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Abstract. The limiting behaviour of observed and all random variables
in the max limit schema was considered by Mladenović and Piterbarg (2006)
and Krajka (2011). Here those results are generalised in two directions:

• we allow more than one observer and one superobserver;
• we consider the max limit schema as well as the sum limit schema.
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1. INTRODUCTION

Let {Xn, n ­ 1} be a sequence of independent identically distributed (iid)
random variables. For the distribution function F we will write {Xn, n ­ 1} ∈
DM (F, an, bn) (for short, DM (F )) if

max
1¬i¬n

Xi − bn

an

D−→ F as n→∞,

and {Xn, n ­ 1} ∈ DS(F, an, bn) (for short, DS(F )) if

n∑
i=1

Xi − bn

an

D−→ F as n→∞.

In Mladenović and Piterbarg [4] the following theorem (in an equivalent form) was
proved:

THEOREM 1.1. Let {Xn, n ­ 1} be a sequence of iid random variables such
that {Xn} ∈ DM (G), and let {εn, n ­ 1} be a sequence of indicators which is
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independent of {Xn, n ­ 1} and such that for p ∈ [0, 1]

n∑
i=1

I[εi = 1]

n

P−→ p (

n∑
i=1

I[εi = 0]

n

P−→ 1− p).

Then

lim
n→∞

P [ max
{i:1¬i¬n,
εi=1}

Xi < anx+ bn, max
{i:1¬i¬n,
εi=0}

Xi < any + bn] = Gp(x)G1−p(y),

where (and in the sequel) we put max ∅ = −∞.

This theorem may be interpreted as follows: we have the set of two observers,
who observe the sequential random variables from the sequence {Xn, n ­ 1} but
so that

1. all random variables are observed;
2. each of them is observed only by one observer.
The random variables {εi, i ­ 1} indicate the number of observers. The ob-

served random variables are collected in the max schema. In Krajka [3] this theo-
rem was generalised to the case when p is a random variable.

In this paper we generalise Theorem 1.1 in the following directions:
(i) We take more than two observers and allow that some observers collect

random variables in the max schema and some observers collect them in the sum
schema.

(ii) In consequence, the random variables {εi, i ­ 1} are not indicators, but
must take values from the set {1, 2, 3, . . . , k, k + 1, . . . , k + l}, where k is a num-
ber of observers in the sum schema and l is a number of observers in the max
schema. For clear explanation we consider the sequence {Yn, n ­ 1} and collec-
tions of sets {A1, A2, . . . , Ak+l} such that

k+l∪
i=1

Ai = R, Ai ∩Aj = ∅ for i ̸= j,

instead of {εn, n ­ 1}, where the indicator I[Yi ∈ Aj ] shows that the i-th random
variable Xi is observed by the j-th observer, assuming that

(1.1)

n∑
i=1

I[Yi ∈ Aj ]

n

P−→ pj , 1 ¬ j ¬ k + l,

k+l∑
j=1

pj = 1, 0 ¬ pj ¬ 1, 1 ¬ j ¬ k + l.

In particular, we may put Ai = {i}, Yi = εi, 1 ¬ i ¬ k + l − 1, Ak+l =

R \
∪k+l−1

j=1 Aj . Then I[Yi ∈ Aj ] = I[εi = j].
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(iii) We also consider the convergence with two superobservers. One observes
all random variables in the max schema (if l > 0) and the second observes all
random variables in the sum schema (if k > 0).

(iv) Instead of the numbers pj we consider also the random variables.
Thus in this paper we consider the limiting behaviour of

P

[ n∑
i=1

XiI[Yi ∈ A1]− np1µ
√
nσ

< x1, . . . ,

n∑
i=1

XiI[Yi ∈ Ak]− npkµ
√
nσ

< xk,

max
{i:1¬i¬n,
Yi∈Ak+1}

Xi < anxk+1 + bn, . . . , max
{i:1¬i¬n,
Yi∈Ak+l}

Xi < anxk+l + bn

]
for {Xn, n ­ 1} ∈ DS(Φ) and {Xn, n ­ 1} ∈ DM (G), where Φ is the standard
normal distribution function, and G is the distribution function – one of the three
possible limits in the max schema:

(i) G1(x) = exp{−e−x}, x ∈ R,

(ii) G2,γ(x) =

{
exp(−x−γ), x > 0,

0, x ¬ 0,

(iii) G3,γ(x) =

{
1, x ­ 0,

exp
(
− (−x)γ

)
, x < 0,

for some γ > 0. Throughout the paper we put 00 = 1. We denote by Ac the com-
plement of the set A. Furthermore, we note that

∑a
i=b = −

∑b
i=a for a < b.

