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Abstract. In this paper we study the asymptotic behavior of the maxi-
mum magnitude of a complex random polynomial with i.i.d. uniformly dis-
tributed random roots on the unit circle. More specifically, let {ny}re;
be an infinite sequence of positive integers and let {zx}72; be a se-
quence of i.i.d. uniformly distributed random variables on the unit circle.
The above pair of sequences determine a sequence of random polynomials
Pn(z) = Hivzl (z — 21 )™* with random roots on the unit circle and their
corresponding multiplicities. In this work, we show that subject to a certain
regularity condition on the sequence {nj}7—;, the log maximum magni-
tude of these polynomials scales as sy ™, where s?\, = Zszl ni and I* is
a strictly positive random variable.
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1. INTRODUCTION

Random polynomials are ubiquitous in several areas of mathematics and have
found several applications in diverse fields such as random matrix theory, represen-
tation theory and chaotic systems (see [9], [I], [I3], [5], [I4], [Z]). The geometric
structure of random polynomials is of significant interest as well. Constructing a
random polynomial from its roots is a natural construction which can be expected
to occur in a wide range of settings. For instance, consideration of the asymptotic
behavior of the maximum magnitude allowed the authors to obtain a lower bound
on the minimum singular value for random Vandermonde matrices (see [I6] for
more details).

In this work we continue the investigation of such polynomials, where we
allow for non-constant multiplicity of the roots. We show that providing this se-
quence satisfies a simple sufficient condition, the limit distribution of the maximum
magnitude on the unit circle is determined by a certain Gaussian process obtained
from the Brownian bridge. Moreover, up to renormalization, it does not depend on
the sequence itself.
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Our construction for these random polynomials is as follows. Let {n;,}7° ; be
an infinite sequence of positive integers and let {2, }7° ; be a sequence of i.i.d. uni-
formly distributed unit magnitude complex numbers. The above pair of sequences
then determine a sequence of random polynomials Py(z) = Hfle (z — zg)™*
with roots on the unit circle and their corresponding exponents. Our main result
relies on a construction based on the Brownian bridge and enables us to conclude
that

1
(1.1) — log max{|Py(2)|?: |2| = 1} = I*,
SN

where the expression on the left-hand side converges weakly to a positive random
variable I*, and 53, = Zszl ni We use = to denote weak convergence (conver-
gence in distribution) throughout the paper.

2. RANDOM POLYNOMIALS

2.1. Pointwise convergence and the Lindberg condition. Let Py be as before
and let Ly (¢)) be defined as

N
L () = log [Py (") = 3 nylog (2(1 = cos(vs — 64))).
k=1

where ¢ € [0,27] and 6}, = arg 2, 0 € [0,27), k € N, are the arguments of the
roots. Moreover, define s3, := S_n_, n? and T (¢) := Ly (¥)/sn-

As explained in the Introduction, we are interested in the behavior of the max-
imum of |Py(z)|? as N increases. Since |Py(z)|? is a continuous function on
the unit circle, it follows that there exists ™ that attains its maximum. Let T, :=
Tn (™) be the corresponding value of T . For later use, let ® := {¢,: r > 0} be
the set of 27 times the dyadic rationals on the interval [0, 1]. Then it is clear that

limsup Tn(¢r) = T

r—00

The case ny = 1 appears in connection with the asymptotic behavior of the min-
imum eigenvalue of random Vandermonde matrices (see [I6] and [I3] for more
details). In this special case, weak convergence to the normal distribution,

Tn(v) = N(0,0°),

holds for every fixed 1), where

2 1 T 2
ot i= - {log <2(1 - cos(w)))dw ~ 3.292.
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This is in fact a consequence of the central limit theorem since log (2(1 — cos(¢)))

is square summable and fOQﬂ log (2(1 — cos(w)))dw = 0.

In what follows we derive a simple sufficient condition for the asymptotic
normality of the random variable T. We use the notation E (X; A):=E (X 14),
where X is a random variable and A is a Borel set. Let X} be a sequence of
independent zero mean and variance a,% random variables. We say that the sequence
satisfies the Lindberg condition [8] if and only if

1 N
2.1) lim — > E(X7; | Xy > esn) =0
N k=1

N—oco §

for every € > 0. If X} = 01 Y} then this condition becomes

1 X 2 2 €SN
(2.2) lim 5 o E (Y ; |Y\ > ) =0.
N—oo SN =1 O

For our purposes we only focus on the case where the random variables Y}, are
i.i.d. according to the distribution of ¥ = log (2(1 - cos(27rU))) and where U is
a uniform random variable on [0, 1]. The main result of this section is the following
theorem.

