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Abstract. In this paper we present asymptotic results for exit proba-
bilities of stochastic processes in the fashion of large deviations. The main
result concerns stochastic processes which satisfy the large deviation prin-
ciple with an integral type rate function. We also present results for exit
probabilities of linear diffusions and particular growth processes, and we
give two examples.
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1. INTRODUCTION

The theory of large deviations gives an asymptotic computation of small prob-
abilities on exponential scale (see, e.g., [4] as a reference on this topic). The aim of
this paper is to give asymptotic results, in the fashion of large deviations, for exit
probabilities of stochastic processes from a given domain.

In Section 2 we prove an asymptotic result for exit probabilities of stochastic
processes { X© : ¢ > 0} which satisfy the large deviation principle with an integral
type rate function. Integral type rate functions appear in some well-known results
in literature as Mogulskii’s theorem (see, e.g., [4], Theorem 5.1.2) and Theorem 1.2
in [3]. In the proof we combine asymptotic results for up-crossing and down-
crossing probabilities; the result for up-crossing probabilities has some analogies
with Lemma 1 in [9] for scaled partial sums processes. We also discuss the concept
of most likely path for the exit (see, e.g., Lemma 4.2 in [8]; see also [11], p. 45).
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In Section 3 we prove an asymptotic result for exit probabilities of stochastic
processes which can be derived from adequate transformations of time and state
of other stochastic processes satisfying the large deviation principle with an inte-
gral type rate function (as happens for the results in Section 2). In particular, we
show how this result can be applied to exit probabilities of linear diffusions and
of growth processes. In this way we can recover some known results of Freidlin—
Wentzell theory for small noise diffusions; see, e.g., [7] (Chapter 4, Section 1)
for the connections with large deviations. Finally, in Section 4, we illustrate some
consequences for the most likely paths, and we present two examples.

2. RESULTS BASED ON INTEGRAL TYPE RATE FUNCTIONS

We start by recalling some preliminaries on large deviations. A family {X°¢ :
e > 0} of Q-valued random variables, where (2 is a topological space, satisfies the
large deviation principle (LDP from now on) with rate function [ if the function
I:Q — [0, 00] is lower semi-continuous; we have the lower bound

o . S
hrerilélfelog P(X*eq@)> Jng I(w)

for all open sets GG, and the upper bound

limsupelog P(X® € F) < — inf I(w)
e—0 wer

for all closed sets F'. Moreover, a rate function [ is said to be good if all its level
sets {{w €eQ:I(w)<n}:n> O} are compact. In what follows we consider
Q= Clto,T] for 0 < tp < T < o0, i.e. the family of all continuous functions on
[to, T, equipped with the topology of the uniform convergence. Thus we consider
families of continuous stochastic processes { X¢ = {X®(t) : t € [to, T]} : € > 0}.

The main result in this section is Theorem 2.1 which concerns exit probabil-
ities of continuous stochastic processes { X¢ : ¢ > 0} which satisfy the LDP with
an integral type rate function. So we start with the definition of integral type rate
function. Moreover, in view of the applications of Theorem 2.1 in the next section,
the next Lemma 2.1 provides a class of examples where the LDP holds with an in-
tegral type rate function: references for this lemma are Theorems 5.6.12 and 4.2.13
in [4], together with Theorem 4.2.13 in [4] concerning the concept of exponential
equivalence (see, e.g., Definition 4.2.10 in [4]).

DEFINITION 2.1 (Integral type rate function). A rate function [, ¢, 7 is said
to be an integral type rate function if it is defined by

T
[J(f(t))dt if f € AC[to,T]and f(to) = o,
IJ,xoyto,T(f) = Nt

o0 otherwise,
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where 0 < g < T < 00; AC[t, T] is the family of all absolutely continuous func-
tions on [tg, T']; f is the almost everywhere derivative of f € AC[to, T]; the func-
tion J : R — [0, 00) is convex and there exists a unique T € R such that J(z) = 0.

