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Abstract. The local structure of g-Ornstein—Uhlenbeck process and ¢-
Brownian motion are investigated for all ¢ € (—1, 1). These are classical
Markov processes that arose from the study of noncommutative probability.
These processes have discontinuous sample paths, and the local small jumps
are characterized by tangent processes. It is shown that, for all ¢ € (—1, 1),
the tangent processes in the interior of the state space are scaled Cauchy
processes possibly with drifts. The tangent processes at the boundary of
the state space are also computed, but they are not well-known processes
in classical probability theory. Instead, they can be associated with the free
1/2-stable law, a well-known distribution in free probability, via Biane’s
construction.
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1. INTRODUCTION

In this paper, we investigate the trajectories, particularly the jumps, of certain
Markov processes that recently have drawn interest from both classical and non-
commutative probability communities. These processes, known as g-Gaussian pro-
cesses, arose from the intriguing connection between noncommutative probability
and classical probability described in the seminal work by Bozejko et al. [B]. Since
then, the connection has motivated many advances on both Markov processes and
their counterparts in noncommutative probability, see, for example, [I], [Z], [9],
[7]. Here, we take the classic probability point of view, and we are interested in
the local structure of these Markov processes.

In particular, we focus on the so-called g-Ornstein—Uhlenbeck process and
g-Brownian motion for ¢ € (—1, 1). The marginal distribution of the g-Ornstein—
Uhlenbeck process is a symmetric probability measure supported on the closed
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interval —2//1 — ¢ < x < 2/4/1 — ¢ and has probability density function
v1i—q-(q =
(L. p(x) = %”‘X’\/‘l — (1—q)a? TT[(1 +¢")? - (1 - ¢)a?¢"],
k=1

where (¢)oo = [ 5=, (1 — ¢*). This distribution is sometimes called the g-normal
distribution and appears also as the orthogonality measure of the g-Hermite poly-
nomials ([I35], Section 13.1). The marginal distribution of the ¢g-Brownian motion
is just a dilation of () due to the relation (I-3) below.

It is known that the g-normal distribution interpolates between several im-
portant distributions as ¢ varies between —1 and 1. When ¢ = 0, it becomes the
celebrated Wigner semicircle law that plays a fundamental role in random ma-
trix theory; when ¢ goes to 1, it converges to the standard normal distribution
that is ubiquitous in classical probability theory; and when g goes to —1, it con-
verges to the symmetric discrete distribution on {£1} which is sometimes called
the Rademacher distribution.

Next, at the process level the transition probabilities of the two Markov pro-
cesses were identified in [R], Theorem 4.6. Szablowski ([1Y], Section 4) pointed
out that they are Feller Markov processes with a cadlag (right-continuous and a
left limit exists) version. Throughout the paper we consider only cadlag versions of
stochastic processes. One can also easily show that as ¢ goes to 1, the two processes
converge in distribution to Brownian motions and Ornstein—Uhlenbeck processes,
respectively. This roughly says that the paths of g-Brownian motion are close to
those of the Brownian motion for ¢ close to 1, as illustrated by Figure 0. However,
while it is well known that Brownian motions have almost surely continuous paths
(see, e.g., []), it has been a folklore that the trajectories of g-Brownian motions
have jumps, as can also be seen in Figure [l. Our motivation is to understand better
these jumps, and hence also the trajectories of g-Gaussian processes.

In this paper, we use the notion of tangent process [14] to characterize the lo-
cal structure of g-Gaussian processes and confirm that while large jumps become
unlikely for g close to 1 (see Remark 23), the two processes are locally approx-
imated by the Cauchy process for every fixed ¢ < 1, with a possible drift and a
multiplicative constant depending on q. In order to accomplish our goal, we mod-
ify slightly a general framework from Falconer [I4] to allow for dependence on
location at time s > 0. Namely, let Z = {Z; };>¢ be a cadlag Markov process, for
s > 0 and z in the support of a random variable Zs, let P(- | Zs; = x) be the law
of the Markov process conditioning on Z; = x, and we say that { = {(;}+>0 isa
tangent process of Z at time s and location x if under the law P(- | Z, = x) we
have the weak convergence