THEOREM 2.1 (Lindberg exponent). If

N
(2.3) lim 3 exp < - 65N> —0

N—oo E—1
holds for every € > 0, then

(2.4) Tn(¥) = L];’](Vw) = N(0,02).

Proof. By definition, Y = log (2(1 — cos(2rU))), where U is uniform on
[0, 1], from which it follows that Y < log (2(1 — cos(w))) = log 4, and hence the
moment generating function exists for all ¢ > 0.

Additionally, since sy, ny and € are positive, it follows that

2.5) o (YQ;Y > sNe) < log2(4)]P’<Y > w)
N N

and applying Markov’s inequality with ¢ > 0 we obtain

2.6) IP’(Y > SNE) < 4t exp < — “Ne).
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We thus obtain the following bound for the upper Lindberg condition:

N 2 t N

1 4)4 t

2 3 e (v > 20) BT 57 g o (200
SN k=1 Nk SN k=1 Tk

N t
<log?(4)4" 3~ exp < — SNG).
k=1

The sum on the right-hand side goes to zero as this is the condition we assumed
holds and because ¢ and € are arbitrary and fixed. We now turn to the lower Lind-
berg condition, where Y < —sye/ny. Let{y j, := esn/ny, and 6 be in the interval
[—7/3,m/3]. Let us use the following two basic inequalities:

(2.7) cos() < 1—6%/4

for 0 < |0] < 7/2, and
log? (2(1 — cos(@))) < log?(6?/2)

for 0 < |0 < m/3. Since we may take § = 27U — wand Y = log (2(1 — cos()))
we see that

E(Y%Y < —€np) <E(log?(07/2);Y <€)
E

(log®(62/2) ; Eny),
where En . = {|0] < V2exp(—&nk/2)}

Since [log?(z)dx = zlog?(z) — 2z log(z) + 2z, we make the substitution
¢ = 0/+/2 and determine the above expectation to be

8
™2

where h(8) := §log?(d) — 26 log() + 26 and & := exp(—En 1./2). Rewriting this
expression we obtain

<
<

(2.8) E (log®(¢%); |¢| < 6) = —=h(d),

™

42 2.2
iexp(—esN/an) (6 N oy SN 2).
n

Summing over k and dividing by s?v we obtain

42 N €2 eng n2

— - 2 — 4+ =42k 0.

. k;exp( esn/2ng) <4 + o + 3?\[) —

Now applying the classical Lindberg’s theorem [B] we complete the proof. =

The condition is easily verified to hold when n; = kP for p > 0. Similarly, it
is easy to show that this condition fails if n, = 2F.
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2.2. Finite dimensional limits. The result in Section P_1l was for the marginal
distribution of T (v)) for a fixed value 1. However, we would like to consider the
weak limit for the sequence T, where T, := T (¢,). It is well known that
weak convergence in the sequence space R°°, with metric

o

|xr - yr| —r
X,y = 72 s
P( ) T:zjo 14 ‘xr - yr|

is entailed by weak convergence of the finite-dimensional distributions. For this

reason, it is important to understand the joint distribution of s such variables. We
first focus on the case s = 2. Define the covariance function

2w
29  K(0):=(2r) " [log (2(1 - cos(q,z)))) log (2(1 — cos(¢) + 0)))d¢
0

for 6 € [0, 27|. A plot of this function is shown in Figure [I.

FIGURE 1. Graph of the covariance function K (0)

Given t and v € R define
Vi = tTN(tpl) + UTN(()OQ)
= — 3 nglog et — e 2 £ — 3" nylog|e?? — etk |2
N k=1 SN =1
1 N
=— > Vi,
SN k=1

which is a weighted sum of zero mean i.i.d. random variables with variance

E(V2y) = (£ +u?)o® + 2tuK (1 — ¢al).
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In what follows we drqp the indices and write V' = tW + uZ, where W is defined
as W = log |e?' — ¢|. We assume that ¢ # 0 and u # 0 since otherwise there
will be nothing to show. It is not difficult to see that