LEMMA 2.1. Let p € R and o € (0,00) be arbitrarily fixed and let J, , be
defined by J,, »(x) = (x — p)?/(20?%). Let B be a standard Brownian motion on
[to, T] for 0 < tg < T < o0, let f : [to,T] — R be a continuous function, and
assume that vy — xo as € — 0. Then the family of stochastic processes {X ¢ =
{X=(t) : t € [to,T]} : € > 0} defined by

XE(t) = af + ult — to) + ££ (1) + VEoB(t — to)

satisfies the LDP with good integral type rate function 1;, , zq to.1-

The proof of Theorem 2.1 will easily follow from Propositions 2.1 and 2.2
which concern up-crossing and down-crossing probabilities, respectively. In view
of what follows, we introduce some symbols. Let Z = {Z(t) : t € [to,T]} be a
continuous stochastic process, and consider the exit probability

Wz (to, T;b(-), b(y)) = P({ﬂt € [to,T]: Z(t) ¢ (b(f)(t)vb(ﬂ(t))})

in the time interval [to, 7], where b_, b(4) : [to, T| — R are two continuous barri-
ers such that b_)(t) < b(y(t) forall ¢ € [to, T'. Similarly, for a given continuous

barrier b : [tg, T] — R, we shall consider the up-crossing probability \I/TZ(to, T;b)
= P({3t € [to, T] : Z(t) > b(t)}) and the down-crossing probability \I/lZ(to, T;b)
= P({3t € [to, T): Z(t) < b(t)}).

PROPOSITION 2.1. Let {X¢ = {X®(t) : t € [to, T]} : € > 0} be a family of
continuous stochastic processes for 0 < to < 1" < oo, which satisfies the LDP with
an integral type rate function 1y, +, 7. Furthermore, let b : [to, T] — R be a con-
tinuous function such that:

(H1 1): 29 < b(to);

(H2 1): . ir;f T(t —t0)J ((b(t) — 20)/(t — to)) is attained at some t, € (to, T).
o<t
Then b()
. 1 B _ o) = zo
igrg)eloglpxg(to,T, b) = togiT(t to)J< P— )

Proof. We have to prove the upper bound

| | bt) —
1 ) < _ A0
@D hI?—?(l)lpglog V- to, T3b) < tol<r§£T(t o) < t—to )

and the lower bound

b(t) —x
. . T . > _ 3 _ 70
(2.2) hIEH_}(I)lf clog ¥y (to, T;b) > toiI%iT(t to)J < t—to > :
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We start with the proof of (2.1). Let us consider the closed set
Ey = {f € C[to,T) : there exists t € [to, T] such that f(t) > b(t)}.
Then we have

23)  limsupelog k. (to, T;b) < —inf{Ly 0 107(f) : f € Ep}

e—0
by the upper bound for the closed sets in the LDP of {X¢ : € > 0}. We have to
compute the right-hand side in (2.3). We can restrict our attention to any absolutely
continuous functions f € E} such that f(tg) = xo. Firstly, since f(tp) = xo <
b(to) by (H1 1), there exists ¢t € (t9, T such that f(t¢) = b(ty). Then we have

b(ty) — 1100)

ty .
(2.4) Liaotor(£) 2 [ T(f()dt > (tf —to)] ( Py—
to f—ro

by Jensen’s inequality. Now consider the function f; : [tg, 7] — R defined by

b(t*)*l“o .
= D —¢ ftg <t < t,,
@5 L=t T g G i
b(t,) + Z(t — t,) ift, <t<T (andt, < T),

where t, is as in (H2 7). Then, by (2.4) and (H2 ), we obtain

. b(t) — xo
> - ST
IJ,a:o,to,T(f) t01<1%f§T(t to)J ( t —to )

b(ty) — xo
te — 1o

= (t* - tO)J ( ) = IJ,xo,to,T(f*)a

where the latter equality can be easily checked. In conclusion, since f, € Ej, we
have

(2.6) il’lf{]]7x07t07T(f) :fe Eb} = toi<I%f<T(t — tQ)J <

t—to

and (2.1) holds by (2.3) and (2.6).
Now we prove (2.2). Let us consider the open set

E; ={f €Clto,T]: f(t:) > b(ts)}.
Then we have
27  liminfelog Wl (to, T;b) > lim inf elog P(X*(t.) > b(t.))

2> _inf{IJ,xo,to,T(f) : f € E:}7
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where the first inequality holds by construction, and the second one holds by the

lower bound for the open sets in the LDP of {X* : ¢ > 0}. For > 0 we define

the function ffn) which is a slight modification of f, presented above for the proof

of (2.1):

b(t*)—l-n—mo .
—(t—t ftg <t <t
£t = SC (t=t) ifto <<
b(te) +n+Z(t —ts) ift, <t<T (andt, <T).