Lsiet — 2.
(1.2) {”ﬁ} = {G}ezo
€ >0

as € | 0, for some 3 > 0 appropriately chosen, in D([0, 00)) equipped with Sko-
rokhod topology. While Z . converges to Z in probability as € | O for a cadlag
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Sample paths of g—-Brownian motions

FIGURE 1. Three trajectories of discretized (in time) g-Brownian motions {Wif/)n}izo,m,n

with ¢ = 0, 0.5 and 0.95, respectively, with n = 2000, simulated in R. The solid parabolic
line (w? = 4¢t) is the boundary of the support of the free Brownian motion (¢ = 0)

process Z, the tangent process in (I'2) provides information on the rates and local
fluctuations of the convergence. To establish (), for the two processes it suffices
to work with the conditional transition probability densities of {Z;};>, given Z,
so that the left-hand side induces a unique probability measure on D([O7 oo)) (see
[T9]). When the tightness is difficult to establish, we consider only convergence of
finite-dimensional distributions.

Our main results consist of identifying tangent processes for both g-Brownian

motions and ¢-Ornstein—Uhlenbeck processes, denoted by T (%) = {Wt(q) }i>0 and

X = {Xt(Q)}teR respectively throughout the paper. It is well known that for
the same ¢ € (—1,1), these two processes can be mapped onto each other by a
deterministic transformation

(1.3) {Xt(q)}teR - {e_tWe(gt)}teR'

It is more convenient to work with the ¢g-Ornstein—Uhlenbeck process as it is a sta-
tionary Markov process on the state space [—2/+/1 — ¢,2/+/1 — ¢|. Our findings
are summarized as follows.

(i) For ¢-Ornstein—Uhlenbeck process, we first prove that for all ¢ € (—1,1),
the tangent process in (I2) exists at all location x € (—2/1/1 — ¢,2/+/1 — q) with
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B =1, and is a Cauchy process up to a multiplicative constant (Theorem ).
In other words, locally the g-Ornstein—Uhlenbeck process behaves like a Cauchy
process for all ¢ € (—1,1). It is somehow surprising to see that, although the local
jumps disappear in the limit as ¢ — 1, they persist in such a qualitative manner.

(i1) We investigate the tangent process of ¢g-Ornstein—Uhlenbeck process at the
left boundary point of the state space z_ = —2/4/1 — q. In this case, the tangent
process still exists as in (), but with scaling parameter 5 = 2, and is a different
Markov process (Proposition IZTI).

(iii) The Markov process obtained as the tangent process at the boundary point
seems to have not been well investigated in classical probability theory, to the best
of our knowledge. Instead, somehow unexpectedly, we identify this process as the
Markov process (up to a quadratic drift) associated with the free 1/2-stable law via
the construction of Biane [4], after whom we name the process 1/2-stable Biane
process (Proposition B). This connection is irrelevant to the path properties of the
processes, but it is of its own interest.

(iv) For the g-Brownian motion, since it is not stationary and has inhomo-
geneous transition probabilities, the situation is slightly more subtle. The tangent
process of the g-Brownian motion in the interior of the support of WS(Q) is still
Cauchy, but with a linear drift (Proposition Z72). The tangent process at time s at
the boundary of the support x_ = —24/s/(1 — ¢) this time, however, instead of in
the common form (), appears as the limit of

{Wii)te + (s(1 =) te — Wi }
2
>0
as € | 0 under the law P(- | W = x_) (Proposition I3). The tangent process
turns out to be the 1/2-stable Biane process up to a multiplicative constant.

The paper is organized as follows. Section [ establishes limit theorems for
the tangent processes at both inner and boundary points for both processes. The
connection to noncommutative probability, and particularly the identification of
the 1/2-stable Biane process, is provided in Section B in a self-contained manner.

2. CONVERGENCE TO TANGENT PROCESSES

We first introduce the two processes that appear, with appropriate scalings
and drifts, as the tangent processes of g-Gaussian processes. Both processes are
Markov processes. The first is Cauchy process (symmetric 1-stable Lévy process),
starting from zero with transition probability density

1 to — 11

1)
Y ) = = , 0<t <ty <o0,y1,y2 €R.
tl’tz( ) T (y2 —y1)? + (to — t1)? h
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The second also starts from zero and has transition probability density

@ ) = (b —t) VAo — 5

1t © 27 [(y2 —y1)? — (t2 — t1) (trye — tayn)]
2 2
0<t <ty < > Loy s 2
1 2 <00, U1 4 Y2 4

Note that the support of the second process at time ¢ is [t2/4, 00). The two pro-

cesses are denoted by Z(® = {Z( H=0 with a = 1,1/2, respectively, and the
marginal distributions are given in (B2) and (E-f) below Both processes are self-
similar with parameter 1/« in the sense that

2.2) {230} ,5 "E" Mz} A>0,0=1,1/2.

