some ;>0
and every i € {1,2,...,d}. Let € > 0. Then, providing that conditions A1 and A3
with R € [0, 00) are fulfilled,

TlTQ...Td Z ( ) < u2 > 0
— pT\Jq)exp| — . . — U,
QG- 4d v I+max{|r(ja)|, er(ja)}
jae] [, [-7:.7)
jq¢(7575)d
as uw — oo, with T := max{Ty,Ts, ..., Ty}.

Proof. We present the proof in the case d = 2. The argumentation for other
dimensions is analogous. We follow the reasoning from Lemma 2 in [J], making
modifications and skipping some details, which can be found in [Z].

Since T’ (u)To(u) ~ Tyom(u), as u — oo, we get

2 2
(3.3) u? = 2log(TyT») + <a + o 1) loglog(T172) + O(1).
1 2

It is not difficult to see that there exists a constant 6 € (0, 1) such that for all
sufficiently large L

sup  max{|r(t)|, or(t)} <.
5<Ht”oo<L

Denote by (3 a constant satisfying 0 < 8 < (1 — ¢)/(1 + J) and divide the set
Q= [-T1,Th] x [-Ty, T»] — (—¢,¢)? into two subsets:

ST={teQ:|ti < m(U)B/Qa [ta] < m(u)ﬁ/Q}’
S:=9Q-8".

Observe that the shape of the set S* of volume m(u)?(1 4 o(1)) does not depend
on the choice of m and ms.
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Following line-by-line the arguments from [], thanks to the proper choice
of 3, we obtain

T . ( u? )
pr(ja)exp | — . - — 0,
9192 jq%;* 4a) 1+ max{[r(ja)|, er(ja)}

as u — oo.
To complete the proof, it suffices to show that

34

Ty 2

u
3.5 ' - 0,
T e (Gl )

as u — oo. By an argument from [21] and the fact that m(u)?/? — oo, we get

C

max {[r(jaq)|, er(jq)} < W’

for sufficiently large u, some constant C' > 0 and all points jq € Q satisfying
|jalleo = m(u)?/2. Hence we have

U 5 pria) i
ex —
0 oz VP \ T T S max (rGa)l, erGa)}
T2T3 C 1
<4126 —u? (11—
445 Xp( logmP/2 ) ) logmP/?
q1q2 logm?/? (ja) R
rlig) —
T, ozl OV logT

=:I1(u) x Iz(u).

Applying the equality (B3), the definition of the functions g; and ¢ and the
convergence log (T (u)Th(u))/log m(u)?/? — 2/B, as u — oo,we conclude that
I is bounded. Our argumentation is analogous to the one given in [2]. The strong
condition (I3) turns out not to be necessary.

In the next step we prove that I5(u) — 0 as u — oco. Observe that we have

B < gy 2 [ria)los Vi) + (o] - B|(1+ o(1)

4192 1_ logT
DTz jaes1 log\/(j101)? + (j2¢2)?
=: Ji(u) + Ja(u).

+ B8R (1+0(1))
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We need to show that both .J; and .J; tend to zero. Note that J; (u) — 0 as u — oo,
due to A3. Additionally,

2R qie V(5101)? + (j2¢2)?
o) < logm ThT3 ;i cs tog ( T ’
and hence
9R 11 1
Jo(u) = : O(ff |log (V% + y?)|dedy + [ |log |de:v)
logm 0°0 0

Thus (B33) holds. The combination of (824 and (B3) completes the proof. m

3.4. Proof of Theorem Bl To establish the main result, we develop the ideas
given in [4], [0], [[2], [B]. The following proof of Theorem Bl combines the method
of proof of Theorem 2 for d = 2 and 71 = 2 = 1/4 (see [B], Theorem 2), the
lemmas from Section B3 and some new observations.

The proof consists of two parts. In (i), we present a complete argumentation
for the special case J = [0, 1]%. In (ii), we explain how to apply the first part of the
proof to obtain the limit theorem for arbitrary 7.