Then fin) € E7, and therefore
. o b t* + — T
lnf{IJ,xo,to,T(f) 1 fe E*} < IJ,xo,to,T(fﬂgn)) = (t* - tO)J <(1)f_77too>

Finally, we recall that J is continuous because it is a real finite-valued convex
function defined on an open interval (see, e.g., [14], Theorem 3.2) and, letting 1 go
to zero, we obtain

28)  inf{Iueior(f): f € B2} < (t —to)J (W—xt))

te — to

t—to

— inf (t—to)J(

to<t<T

In conclusion, (2.2) holds by (2.7) and (2.8). =

PROPOSITION 2.2. Let {X® = {X¢(t) : t € [to,T]} : € > 0} be a family of
continuous stochastic processes for 0 < tg < T < oo, which satisfies the LDP with
an integral type rate function I 4, 1, 7. Furthermore, let b : [to,T] — R be a con-
tinuous function such that:

(H1 ]): b(to) < wo;

(H2 |): togiT(t —t0)J (b(t) — z0)/(t — to)) is attained at some t.. € (to,T).
Then
. . b(t) —x
! : _ - 0
iurcl)elog U (to, T;b) = togiT(t to)J < — > .

Proof. Itis similar to the proof of Proposition 2.1, and therefore omitted. m

THEOREM 2.1. Let { X¢ = {X®(t) : t € [to, T} : € > 0} be a family of con-
tinuous stochastic processes for 0 < tg < 1" < oo, which satisfies the LDP with an
integral type rate function 1, 1, r. Furthermore, let b_y, b, : [to, T] — R be
continuous functions such that:

(Hl): b(,)(t()) <z < b(+) (to);
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o . . (+)
(H2): t01<1%£T(t —t0)J (b (t) — w0)/(t — to)) is attained at some t,~ €
(to, T
Then
lim ¢ log W x< (to, T5b), b4))

= — min { inf (t—tg)J <b(t)—a:0>}
be{b(1),b(—y} Lto<t<T t —to

Proof. Firstly we have
W (t, T; b)), Ul (to, T} b)) < Wxe(to, T50(-), b)),
and we obtain
(2.9) max{lim i(r)1f ¢log \Ilﬁ(E (to, T5b(—y), lim iélfé log \I';(E (to, T50(1))}
E— E—
< i i = 00 .
hIEILl(?f 9 log \I’X (to, T, b( ) b(+))
We also have
Uxe(tg, T b(_), b(+)) < \Ifﬁ(s (to, T b(_)) + ‘1/;(5 (to, T b(+)),
and we get

(2.10) limsupelog ¥ xe(to, T b(—), b))

e—0
= max{limsup ¢ log \Ilﬁ(8 (to, T;b(—y), limsup e log \If;(8 (to, T3 b(4))}
e—0 e—0
by Lemma 1.2.15 in [4]. Then, by (2.9) and (2.10), we complete the proof noting
that we have

by (t) —
_ ; . . _ 20 %0
b_y(t) —z
. . . . B b G AP
;l_l’}I(l)ElOg \Ijxe (t07 Tﬂ b(—)) - toLI%iT(t tO)J < t— t() >

by Propositions 2.1 and 2.2, respectively. =

REMARK 2.1. The assumptions (H27) and (H2 |) in Propositions 2.1 and 2.2
and the assumption (H2) in Theorem 2.1 could be avoided by assuming that
limM:oo, lim M:oo and lim M:oo,
T—00 I T——00 —I |z]—o00 ’1"
respectively. If we assume that J is coercive, i.e. lim|y|_,, J(v)/|x| = oo, the rate
function 14, 1+, 1 in Definition 2.1 is good; also, if 154, 1,1 is good, the function
J must be coercive.



Asymptotic results for exit probabilities 31

We conclude this section with a brief discussion on the concept of most likely
path for the exit, and we refer to the framework of Theorem 2.1. Let us consider
the set Eb(—) by = Eg(+) U Eé(_), where EJH) is the set £ in the proof of Propo-
sition 2.1 with b() in place of b, and

Eé(_) = {f € Clto, T] : there exists t € [to, T such that f(t) < b_)(t)}.