>0’
Furthermore, Z(!) has independent and stationary increments as a Lévy process.
The process Z(/2) has non-stationary increments, but with a drift and time scal-
ing {Z%/ 2 _ t2}4>0 is self-similar with time-homogeneous transition probability
density
2 (ta — t1) /92

m(y2 = y1)? +2(y1 +y2) (b2 — 11)* + (t2 — 1)1’
Y1,Y2,t1,t2 > 0.

(2.3) Pgl /ti) (y1,92) =

Both processes also arise from free probability. In particular, Z() and Z(1/2)
are the Markov processes associated with free 1-stable and 1/2-stable semigroups,
respectively. For the sake of simplicity, we call Z(1/2) the 1 /2-stable Biane process
in the sequel. We explain this connection to free probability in Section B. The
discussion there is independent of the rest of this section but is of its own interest.

Below, we first consider the tangent processes first of g-Ornstein—Uhlenbeck
processes and then of g-Brownian motions.

2.1. Tangent processes of ¢-Ornstein—Uhlenbeck processes. Fix ¢ € (—1,1),
and let X (@) = {Xt(q) }+er denote a g-Ornstein—Uhlenbeck process. That is, X (@) is
a stationary Markov process with cadlag trajectories, with the marginal probability
density function p(z) given by (), and with the transition probability density
function p; ¢(x, y) given by, for z,y € [-2//1 —¢,2//1 — ¢,

> 1

2.4 s , = —2(t—s); 00 - .
( ) b ,t(x y) (e Q) kl;[() @q,k(t — 5,7, y) p(y)

with

Car(0,2,y) = (1 — e 22 — (1 — g)e Og" (1 4+ e 2k)xy
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Here and below, we write

o0
(a;9)00 := [[ (1 —ag®) foralla € R,q e (~1,1).
k=0

The above densities can be found in [IT], Corollary 2, and [Y], equation (2.9).
Two bounds on ¢, , are useful. First, observe that ¢, (8, z,y) =a(z? + y?)
— bz + c has a quadratic form with b/2a > 1. Thus,

min S, z,y) = (1— 6qk q keNo,b > 0.
|x\,|y\<2/m%,k( y) = ( )t > (1 g, 0

At the same time,

(2.5)

Pe0(0,zy) = (1= ) = (1= @)’ (L+ e ?)ay + (1 - ) > (2® +y°)

=e 2 [4s1nh2(5) (1—¢q)(z —y)* +2(1 — )y (1 — cosh(6))]
-2 [4sinh?() + 8(1 — cosh(9)) + (1 — q)(z — y)?]

662 4 (1 e )

where in the inequality above we used the fact that 1 — cosh(d) < 0. In particular,

\\/

) 1 625

o N o G ey < Tosmb (/2 + (1= 9 — 9 (alh

We first look at the tangent process in the interior of the state space. Consider
the process

X
- .
THEOREM 2.1. Forallq € (—1,1),xz € (=2/v/1T—q,2/\/1 = q), under the
law P(- | X((]q) = x), we have

Y;(E) —

€ . 4
{Yt( )}tE[O,oo) = cq,x{Zgl)}te[Om) with ¢q 5 = T x2

in D([O, oo)) as € | 0, where Z) is the Cauchy process.

Proof. Forx € (-2/y/1—¢,2//1—¢q), let ﬁﬁfg(yl,yg) denote the tran-

sition probability density function of Y (¢), conditioning on X(SQ)

ing § := ty — t1, we obtain

= z. Then, writ-

QD) B 1) = Pety,et (a0 + y1e x + y26)

_e/T—q-(e? so V4 — (1= q)(x + y2e)?
2 ©q,0(€8, x + Y16, + yoe)
lo_o[ wq, ($ + y1€)

1 Pk (€0, + y1€,  + yoe)
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with ¢, k() = (14 ¢*)2 — (1 — q)x2¢". We factorize fyﬁg in this way because in
the analysis below, when computing the limiting probability densities, the infinite
product is easy to deal with and contributes asymptotically only to a constant, while
the square-root term and ¢, ¢ contribute to the limiting density and are treated
separately. This pattern of calculations will repeatedly show up in all derivations
of tangent processes below.