VZ=1*W? + 2tuW Z + v Z*
< W2 + [tu|(W? 4 Z2) +u* Z2.
However, the triangle inequality implies that if [V| > esy/ny then either [WW| >

esn/2|t|ng or the corresponding inequality for Z holds (or both). However, we
have already demonstrated that

SN k=1 2[tng

as N — oo. As far as the terms involving Z? are concerned we only need to show
the above in the case where
1Z] <

= 2ulng

ESN

That is, we wish to show that

1 X, ESN €SN
— E(ZZ W] > "2 |171< 22 0
sy k;nk ( W= 2|t|nk" < 2ulng)

but the above is smaller than

(2.10) < %P W > SN
' 42 P} = 2|t|ny, '

Using Markov’s inequality as in (Z-8) we see that

ESN ESN
PILW > < 4" — .
( wm) e@("wm)

Applying (IZ2) and using the condition that 8 ~ U|[0, 27] we obtain

€SN 2 €SN
%W< wm><ﬁm< wm)
It follows that (ZI0) tends to zero as N — oo.

Thus by an extension of the arguments given in the proof of Theorem Il it
can be shown that condition (I3) is sufficient for the Lindberg condition to hold in
respect of the random variables Vi ;.. Therefore, (T (1), Tn(2)) = N(0, %)
with X217 = Y9y = 02 and Y13 = Yo1 = K (|1 — ¢2|) as an application of the
Cramér—Wold device [Z].

The same arguments go through in the case of three or more variables. There-
fore, the following result holds.
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THEOREM 2.2. Suppose the sequence {ny}- , satisfies (Z3). Let (¢1, . . ., ps)
be s numbers on the interval [0, 27] and let (Tn (1), ..., Tn(ps)) be the corre-

sponding random vector. Then,
(T (p1), .-, Inlps)) = N(0, %),
i.e., asymptotically joint normal with covariance determined by
Yk = K(lpx — @),

where
2T
K(0) := (2m)7! {log (2(1 - cos(1/1))> log (2(1 — cos(¢ + 0))) dip.

For each N € N define the random sequence Ty to be
(2.11) Ty ={Thr} oy

Then the conclusion is that the limit distribution of T 5 exists and is independent
of the sequence {nk}gozl provided (Z3) holds. In what follows we work with the
sequence ng = 1 for all k so that S?V = N.

3. ASYMPTOTIC DISTRIBUTION OF T4

The following is an alternative way to construct the limit distribution of the
random sequence T ,. Consider a realization of the Brownian bridge W° on
[0, 27] (which satisfies W°(0) = W°(27) = 0). A ¢ shift of the Brownian bridge
is defined as

WO(6) i {Wowe) - W), 6 € (0,27 — ),
L We(o+60—2m)—W°p), 6¢€]2m—p,2mn].

In addition, define the function I : [0, 27] — R by

2 sin(6)
I, := [ Wo(0)———=—db
s { “"( )1 — cos(6)

for ¢ € [0, 27]. Figure 2 shows us a realization of /... The following lemma shows
that I is a well defined quantity almost surely.
LEMMA 3.1. Given a realization of the Brownian bridge W°, then a.s. the
following integral exists for all p € [0, 27):
2 :
sin(t))
I, = Wo—m——
17 *g #1 — cos(v)

In addition, the function ¢ +— I is continuous.

dy| < oo0.
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5 1 2 3 4 5 6
®

FIGURE 2. I, for a realization of the Brownian bridge

Proof. When ¢ = 0 we write the above integral as /. The Lévy global mod-
ulus of continuity tells us that for standard Brownian motion B on [0, 27)

lim lim sup |B(t+9) — B(H)|
6—00gt<om—6 w(0)

=1,

where w(d) = /2 log 61 (see [10] for a proof of this result). Also, since W is,
by definition,
1

o —

W) = B(y) — - B(2n),
our argument is the same no matter which value of ¢ is chosen because the Lévy
modulus applies to the entire sample path. We therefore set ¢ = 0. By definition
of the Lévy modulus, there exists do > 0 such that

|B(t+6) — B(?)]
w(9)