Note that Eb(_)’
Ep ),

. 1 !
by, 18 closed because Eb 5 and EbH are closed sets. Then f, €

b is said to be a most likely path if

1,07 (f+) = f{Ts20,00,7(f) : [ € Ep_ ) }-

Note that if the rate function 17, ¢, 7 is good and

inf{Lyz0t0,0(f) 2 f € Eb_ b} < 00,

then the infimum is attained because Eb(,),b< H is a closed set. In general, we do
not have a unique most likely path and f, is a most likely path if and only if it is
defined by (2.5), where: b € {b(4), b(_)} is such that

inf (t — to)J <b(t)_x°>

to<t<T t— to
by (t) — bi_y\(t) —
= min{ inf (t—tg)J <(+)()xo> , inf (t —tg)J (MJ)},
to<t<T t— 1o to<t<T t— 1o

te = tif) if b, = b(+) ort, = tfk_) if b, = b(,), where tfki) are the values in (H2)
in Theorem 2.1. Note that we have a unique most likely path f, if and only if we
have a unique choice of b, and ¢, as above.

It is interesting to remark that if f, is the unique minimizing point in Ey
then

b4y
lim P(X° € Ay(f.)| X" € Ep_ b)) =0,

where A;(fi) = {g € Clto, T| : supsepso,ry19(t) — f«(t)| = n} and 1 > 0. This
can be checked following the lines of the proof of Lemma 4.2 in [8] (here we have
some differences) and noting that Theorem 2.1 provides the limit

lim elog P(X® € By b)) = ~Lao,to,r(fo)-

In conclusion, the unique minimizing function f, has the following appealing in-
terpretation: conditionally on the exit of the stochastic processes { X< : € > 0} for
¢ close to zero, with overwhelming probability this occurs via a path that is close

to fi.
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3. APPLICATIONS FOR SOME FAMILIES OF DIFFUSIONS

In this section we prove an asymptotic result for exit probabilities of stochas-
tic processes {Y¢ : ¢ > 0} which can be derived from adequate transformations of
time and state of other stochastic processes { X¢ : ¢ > 0} satisfying the assump-
tions of Theorem 2.1 (more precisely, they are as in Lemma 2.1). In particular, we
show how this result can be applied to exit probabilities of linear diffusions and of
growth processes.

PROPOSITION 3.1. We consider an open interval X C R, two continuous
barriers b_y, b4y : [to, T] — X such that b_y(t) < by(t) for all t € [0,T], a
family of continuous and strictly increasing functions {Byy, : t € [to, T} such
that By, : X — R for all t € [to,T], a continuous and strictly increasing func-
tion p(+;to) : [to, T] — [0, p(T';t0)] defined by p(t;to) ft 62 (v)dv for a square
integrable function 6. Moreover, let {X° = {X°(r) : r € [0, p(T;t0)]} : € > 0}
be defined by X¢(r) := zf + cf(r) + /eB(r), where x := By, +,(y§) for some
Y such that y§ — yo € (b (to), biy)(to)), f = [0, p(T's to)] — R is a continuous
function and { B(r) : v € [0, p(T'; to)]} is a standard Brownian motion. Finally, let
{ve={Y=(t) : t € [to,T]} : € > 0} be defined by Y(t) := B, . (X°(p(t; t0))).
Then, if we set Bto (t;b) := By, (b(t)), we have

(3.1) lim e log Wy« (to, T3 (), b(1)) = —u(yo, to),
where )
(\to t; b Bto,to(yﬂ))
u(yo,to) ==  min . .
be{b_ )b(+)}to<t<T 2p(t;t0)

Proof. Firstly we note that { X¢ : £ > 0} satisfies the assumptions of Lem-
ma 2.1 with © = 0 and o = 1, and with [0, p(T; to)] in place of [to, T']. Moreover,
for each fixed € > 0, we have

Uye(to, T} b(_), b(_,,_))
= P({3t € lt0,71: B, (X*(olt:10)) ) # (b (9. b0y (1)})
= P({3ref0,p(Tst0)]: X5(r) & (Big (07 (rs0): b)) o (07 ()i b)) })