(i) We first prove the convergence of finite-dimensional distributions. For this
purpose, by Scheffé’s theorem ([5], Theorem 16.12) it suffices to prove pointwise
convergence of joint probability densities. In particular, we prove

. e, Yy Y2 1
(2.8) lelﬁ)lptl,b(yl,m) ftl,tQ <> -

Cqx Cqux/) Cqu

Write § := to — t1. Observe that as € | 0, recalling (Z3),

Pa0(€0, 7 + Y16,z + yae) ~ [(1 = q)(y2 — y1)* + 02 (4 — (1 — g)2?)]

and
T Vg (T + y1€)
f=1 Pk (€0, T + Y16, + Yae)
o3 (1+4)* = (1 —q)a*¢"
1 (1= ¢*)? = (1—q)g"(1 + qQ"‘)ﬂc2 +2(1 — g)g*ka?
_ H (1+4)%—(1—g)a? co 1

T= P+ )= (- <1—qk>2:£1<1—qk>2'

Here y1,y2 € R are fixed. To pass to the limit, we use the fact that |¢| < 1 and
|z| < 2/4/1 — g, so the product is bounded by a convergent product uniformly over
all small enough e. The term “small enough” means that /1 — g|z + y1€| < 2 and

V1 —qlz + y2e] < 2.

Finally, we note that
[e.°]
( —2€6., Q)oo— —266 H —266 k 2651_[ 1_q _265(6_[)00
k=1 k=1
Combining all the calculation above, we have thus shown that

SVI=0yI— (192
7T[(1 —q)(y2 —y1)? + 52(4 —(1- q)x2)] ’

1€ifgpet1,et2 (x +y1€6, 2 + yo€)e =

which is the same as (IZX).

Since our Markov processes start at zero, the univariate densities also con-
verge, as they are just the transition densities evaluated at y; = 0 and £; = 0. We
have thus proved the convergence of finite-dimensional distributions.
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(i1) Next we prove the tightness. We show that, forall 0 < ¢; < to < T < o0,
€ > 0, independent of = and y,

2.9) E.([Ya) = VIR ALY = y1) < Crglts — 1)

for some constant C7, depending only on 7" and ¢. Then, the tightness of the
processes {Y(E)}€>0 under the measure P, follows from Ethier and Kurtz [I3],
Chapter 3, Theorem 8.6, Remark 8.7. In particular, conditions (8.29) and (8.33)
therein are satisfied for our processes.

To prove (Z9), recall (ZZ6). It then follows that there exists a constant C'r
such that for all 0 < t; < t2 < T, e > 0, uniformly in x, y1, €,

ts—t
(y2 —y1)? + 16sinh? (e(t2 —11)/2)/(2(1 — )]

f’?{fm (3/171/2) < CT7q [

whence
E (Y, - Y P ALY =)

1
< CT7q(t2 — tl) + f CT7q(t2 — tl)?dz = CT7q(t2 — tl).
|z|>1

We have thus proved (Z9) and the tightness. =

Observe that the proof of Theorem 1 does not apply to the boundary points
x = +2/4/1 — q. At the same time, as z — +2/4/1 — ¢, we have ¢, , — 0. These
observations raise the question on the tangent process at the boundary and suggest
that for a non-degenerate limit to exist we need to work with a different scaling.
Consider the process

S0, XP - xp”
9= 2e 20

Let z_ = —2/4/1 — q denote the left boundary point.

PROPOSITION 2.1. Forall q € (—1,1), under P(- | X = z_),

Sy fdd 4 12y 12
(%0 2 i {2 -5,

as € | 0, where Z(1/?) is the 1 /2-stable Biane process with transition probability
densities (1)

REMARK 2.1. Here and in Propositions U2 and I3, we only prove the con-
vergence of finite-dimensional distributions.