(i) Let us consider J = [0, 1]. Then JX =R, for x € (0, 00)%. Let { X¥(t)},
for k € N?=*, be independent copies of { X (t)} and let

n(t) := X*® ) fort € [0,00)?,

with k(t) = (|tg+1]| + 1, [tes2] +1,..., [ta] + 1). For any 7" > 0, we define
a Gaussian random field {Y7(t) : t € [0, T]%} by

R o\12 R o\12
Ve (1- g ) 0+ (g) W

where WV denotes an N (0, 1) random variable independent of {n(t)}. Then the
covariance Cr(t,t + s) := Cov (Y7 (t), Yr(t + s)) equals

Cr(t,t +s) = {r(:) +(1- r(s))% if |s; +t;] = |t;] fork <i < d,

g T otherwise.

For x € (0,00)? we define n(x, m) := (n¥,n%,...,n%) with n¥ := 2;M;
fori € {1,2,...,k}and n¥ = n}(u) := [z;m;(u)] fori € {k+1,k+2,...,d}.
Since

P(sup X(t)<u)—P( sup X(t)<u)=o(1), asu— oo,
teRY, teRn(x,m)

we may focus on the asymptotics of the right-hand side of the above equality.
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Step 1.Lete > 0 be fixed. We divide the set R**™) into N1 Mheyo -+ Ty
boxes

k d
Gi= 110,z M) x [T [l — 1.1,
i=1 i=k+1
indexed by 1 = (lj11, lkt2,...,1q) € N?=F such that 1 < I; < nx. Next we split

each box Gy into two subsets Z; and Z;" as follows:

k d

7= H [O,xiMi} X H [(lz - 1) + e, li]?
i=1 i=k+1
I =G -1

To simplify the notation, we will write
T:=H{T:1 <1< (g, g, -0y}

Applying the Bonferroni inequality, stationarity and the asymptotics (), we get

limsup [P ( sup X(t) <u)—P (supX(t) <u)|
U—00 teRn(x,m) tel

<limsupnf njo...n5 P (sup X(t) > u) < Gi(e),
U—00 tely
uniformly for x € [A, B]¢, with (1(¢) — 0 as e — 0.

Step 2.Leta > 0 be fixed and let q1, g2, . . . , gq be defined as at the begin-
ning of Section B3. Then we have

lim sup } P (supX(t) < u) -P ( sup X (jq) < u)‘
U—00 tel jaez

< limsup iy nfy...ng| P (sup X(t) <u) — P ( sup X(jq) <u)
U—00 teTy jaeZx

< Ga(a),

uniformly for x € [A, B]%, with (3(a) — 0 as @ — 0, due to the Bonferroni in-
equality and Lemma BI.

Step 3. LetT be a function defined as follows:
T(u) := Bmax{mj(u),ma(u),...,mg(u)}.
Note that if 7" = T'(u) is sufficiently large (and thus, if u is sufficiently large), then

I"((G—i"a) — Cr(a.i'a)| < pr (G —i)a),
|Cr(ja,i'a)| < or (G —i)a),
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where the functions pr and o7 are defined by (B22). Moreover, for all pairs of
points jq,j'q € T satisfying [|j — j'|[|cc < €, provided that ¢ is sufficiently small,
we obtain

R-(1-r((-i)a))
logT ’

R-(1-r(G-ia)
logT ’

(G —§)a) — Criia.i'a)| =

max {|r((j —i")a)|,|Cria.id)|} = (G —i)a) +

Combining the above properties, the normal comparison lemma ([4], Theo-
rem 4.2.1) and Lemmas B and B3 in the same way as in [B], we conclude that

lim ‘P(supX(_]q) ) P(squT(Jq )‘—0

U—00

uniformly for x € [A, B]%.
Step 4. By the definition of the random field {Y7(t)}, we have
— (R/logT)'/?2 c
S M- Rj1ogT)2 4

P (sup Y7(jq) < u) = f P( I)dcb(z).

Jjaez

Since T' = T(u) = exp(yu?)c(u) for some function ¢ satisfying log c(u) = o(u?),
the condition

_u—(R/ log T)'/22
*T (1—R/logT)L/?