= Wi (0, p(T510): by (07 (5 10)3B() ) B (07 (5105 b))
Then, by Theorem 2.1, we obtain

il_ff[l) elog Wy« (to, T; by, b))

b -1
min inf rJoi ( fo (p
be{b( )s b(+)} 0<r<p(Tito)
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where xo := By, +,(yo) and Jy 1 is as in Lemma 2.1. Noting that

b, N 2
)’I“J(),l <bto (p 1(7‘; tO); b) - l‘O) nf (Bto (t; b) — Bto,to (yO))

inf
0<r<p(Tsto

r " ty<t<T 2p(t; to) ’

we complete the proof. m

Linear diffusion with additive noise. Let {Y*={Y*(t): t € [to,T]}: >0}
be defined by

dY*S(t) = (u ()Y (t) + po(t))dt + Veo (t)dB(t),
Y= (to) = g,

where y5 — yo as € — 0. We assume that

w1 (), po(+) exp(— tjul(w)dw) and (U(-)G}Xp(—%fm(u})dm))z

are integrable functions on [to, 7], and that o(-) is positive. By a known result in
the literature (see, e.g., [10], Chapter 4, Section 4, equation (4.3)), we can check
that {Y® : € > 0} is as in Proposition 3.1, where

v

X=R, z5=y5 [f(r)=0, 6(v)=o0c(v)exp(— tful(w)dw),

By (0) = exp [ (v)dv) <b+ [ po(v) exp( - ful(w)dw)dv).

to to to

Linear diffusion with multiplicative noise. Let {Y* = {Y*(t) : t € [to, T} :
€ > 0} be defined by

dYe(t) = u(t)Ye(t)dt + eYe(t)o(t)dB(t),
Y= (to) = 5,

where y§ — yo € (0,00) as € — 0; here we consider £ > 0 small enough to have
ys € (0, 00). We assume that j(-) and () are integrable functions on [to, T, and
that o (-) is positive. By a known result in the literature (see, e.g., [10], Chapter 4,
Section 4, equation (4.10)), we can check that {Y¢ : £ > 0} is as in Proposition 3.1,
where

X = (0,00), '738 = log ygv f(r)=—r/2, 0(v)=0(v),

A~

B;tl()(b) = exp(l;+ tfp(v)dv).
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Growth processes. Let {Y® = {Y*(¢) : ¢ € [to, T]} : £ > 0} be defined by
dY*e(t) = (aY=(t) — BY*(t) log YE(t))dt + ea Yo (t)dB(t),
Y=(to) = yo,

where y§5 — yo € (0,00) ase — 0, and «, 3,0 € (0, 00); here we consider € > 0
small enough to have y§ € (0, 00). Let F; be the function defined by

ebt eo? — 2
F.(t,y) = Jeo <logy+ 23)

and, by using Ito’s formula (see, e.g., Theorem 4.1.2 in [12]) for F. (¢, Y*(t)), we
get

dF(t,Y5(t)) = ei (log Ye(t) + W) dt
st 1 - Bt 1
v VT s (‘ V= 0)?

> (VeaY=(t)) dt.

Then we have

3
dF.(t,Y5(t)) = - <[3 log Y4(t) + e’ _ a) dt

Veo 2
ePt ePty/feo
— BlogYE BLaB(+) —
—i—\/gg(a Blog Ye(t))dt + e”*dB(t) 5t
= ePldB(t)

and, by taking into account the initial condition FL (o, Y(0)) = F.(to,y5), we
obtain .
Fe(t,Y5(t) = [ € dB(v) + F (to, y5)-
to
Thus

Bt 2 t Bto 2 _
e eo 2 e Eo 2c
logYe(t) + ——— | = BvdB(v) + 1 o
Veo ( og V(1) 2 > ;{e ) Veo ( &% 28 )

and, with some easy computations, one can check that {Y¢ : € > 0} is as in Propo-
sition 3.1, where

2

X=(0,00),  wf=c"logys,  f(r)=—g55 (exp(Bp7 (73 10)) ~ exp(Bn)).