Added in proof. The tightness is proved in a forthcoming paper Extremes
of q-Ornstein—Uhlenbeck processes by the second author.
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Proof. The proof is similar to the first part of the proof of Theorem 1 and
consists of verification that the transition density converges. The transition density
of {}N/t(e)}t)o iS Pety eto (- + Y162, 2 + ya€?)e?. With § = to — t1, the density
factors as in (IZ4) with x replaced by x_, and we compute the corresponding terms
one by one. The infinite product

(@ TT 1= ¢ e 2y (2 + yie?)

o1 Pak(€0, 2 + y1€2, 2 + yo€?)

converges again to one as € | 0, and the factor

eV/I—gq- “20) /4 — (1 —q)(w_ + y2e?)?
277 ©q,0 (65,1:_ + 1162, 2 + yo€?)

contributes to the limit. As previously, (1 — e~2%) ~ 2¢4, but at the boundary we

have
VA= (1= q)(z— + 12622 ~ 23/1 — q\/92,

and
2 2
©q0(€0,x_ + y1e”, x_ + y2e”)
~ 64[(1 —q)(y2 —y1)* +2v/1 — q(y1 + yo)(t1 — t2)* + (t1 — t2)4}-
It then follows that

lim pet, o (@ + Y162, 7_ + yoe?)e?
€

2 (ts —t1) /y2(1 — q)**
m[(1 = @) (y2 — y1)2 + 2vT — q(y1 + y2)(t2 — £1)2 + (t2 — t1)*]

7511/22352(\/1f yi+11,vV1—q- y2+t2)\/77 y1,y2 > 0.

The desired result now follows from self-similarity (7). =

REMARK 2.2. Let X = {X;}i1>0 bea generalprocess Falconer 4] actually
considers the annealed tangent process, {(X sy — Xs)/€° }i=o for s > 0, while
we consider the quenched tangent process conditioning on the value of Xs. From
our results, the annealed tangent process (without conditioning) can then be de-
rived easily as a mixture of Cauchy process. We omit the details. The same applies
to the tangent process of the q-Brownian motion in Proposition I,

According to Falconer [14)], for almost all time points s at which the general
process X has a unique annealed tangent process, the tangent process must be
self-similar with stationary increments. Here we have an example indicating that
one cannot drop the ‘almost all” part of the statement. Indeed, fixing T > 0 and
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considering X; = Xii)t with law P(- | x9 = x_), we just showed that for this
process at s = 0, the tangent process exists, is self-similar, but has non-stationary
increments. There is no contradiction since, as discussed above, for any s > (0
the annealed tangent process is a mixture of ZY) and is thus self-similar with

stationary increments.

2.2. Tangent processes of g-Brownian motions. In this section, consider the
g-Brownian motion {Wt(q) }i>0 with transition probability density (see [I7], equa-
tion (59))

(2.10)

/{1(5(1],)152 (Y1,92) =

(1—q)%2(ts — t1) VA2 — (1= q)y3 5 Yau(tist2,42)

27 (pZVO(tlyt%ylayQ) k=1 (pz,k(tlﬁtzayhyQ)’

where

bkt ta, ) = (ta — t1g") (1= ¢ [ta(1+ ¢ = (1= y3q"], k>1,

and

o k(b1 ta, y1,92) = (ta — t1g™")* — (1 — q)¢"(ta + t1”" )y
+ (L= q)(tays + tay) g™,  k>0.

We first consider the tangent process at the interior point of the support of Wéq).
For s > 0, € > 0 consider the process

€

‘II(Q) VV(Q)
+ s
{[t(QS)}t)O : { e }

t=0

PROPOSITION 2.2. Fors > 0andz € (—2y/s/(1—q),2v/s/(1 —q)), un-
der the law P(- | W = x),

TSI TR LB S
Vi }t>0 b ¢ V4s/(1 —q) — a2 >0

as e | 0, where ZW) is the Cauchy process and

1 4s 9
c = — — x?.
5T 95\ 1—¢q
) _

Proof. The transition probability density of V(s) conditioning on Ws(q =z
is defined as

’%Eiif) (y17 yQ) = Rg2t16,5+t26(x + Y16, T + y2€>6'
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One can show that, for all fixed z € ( —24/s/(1 —q),2+/s/(1 — q)).