<2

forallt € [0,2m — d] and 0 < § < d2 almost surely. Define

(31) a(é) — ‘Wo(q/] + 5) - Wo(q/])| < Qw(é) + ‘Bg?:—)‘(s
We may therefore split the integral as follows:
i sin(v)) % sin(1))
(3.2) I = 5f W (w)mdw - bf W (w)mdw
2m sin(y
WO () ——————da).
" 27{£52 (w) 1 = cos w) ¢
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The first integral is finite being the integral of a continuous function over the
interval [d2,27 — J2]. We may further suppose that Jo has been chosen so that

‘wlslélos( 5y| < 4 for 0 <t < b, with the corresponding inequality in a similar
neighborhood of 27r. By choice of d2 we obtain
7 sin(t)) % a(y) 53
Wy dw‘ <8 [ 2% 0 = oY
o 00 < 2 - o

for sufficiently small do. The same argument applies to the last integral. Since
w(d2) gives a uniform bound the result holds for all ¢ € [0, 27). Continuity in ¢
follows by a similar argument,

27 —4§ .
(3.3) I, -1z <| [ (Wo_WQ)Sm(l/’)dw‘

5 s #71 — cos(v)

. sin
+{|W¢(¢)’ cos‘ dyp
2T

e
o T Il e
ol

2 ° M
+27!_5\W¢(w)!‘1 —c08(¢)'dw

é
+{|W£(w)

Provided that 0 < § < dy, the tail integrals are all at most O(6/3) as before.
We bound the first integral by two positive integrals, to obtain

27 —4§ . . sin(w)
(3.4) {(Ww—W¢)1_(zc)S(wd¢‘

7. sin(y
<2 WO —
sup | 5] f —cos( )

< 2sup (W) — WE(w)| [1og (1= cos(¥))];
< 6a(5)(10g 2 —log (1 - cos(&)))

provided | — @| < 0. Finally, since

a(d)(log(Q) —log (1 — cos(é))) -0

as 9 — 0, we finish the proof. m
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Let ® = {¢,: r > 0} be the sequence described in Section 7T and let I =
{I,}72 be the sequence defined as I, := I, . Since the function I, is continuous
on the interval [0, 27|, there exists a value ¢* determining the maximum value of
I, which we denote by I*. Since ® is dense on the unit circle, it follows that

(3.5) I" :=sup{l, : r € N}

and its distribution is determined via the infinite sequence I.. We now derive one
more lemma for use later on.

LEMMA 3.2. LetY be afunctionin D|0,27]. Then'Y is Lebesgue measurable,
and its integral exists,

2w
(3.6) J Y (s)ds < c.
0

Furthermore, let Y,, be a sequence of functions in D|0, 27| such that Y,, — Y in
D (i.e., with respect to the Skorokhod topology). Then

2m 2
(3.7) [ Ya(s)ds — [ Y(s)ds.
0 0

Proof. The existence of the integral follows from Lemma 1, page 110 of
[2], and the subsequent discussion which shows that functions in D on a closed
bounded interval are both Lebesgue measurable and bounded. The former follows
from the fact that they can be uniformly approximated by simple functions, a direct
consequence of Lemma 1 and the latter also.

Convergence follows from the Lebesgue dominated convergence theorem. This
holds since the sequence Y,, is uniformly bounded by a constant, so the sequence
is dominated. Second, Y is continuous a.e. with pointwise convergence holding at
points of continuity, as a consequence of convergence in D (see []). =

Remember that, for each NV € N, T is the random sequence defined as
Ty = {Tn,}2, see (IT). We now proceed to prove the following theorem:

THEOREM 3.1. The sequence Ty converges in distribution to the sequence 1,
(3.8) Ty =1,
as N — oo.

Proof. In order to do so we use Theorem 4.2 of [2]. This states that if there
is a metric space S with metric p and sequences Ty ¢, I and T all lying in S
such that the conditions

(3.9) Tye=L and I, =1
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hold together with the further condition that, given arbitrary n > 0,

(3.10) lim limsup]P’(p(TNE,TN) > 77) =0.
=0 N—oo ’
Then we infer that T = I. First, we define I. using a realization of the
Brownian bridge as follows:

I := [sz- (¢) log (2(1 - COS(¢)))} fﬂ_e - 216 we, (@b)%

The definition of the other sequence is more involved, and so we defer it for a mo-
ment. We have shown that the limit integrals exist a.s., and so we only need to prove
that the first term converges to zero. Since log (2(1 — cos())) = O(|log(e)|)
when ¢ is small, and in a neighborhood of 0 and 27 we may invoke the Lévy mod-
ulus of continuity, wrapped around at 27, to see that this term is

.