O(v)=0el?, B;tlo(g):exp (e‘ﬂt </b\+ (Pt — eﬁto)g».
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4. MOST LIKELY PATHS AND TWO EXAMPLES

In this section we illustrate the relationship between the most likely paths for
the exit of {Y° : e > 0} and of {X°® : e > 0} as in Section 3. Furthermore, we
present two examples. Example 4.1 concerns the exit probabilities of stochastic
processes from a tubular neighborhood of the limit deterministic trajectory Y, i.e.
the solution of the deterministic equation obtained by taking the noise term equal to
zero; this is of interest in economics where Y is the equilibrium trajectory (results
of this kind can be found in [2] with applications to the issue of the efficiency
of financial market; see also [13] and [15] with applications in macroeconomics).
Example 4.2 concerns the exit probabilities of geometric Brownian motions from a
domain with positive exponential barriers; in this case we have an extension of the
content of the Remark just after Theorem 4.1 in [5] because we have non-constant
barriers.

We start with some preliminaries. The limit (3.1) can be proved for exit proba-
bilities of family of possibly n-dimensional diffusions {Y© : € > 0} under suitable
assumptions. This is what happens for Theorem 4.1 in [S] where we have

dYe(t) = m(Y2(¢t), t)dt + Ve /a(YE(t))dB(t),
Y*(to) =y

. €
Yo 0

and {Y® : ¢ > 0} satisfies the LDP (as ¢ — 0) with good rate function Iy, 4, 7
defined by

4.1)
T .
Ly sor(f) = 4§ £BTO-F@)dt i f € ACTto, T] and f(to) = 3o,
Yo,to, =19t
o0 otherwise,
where 2
)= Wom)”
L(t,y,9) = 2ty

in such a case we have
4.2)
u(yo,to) = inf {Iy07t07T(f) : f(t) ¢ (b(_) (1), b(+) (t)) for some t € (to,T]}.

Note that in general I, ;, 7 is not an integral type rate function and the minimiza-
tion problem (4.2) can be solved by using standard techniques of calculus of vari-
ations. If we specialize Theorem 4.1 in [5] to one-dimensional diffusions (n = 1)
as in this paper, b_y and b, have to be constant barriers (this is not the case
of Proposition 3.1). Here we allow a slight generalization on the initial condition
because we have y5 — yo as € — 0 instead of y5 = vo.
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Now, arguing as in Section 2, we say that f, is a most likely path if it attains
the infimum in (4.2), i.e., if f,(t) & (b_(t),b)(t)) for some ¢ € (o, T and

Tyo o0 (f+) = inf {Iyo o 7(f) = f(£) & (b=y(t),by)(t)) for some ¢ € (to, T]}.

It is known (see, e.g., [6], Chapter 1, Corollary 3.1) that f, is a solution of Euler’s
equation

oL doc
4, e
43) oy dtoy "

where L is as in (4.1); moreover, if both sides of the equation are evaluated at
(t,y*(t),y*(t)) and y*(t) has a discontinuity at some point, then the equation
(4.3) is satisfied by right-hand and left-hand derivatives. In detail, we have

(5 — (m(t)y + mo(t)))”
202(t)

L(t,y,9) =
for the linear diffusions with additive noise,

(5 — ut)y)?

L(t,y,y) = 202ty

for the linear diffusions with multiplicative noise, and

(4 — (ay — Bylogy))®
202y2

L(t,y,y) =

for the growth processes.

Finally, by referring to the framework of Proposition 3.1, we illustrate an
alternative method to find a most likely path f, for each family of diffusions
{Y¢ : € > 0} in this section (linear diffusions or growth processes). We set f.(-) =
B]ﬁ (9«(p(-;t0))). where g.(-) is a most likely path for {X® : £ > 0}, i.e.

big (P (1 t0)5b:) — Broto (00)

g:(r) = fﬁ’to,to(yo) + - ifr € [0, 7],
beo (™ (rai to); be) if r € (rv, p(T;t0)]

for suitable choices of b, € {b(y),b_} and 7, € (0, p(T;to)]. Then, for ¢, =
p~1(ry;to), we have

folt) = B, (g* (p(t; to)))

B bry (te; bs) — Bug.to (40) -
B, (Bto’to (o) + = p(t*;tt);O op(tit)) it € [tos

By (b (s b)) ift e (t,, 7).
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For instance, in the case of linear diffusions with additive noise, we have

exp (!Ml(v)dv) : <y0 + Wﬂ(t;to)
+ [ po(v)exp (— }uﬂw)dw)dv) ift € [to, t.],
f*(t) = t o o
exp (tfm(v)dv)
X (Eto (ts;bs) + tf,uo(v) exp (— t}m(w)dw)dv) ift € (t, 7.