lim /4> — (1~ q)yy = Vs = (1 - ¢)a?,

_ @20(5+t16,3+t26,:1c+y16,x+y26)
lim —= 3
€l0 €
=(to—t1)* + (1 — q)[s(y2 — y1)* — (t2 — t1) (y2 — v1)7],

and

i ;,k(s + t1€, 8 + ta€, x + yo€) 11— gkt

" = — k=1
€l0 ‘Pq,k(s +t1€, 5 + tae, x + y1€, T + Y2€) 1—g¢q

As previously, the infinite product converges uniformly in € for all e close enough
to zero. It then follows that

(e,8,x) 1 Vv1— q(tg — tl) 4s — (1 — q)$2

I Dyt y2) = o
im s, (y1,92) = o (ts — t1)2 + (1 — q)[s(y2 — y1)2 — (t2 — t1)(y2 — y1)7]

(1) tll’ tQI'
= Jrm |\ Y1 — ¥7y2 - X

with 7; = 7;(q, 5, %) = ¢q52t;, j = 1,2. So the limiting process equals in distri-
bution

7 =z, f.d.d. 7(1) x ot
{ Cq,s,zt + 28 >0 C%Sﬂf t + \/43/(1 — q) _ x? >0

by self-similarity (7). =

Next we consider the tangent process at the boundary of the support. Consider
the left end-point x_ = —2,/s/(1 — q) of the support of the g-Brownian motion
at time s and the process

= Ws(i)te + ate — W7 with a = — 2 = ! )
€2 (1—-q)z_ s(1—q)

2.11) V9,

PROPOSITION 2.3. Forall s > 0, under the law P(- | WD = x_),

~(6,5) f.d.d. 1 (1/2)
Voo = g%’ hiso

as € | 0, where Z(1/?) s the 1 /2-stable Biane process with transition probability
densities (1)
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Proof. The transition probability density of V; (e, s) under P(- | w9 = x_)
is of the form
Eg?jg (y17 y?) = ’ig(i)tle,erth(x— —atje+ y162’ r_ — atge + y262)62'

Again from (Z10), by straightforward calculation one obtains, as € | 0,

2

t
VA(s +tae) — (1 — q)(x— — atge +y2¢)% ~ 6\/4 s(1—q)y2 — ;2,

cpzyo(s +tie, S + toe, x_ — atie + y1€2, o — atge + y262)

1—g¢q
S

~els(1—q)(y2 — 1) — (ta — t1)(t1y2 — tay1) |,

and

. k(s tie, s +toe, x — ae + 12€?) 1 — gk+1
1 _

m = , k=1
€l0 wflk(s + t1€, 8 + tae, x — ae + y1€2, T — ac + ya€2) 1—gk

Again, the infinite product of w;‘ k) goz i converges uniformly for € small enough as
before. We thus arrive at

vI—¢ (tQ—t1)\/4\/my2—t%/5
2T s(L—q)(y2 — y1)? — Y2l(te — 1) (tay2 — tayn)
= ({2 (VS = @y, VP (L — @) V53 (1 — a).

The desired result now follows. m

lim A {75 (11, 2) =

REMARK 2.3. The tangent processes are established for fixed q, and they do
not capture the behavior of large jumps as q varies. To see what happens as q
approaches one, we only mention here an explicit estimate

1 _
2.12) P( sup (W@ — W@ > a) < a4q(T2 ~8?), 0<S<T,a>0,
S<t<T

which indicates that large jumps become unlikely when q is close to one or when
the time interval T — S is small. However, the inequality only provides an up-
per bound. A precise estimate of the asymptotic probability of large jumps will be
established in the form of a Poisson limit theorem in another paper.

To prove (IZ12) we use the formula

E(Wt(Q) — Ws(q))A‘ =2+q)(t— 3)2 +2(1—¢q)s(t—s), 0<s<t,
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which can be read out from [19], formula (4.14). With t; = S + (T — S)/n, we
have

1 n
(2.13) P max Wi =i | > a) < oD E(WY - W !
T i=1
C24q & 2

E:(t‘—t‘ 2 (1—(]) En: . Lt
- 1 7 z—l) + 1 tz—l(tz tz—l)
ar =1 a i=1

2(1—¢q) ©
H#ftdt asn — oo.
a S

For every trajectory, it follows that max;—1,...n \Wt(iq) — Wt(iqf ,| converges to
SUPg<t<T |Wt@ — Wt(Q)| because for every € > 0 and every a cadlag function
there exists a finite partition of [0, T into intervals on which the modulus of con-

tinuity is less than ¢ (see, e.g., [B]). Since the process (Wt(q)) is continuous in
probability,
sup ‘Wt(g) - Wt(q)| = Sup ‘Wt(g) - Wt(q)’
S<t<T S<tLT

with probability one. Thus (ZZ12) follows from (Z13).