O(Ja(e)loge|) — 0.
Hence, coordinate convergence of the integrals holds so that

2m—€ iy
]ﬁe4_ {j vva(¢)1iﬂigféb)

and it follows that I. = I as e — 0, since the sign of the integral is immaterial.
We have thus demonstrated the second condition of (B39). Next, we proceed by
rewriting T (¢,) in terms of the empirical distribution function Fy : [0, 27] —
[0, 1] determined by

d| = 0

_#{6q30<6q<¢}
- N )

By definition of Fiy () and the Lebesgue—Stieltjes integral we see that

Fn() -

2
Tapr) = VN [ og (2(1 = coster = )} dF ()

= \/ﬁzwlog <2(1 - COS(Q/;))) dF'N ., (12)7

where the change of variables, ) = 1 — @, has been made. Given ¢ € (0, 27) for
Y € [0,27) we define Fiv ,(v) as the cyclically translated empirical distribution
function of Fy by

#{p <0, <p+9}

Frn () = N _
¢ FN,@(QW_¢)+#{0<0(J<]\;¢ 21 + ¢}

if0<yY<2m—o,

if 2r—p <y <2m.
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. . . . 2m—
To define the sequence Ty (¢, ) we split the integral into two parts as in fﬁ e

2 . . L
and foe + 2:_6 and then use integration by parts on the first part, which yields the
expression

G.11)  Telpr) = \/N< [(FNW(;/;) — ;) log (2(1 — cosw)))] 2vr-€>

2m—e

VN (FN NOE 1") _sin@) g,
For later use we make the following definition:

Wi o(1) :=VN (FN,@(I/J) - ;)

The last term in (BI) is not quite equal to the original sum, since

2
{ log (2(1 - cos(gb)))chb =0

so that the v terms do not give zero but rather cancel with . to be defined in a
moment. In the remainder we express it as a sum, noting that we must include the
mean, which is, by symmetry,

(3.12) e = % {log (2(1 - cos(¢))> dy = %(e log(€) — €+ o(e)).
Define Sc(¢) := {04 : 04 € [¢ — €, © + €]}, and hence the sum can be written as

(3.13) Zn(pr) = > log (2(1 — cos(p, — 9q))> —VNue.

1
VN 0q€Se(or)

Denote the corresponding sequence by Z .. Taking expectations we thus find that

€

E(Zn.(or) = f g (2(1 — cos(w)) )dv — VNuc = 0

is a sequence of random variables with zero mean. We finally write
(3.14) Ty = TN,E‘FZN,E-

We now proceed to demonstrate the first condition of (B9), i.e., Ty = L.
The random variable Ty () is a functional of an empirical distribution and
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therefore of a process lying in D|0, 27]. Define the random sequence J, for f €
DI0, 27|, where f(0) = f(2m) = 0, with the component term

(3.15)
2m—e in
Jer(f)= [ f«pr(wlicgﬁ()w

It is well known that Wy o = W? in D, which implies that Wy ,, = ngr as
N — oo for all r. The result follows on showing that J. defines a measurable
mapping J, : D|0, 27] — R* in D]0, 27]. Since

ap — [ () log (2(1 - cos(«p)))]fﬂ_e.

_Jg,r(WN,O) = TN,G(QOT)a

we may therefore apply Theorem 5.1, Corollary 1 of [], which states that if
Wno = W°, then J(Wyyp) = J(W?°) (and hence Ty = I.) provided that
we also verify

(3.16) P(W° e Dy,) =0,

where D ;. is the discontinuity set. To deal with the measurability question we first
observe that the coordinate maps are measurable, and since sin(1))/ (1 — COS(T/J))
is continuous in [¢, 27 — €], it follows by Lemma B that J , is measurable for
each r, and hence so is the sequence mapping .J.. For the second part, (371) shows
that the sequence of integrals converges with respect to p, leaving only the final
term. However, since the limit /¢ is almost surely continuous, it follows that

F8(e) = W, (o),
fg:)(Zﬂ —¢) = W3 (27 —¢)

for each r if f(™ — W?in DI0, 2]. Thus the corresponding sequence converges
with respect to p also, and so (BZT8) holds. The proof of the first condition is con-
cluded.