It is easy to see that f,(tg) = yo and f«(t.) = b«(t.). Moreover, for each family of
diffusions {Y® : € > 0} in this section, we can check that f, is a solution of Euler’s
equation (4.3) and, if f. has a discontinuity at some point (this could happen at
t = t.), then the equation (4.3) is satisfied by right-hand and left-hand derivatives.
This shows that f,(-) = B} (g« (p(:;t0))) is a most likely path for {Y® : £ > 0}.

EXAMPLE 4.1. We consider the framework of Proposition 3.1 with b1y =
Y0 + 6 for some § > 0. Then, by taking into account that

Bto (t, b(i)) = Bt,to (B;tl() (170) + 5),

we have

2
; (Bt7t0 (Btjtt (CC(]) + a5) — l‘o)
) = . .
ulvo fo) = Jgin, Ly 2p(t: to)

In particular, if we deal with the linear diffusions with additive noise, the last equal-
ity takes the form

§%exp (—2 ftto p1(v)dv)

o) = inf
u(yo:to) tRI<T 2 ftto o?(v)exp (—2 f;; p1 (w)dw) dv
because
t t v
Bt to(b) = bexp (= [ pu(v)dv) — [ po(v) exp (= [ pa(w)dw)dv.
to to to

Moreover, if 1, p#1 and o are constant functions with p; # 0, we get the limit
value in Proposition 2 in [2], i.e.

. p10% exp(=2p (t — to)) p10% exp (=2 (T — to))
u(yo, to) = 1n£T = .
bo<tsT 52 (1 —exp(—2p1(t — to))) o2 (1 —exp(—2p (T — to)))
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EXAMPLE 4.2. We consider geometric Brownian motions, i.e. linear dif-
fusions with multiplicative noise where p and o are constant functions. More-
over we consider b(y(t) = rpe?* (for t € [0,T7]) for r(jy,r_y > 0and v € R
(note that we have positive constant barriers with v = 0). Finally, we assume that
7€ < yo < r(1)€?". Then, by taking into account that

bry (t; bs)) = log(rx)e”") — p(t —to),

we have u(yp, to) = min,e ., r} w(Yo, to; ), where

2
wloutorr) = in (logr -+ ~t — p(t — to) — logyo)
Y0, b0i T = to<t<T 202(t — to) '

We have two cases. Firstly, if . = v, we get

1 to — 1 2 1 tn — 1 2
u(yo, to;7) = inf (logr + pto —logyo)” _ (logr + pto — logyo)
fostsT 20%(t — to) 202(T — to)

Secondly, if p # -y, we obtain

u(yo, to; )
1 T — u(T — tg) — 1 2 logr —1 t
(logr +~ 2#( 0) — logyo) T — 1 < |logr —logyo + 7 0|?
,  20%(T —t) Iy —
_ ﬁ”—u)<|bgr—k%yo+7m|+Jogr—k%yo+7m
o’ Iy — ul e | ,
T — 0> |logr —log yo + v 0|'
[y —ul

In particular, if T — tq > |logr — log yo + Yto||y — 1|, we have

u(yo, to; )
1 —1 t
0 if ogr 0gy0+70<0’
)2 1 q—u
- - t
M(logr _ 1Og Yo + ,yto) if ogr 0g Yo + 7to > 0.
o’ ey

In both the cases, for D = {(y,t) € [0,T) x R : b_(t) <y < by(t)}, one can
check that u(-, -; ) is a classical solution of the equation

d o 1, ,( 2
- aTOU(yo,to;T)—Myo%U(yo7to;T)+§U Yo (iay()u(yo,to;r)) =0 onD,
u(y,t;r) =0 ify € {b)(t),b)(t)} for some t € [0,7),

u(y,t;r) — 400 ast 1T, fory € (b(_)(T), by (T)).
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Finally, one can check that u(-,-) = min

re{r (1))} u(+,+;r) is a viscosity solu-

tion of the same PDE because it is the minimum between two classical solutions.
This can be checked by referring to the concept of viscosity solution (see, e.g., [1],
pp- 4 and 5).
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