3. CONNECTION TO FREE PROBABILITY

In this section, we explain how the tangent processes 772 71 are con-
nected to free probability. For this purpose, we first recall the notion of free con-
volution and free-convolution semigroup in free probability. Free convolution of
measures is a free-probability analog of the convolution of measures. While con-
volution describes the law of the sum of independent random variables, free con-
volution describes that law of the sum of free noncommutative random variables.
Both operations can also be introduced analytically: convolution corresponds to
multiplication of the characteristic functions, and free convolution corresponds to
addition of the so-called R-transforms.

To recall the analytic definition of free convolution, denote by

v(dr)

Gy(z)= | —=

() f z—
the Cauchy-Stieltjes transform of a probability measure v on the Borel sets of the
real line. It is known that G, is a well-defined analytic function in the complex up-
perplane z € C* = {2z = x + iy : y > 0} with the right inverse K, (2) = G, ()

which is well defined for z in a Stolz cone of the form {z=z+1y : |z| < ay,
|z| < B}. The R-transform of the probability measure v is then defined as

(3.1 RV(Z) = KV(Z) - 1/27
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and the free convolution of two measures x4 and v is a (unique) probability mea-
sure, denoted by p H v, with the R-transform R,(z) + R,(z) on the common
domain. These results, at increasing levels of generality, have been established by
Voiculescu [20], Maassen [[[6], and Bercovici and Pata [].

A free-convolution semigroup {v;}:>0 is the family of measures such that
virs = vy B g with vy = § is a degenerate measure. For example, the family of
Cauchy measures

t

dr, t>0,
with Cauchy-Stieltjes transforms G 1)(z) = 1/(z +it) and R 1)(z) = iton Ct,
Vi Vi
is a free-convolution semigroup, see [B], Section 7, or [4], Example 5.1.
In the seminal paper [4], Biane associated with every free-convolution semi-
group {14 }+>0 a classical Markov process {Z; }+>o such that the marginal distribu-

tion at time ¢ is 14, and the transition probabilities Qs ¢+(x, dy) are determined as
follows. Fix s < t and z € R. Let F' be an analytic function on C \ R such that

v (dx vs(dx
z(—:n) =/ F(z() —):1:

(3.3) i for z € C*.

(Note that I" depends on s < t but not on z.) Biane [4] proved that such a mapping
exists and is uniquely determined by the requirements that

(3.4)

F(z)=F(z), F(C")cC* SQF(z)>Sz and lim F(zy)
y—oo iy

= 1.

Furthermore, Biane showed that C* > z — 1/(F(z) — z) € C is a Cauchy—
Stieltjes transform, so it defines a unique probability measure Q) +(x, dy) such that

1
o st,t(ﬂU,dy) = m

3.5) i
The probability measures {Qs(z,dy) : s < t,x € R} satisfy Chapman-Kolmo-
gorov equations, are Feller (i.e. the map = — Q,+(x,dy) is weakly continuous)
and Qo +(0, dy) = v+(dy); hence they are transition probabilities of a Markov pro-
cess, denoted by {Z; }+>0. We refer to the so-determined Markov process {Z }+>0
as to the Biane process associated with the free-convolution semigroup {v4 }+>0.
Now recall the processes Z(1) and Z(1/2) described in Section D. First, for the
Cauchy process Z(1), it is well known that Cauchy distribution generates also the
free 1-stable semigroup and, by [#], Section 5.1, the Cauchy process is indeed the
Markov process associated with the free 1-stable semigroup (B2). So the Cauchy
process is the 1-stable Biane process. Second, the free 1/2-stable semigroup den-
sity appears in Bercovici and Pata [], p. 1054, see also [IR], Example 3.2. The
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corresponding free-convolution semigroup of measures is then easily determined
from rescaling, which gives

tV4x — t2

22

(3.6) v (dr) = 12/ 00)dz, ¢ > 0.