It remains to demonstrate (B-10). Here we use the union bound and Cheby-
shev’s inequality. This is because the various Zy () in the sequences are de-
pendent, as they are determined via the same 6. Nevertheless, they are of course
themselves the sum of i.i.d. random variables. In determining the variance, we may
work with ¢, = 0 without loss of generality. The variance of one of the i.i.d. sum-
mands in (B213) is determined as

9 2 1 o _ 2
(3.17) 0c = o {log (2(1 Cos(@b)))dw e < 00.

Since for small € > 0 we have log (2(1 — cos(v))) = O(2log(¢)) + o(v)),
the integral is 02 =0O(e log? €) as the integral of log? z is xlog? x — 2z log x4+ 2.
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It follows that 062 — 0 as € — 0, which is the variance of the entire sum by inde-
pendence and as it has been scaled.
Now, fix n > 0. By definition of p and from (314) we obtain

©  |Zyeo) .
Tye, Ty) = 3 —2Ne@r)l_or
PN TN) = 2 7y (o)

Let R, be such that Z;’i Ryt 27" < n/2. Now we apply the union bound to the
remaining R, + 1 summands to obtain

p(3 2o s ) < 5 P(er,ewzr s

r=0 1+ |ZN75(90T r=0 (R77 + 1)

2
Z 222r < UET-

Hence,
, 16(R, + 1)%0?2
limsup P(p(Tyn,e, T) > 1) < (n—g)ae
N—o0 37]
and the right-hand side goes to zero as € goes to zero for each > 0. Hence we

obtain (B10) as required. Therefore, we have verified all the conditions and Theo-
rem Bl is proved. m

It is rather easy to see that /* > 0 almost surely. For instance, as in the proof
of Lemma BT it can be shown that

27 27 5111(1/1)

ff W) T qos(gy | 44 4 <

Then from Fubini’s theorem we get fo "I,dp = 0 since fo% Wg()dp = 0.

But I, is almost surely continuous, and hence I* = 0 if and only if I, = 0 for
every . It thus follows that I* > 0 almost surely, as required.
The proof of the following is straightforward.

THEOREM 3.2. Given T > 0,
hm mfIP’(TN >7) > P(I* > 1)
with equality if T is a continuity point for the random variable I*. Moreover,
(3.18) ;Vlog masc{ | Py (2)[2: |2 = 1} = I*.
It therefore follows that

max{| Py (2)[?: ]z\—l}wexp(\/ 2+...+n§VI*)

for N sufficiently large. A sample histogram for the probability distribution func-
tion of the random variable I* is shown in Figure B.
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FIGURE 3. Sample histogram for the probability distribution function of the random variable I*

4. NUMERICAL RESULTS

In this section, we present some simulations of our results. In Figure B we
show the logarithm squared magnitude for a random polynomial with N = 500
and constant sequence nj, = 1. Here the maximum value is ~ 10%° and occurs near
0 = 0.3. Our final plots (Figure B) show the logarithm of the maximum magnitude
as a function of the degree for the sequences n; = k and the sequence nj = 1
with 100 realizations per degree. The black curves are (n? + ...+ n%;)"/? and

5(n? + ...+ n%)'/? respectively for both cases.

log; o |P(€i9)|260
50
40
30
20

FIGURE 4. Log magnitude squared as a function of the phase (N = 500 and n; = 1)
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FIGURE 5. Logarithm of the maximum magnitude as a function of the degree for the
sequences ny = k (top) and the sequence n, = 1 (bottom) and 100 realizations per degree.
The black curves are (n? 4 ... +n% )% and 5(n? + ... + n%)"/? respectively for both cases

5. CONCLUSIONS AND FURTHER WORK

Here we make a few brief comments and suggestions. In most prior studies of
random polynomials the approach has been to choose the coefficients at random
(e.g.,1.i.d.) and then examine the statistical properties of the roots. This paper goes
the other way, it supposes the statistical properties of the roots and then looks at a
property of the polynomial, namely its maximum magnitude on the unit circle. It
is clear that there is some scope for continuation of this program. For example, one
may attempt to derive statistical properties of the coefficients themselves.

With respect to applications, there is the possibility that the results of this pa-
per may find connections to signal processing. This is because of links to complex
Vandermonde matrices, generalized versions of which have been applied to sensor
networks, see [[[1]]; for other applications see [13].
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