R \'? R R
= — 1
<u <10gT> Z) < +2logT+0<logT>)
1 ( IR R) (1)
=u+—|— —z + +ol|—
U 2~ U
holds for every z € R. Moreover, as © — 00,
m(u) w2y 2/a2...u§/ad\IJ(uz) o ex R N Ez
m(uy)  w/ery2/ez | y2/0al(u) P 2y v

and thus

xk»_;,_l...l'd R R
3.6 x XNy = —— = —_— — 1 1)).
(3.6) Ny nFig.. Ny M, exp< 2W+”72> m(uz)( + o ))

Applying the dependence structure of {n(t)} and stationarity of { X (t)}, we obtain

P (sup n(jq) < us) = P ( sup X(jq) < us) "2 4 o(1),
jaeT jaeTy
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By Lemma BT, the definition of m(u,) and properties (Z1) and (B8), we get

P (sup X(jq) < u,)"m1 e
Jja€r

k X X X

C Mz - (0 2 1 Tht1"k42 T

< <P ( Sup X(t) < UZ) + H’L:l € ( (a)+ €+O( ))) TR
teg m(uz>

_ <1_Hf:1Mw:i . (1—19(a)—25—|—0(1))> 1@1 M exp<——+\/7 )m us)

mexp(— (1—19((1)—26):v1:c2...xdexp<—£+1/fz>>,

where ¥(a) — 0 as a — 0. Thus

+0o(1)

oo X X X
limsup [ P ( sup X(jq) < uz) "5+ 0(2)

U—00  —co Jjagl

< Eexp(— (1 —9Y(a) —2€)x1x2...xdexp<— 2£+ \/E)/V))
Y v

On the other hand, we have

P ( sup X(jq) < us)"FrmEeen

Jjaglx
2 P ( sup X(t) g uz)n’ls+1n’1§+2~..n§
teG:
g S (B2t
>(1- %)” - 0(1)
m(u,

R R

— exp (—xle ... TqEXp (— + z)),

u—00 2\ v

and thus

lim inf f P ( sup X(jq) <wu )n’““n’“’z ndd@( )

U0 o Jja€l

> Eexp (—561332 ... X Eexp (—2R + \/EW>>
Y Y
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Summarizing, we obtain

(3.7 Eexp (—mlxg . Tqexp (— + \/7W>>

< liminf P ( sup Yr(jg < lim supP sup Yr(jq) < u)
u—oo ja€T u—00 ja€T

< Eexp (—(1 —Y(a) — 25)x1x2 ... Tqgexp (—2R +4/ RW)),
Y Y

uniformly for x € [A, B]<.
Step 5. From Steps 1-3 of the proof we know that

limsup [P ( sup X(t) <u) =P (sup Yr(jq) <u)| < Gi(e) + Gfa),
U—00 teRn(x,m) jqez

uniformly for x € [A, B]¢, with (1(¢) — 0 as € — 0 and (3(a) — 0 as a — 0.
Combining it with the inequalities (8~1) and passing with ¢ — 0 and a — 0, we
finish the first part of the proof.

(i) Let 7 C R? be an arbitrary Jordan-measurable set with Lebesgue measure
AJ) > 0. We follow the argumentation from [3], Theorem 2 (ii). Observe that
for every € > 0 there exist some positive constants z1, 22, . . ., 2q and some sets
L.,U. C R? being finite sums of disjoint closed hyperrectangles with dimensions
21 X 29 X ... X zg,suchthat L C J CU: and A\(L:) +e > NT) > AU:) —e.
Then, following nearly line-by-line the arguments given in the proof of part (i), we
obtain

P( sup X(t) <u) — Eexp | —z132...24\(L:) exp _B + EW
te(Le)%, 2y v

and

P( sup X(t) <u) — Eexp | —z122...24\U:) exp B + EW ,
teUe)x, 2y 0

as u — oo, uniformly for x € [A, B]?. Since £ > 0 is arbitrarily small, it gives

P ( sup X(t) < u) — Eexp <:1:1352 o xgA T ) exp (R +4/ RW)),
teJx 2y Y

as u — oo, uniformly for x € [A, B]?, which completes the proof.
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