We show that Z(1/2) defined by () is the Biane process associated with
2)
Y iso.

PROPOSITION 3.1. The Biane process associated with (B8) is 7(1/2),

Proof. To determine transition probabilities of the Markov process Z;, we
start from the Cauchy—Stieltjes transform

(1/2) 2
v dx V2 — 4z —t2 4 22
(3.7 Gi(z):= [ tz _(x ) _ 52

of the free 1/2-stable law (B6). The Cauchy—Stieltjes transform of the closely re-
lated measure y;(A) = vt(1/2)(—A), A € B(R), appears explicitly in [I0], p. 590.
We will present a straightforward calculation of (874) using basic complex analysis
at the end of this section.

Next, we use the standard branch of the square root, and (B~2) simplifies to

4
(V2 —4z + 1)

The latter is the most convenient form for equation (33) which says that G;(z) =
Gs(F(z)). Using (BR), we first solve (V{2 — 4z + 1) = (y/s2 — 4F(2) + 3)2
for real z < ¢/2 fixed, seeking the real negative solution F'(z) < s/2. The equation

becomes
t—s+Vt2—4dz =/s%2 —4F(z).

Since s < t, both sides are positive, so we get

(3.9) F(z):1[32—(t—s+\/t2—4z)2].

4

(3.8) Gi(z) = —

Formula (B9) has a unique analytic extension to all complex z from the slit plane
C\ [t?/4, c0); the extension amounts to choosing the standard branch of the square
root. One can check that with this choice of the root, F'(z) given by (B9) satisfies
the uniqueness conditions (B4l). Therefore, (B3) determines the transition proba-
bilities of the Markov process (Z;) and specifies their Cauchy—Stieltjes transform

as follows:
4

2 —dx — (t — s+ V12 — 42)2
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The calculations turn out to be easier if we work with the process {Zg/ 2 _ t2}>0
by recasting (B3) via changing the variables in the above Cauchy-Stieltjes trans-
form, first by replacing s,t by 2s,2t and then replacing x by s> + x, and z by
z + t2. This results in a somewhat simpler identity

3.10 xT dy = =: HS z\Z
( ) ‘!]ﬂ ypst ( 7y) Y T (t s /7)2 ,t, ( )

that we need to prove, with pgt/ 2) (z,y) as in (I33). One way to verify (BI0) is to
apply the Stieltjes inversion formula and show that
1/ 2)(

1. .
—;gfg%‘Hs,t,x(yHE) Dsit

z,Y)-
This can be done by straightforward calculation and is thus omitted. m

Proof of (BZ). By self-similarity, it suffices to work with ¢ = 1. By defi-
nition,

& v (dr) °f° Vir—1 1 g?o NG 1 ;
z—x _1/4 22 z—ux T (y+1)2 z—(y+1)/4y
:é”f sin? o _ da:le sin? 0 a9,

Ty z— (4cos? o)t 7o 2(1+cosf)z — 1

where we used change of variables 4z — 1 +— 4,y — tan® o, 2a — 6 consecu-
tively. Transforming the last expression into a complex integral, we arrive at

w? (dw)

f zZ— X
1 (59" a1 o1 (21
/s

=— = — = —— - — dg.
L2 iC 4m|q:1 2 Q2[4 2+ 1]
The integrand above has poles at
1—|—\/ —4z 1—-+v1—-4z
=0, G= and (=

1-VI—4z 14++/1—4z2

and (o are (3 are within the unit disc for z € C™ (we take the standard branch of
square root). We then write the complex integral as

(c2 - 12 B
?{ Bl —G* T 7{ ha(6)de
[¢]=1 I¢|=1
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and obtain

1/1 1

1-—2z (G-1* Vi—Z

hz =<\ = ~ = 9 1Mz = =
Resgy ¢ (Cl * C2> 22 Resh 23 (G — () 22

The desired result now follows from the residue theorem:

(1/2) 2 2
AP ey 1 1 (-1
J o= 4m‘<|7i 222+ Z1¢ 4 1] @
V1—4z—1+42z

1
= ——2mi(Res¢ h, + Resg, h.) = 5,3
z
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