2. MAIN RESULTS

Let {Xn, n ­ 1} be a sequence of iid random variables with the distribution
function F . We denote by Ai, 1 ¬ i ¬ k + l, Borel measurable pairwise disjoint
sets (Ai ∈ B(R)), where k and l are nonnegative integer constants indicating the
number of observers in the sum schema and max schema, respectively, and such
that k + l > 0. Let {Yi, i ­ 1} be a sequence of random variables independent
of {Xi, i ­ 1} and such that I[Yi ∈ Aj ] indicates that the random variable Xi is
observed by the j-th observer. Let λ(Ai) = λ(Ai, ω) be a nonnegative random
measure, λ : B(R)×Ω→ [0, 1], defined for all Ai, 1 ¬ i ¬ k + l, and any ω ∈ Ω
(in fact, we may consider a finite family of random variables, indexed by sets). Let
us define, for an arbitrary nonnegative random variable η,

Si,j =
j∑

m=1

I[Ym ∈ Ai], 1 ¬ i ¬ k + l, j ­ 1,

Φ(x, η) = Φ

(
x
√
η

)
I[η > 0] + I[x > 0, η = 0],

where Φ is a standard normal distribution function.
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THEOREM 2.1. If k > 0 we assume that EX1 = µ, EX2
1 − (EX1)

2 = σ2

and {Xn, n ­ 1} ∈ DS(Φ, nµ, σ
√
n); on the other hand, if l > 0 then we as-

sume {Xn, n ­ 1} ∈ DM (G, an, bn) for some distribution function G (G1, G2,γ ,
or G3,γ), some sequence of positive numbers {an, n ­ 1}, and a sequence of
arbitrary numbers {bn, n ­ 1}. Assume that, for some pairwise disjoint sets
Aj ∈ B(R),

(2.1)

n∑
i=1

I[Yi ∈ Aj ]

n

P−→ λ(Aj) as n→∞, j = 1, 2, . . . , k + l.

We have

(2.2)

P

[
k∩

i=1

[ n∑
j=1

(Xj − µ)I[Yj ∈ Ai]

√
nσ

< xi

]
∩

k+l∩
i=k+1

[ max
{j:1¬j¬n,
Yj∈Ai}

Xj < anxi + bn]

]

→ E
k∏

i=1

Φ
(
xi, λ(Ai)

) k+l∏
i=k+1

Gλ(Ai)(xi) as n→∞

for xi ∈ R such that xi ̸= 0 for those i for which P [λ(Ai) = 0] > 0, 1 ¬ i ¬ k,
and such that G(xi) ̸= 0 for those i for which P [λ(Ai) = 0] > 0, k + 1 ¬ i ¬
k + l.

In the case of nonrandom strong limits we have:

COROLLARY 2.1. Under the assumptions of Theorem 2.1, if

(2.3)
k+l∑
i=1

∣∣∣∣
n∑

j=1
I[Yj ∈ Ai]

n
− pi

∣∣∣∣ P−→ 0 as n→∞,

instead of (2.1), for a set of reals {0 < pi ¬ 1, 1 ¬ i ¬ k + l}, then

P

[
k∩

i=1

[ n∑
j=1

(Xj − µ)I[Yj ∈ Ai]

√
nσ

< xi

]
∩

k+l∩
i=k+1

[ max
{j:1¬j¬n,
Yj∈Ai}

Xj < anxi + bn]

]

→
k∏

i=1

Φ(xi, pi)
k+l∏

i=k+1

Gpi(xi) as n→∞.

The next results generalise Theorem 2.1 to the case when superobservers arise.
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COROLLARY 2.2. Under the assumptions of Theorem 2.1, if

E
1√∏k

i=1 λ(Ai)
<∞,

then

(2.4) P

[
k∩

i=1

[ n∑
j=1

(Xj − µ)I[Yj ∈ Ai]

√
nσ

< xi

]
,

n∑
j=1

(Xj − µ)I
[
Yj ∈

k∪
i=1

Ai

]
√
nσ

< y

∩
k+l∩

i=k+1

[ max
{j:1¬j¬n,
Yj∈Ai}

Xj < anxi + bn], max
{j:1¬j¬n

Yj∈
∪k+l

i=k+1
Ai}

Xj < anz + bn

]

→ E
[ x1∫
−∞

. . .
xk∫
−∞

I[u1 + . . .+ uk < y]d
k∏

i=1

Φ
(
ui, λ(Ai)

)
×

∏
{i:xi<z,i>k}

Gλ(Ai)(xi) ·Gλ(B)(z)
]
, where B =

∪
{i:xi­z,i>k}

Ai,

as n→∞, and xi, y, z are arbitrary reals.

COROLLARY 2.3. Under the assumptions of Theorem 2.1, if

E
1√∏k

i=1 λ(Ai)
<∞

then

P

[
k∩

i=1

[ n∑
j=1

(Xj − µ)I[Yj ∈ Ai]

√
nσ

< xi

]
,

n∑
j=1

(Xj − µ)I
[
Yj ∈

k∪
i=1

Ai

]
√
nσ

< y

∩
k+l∩

i=k+1

[ max
{j:1¬j¬n,
Yj∈Ai}

Xj < anxi + bn], max
{j:1¬j¬n,

Yj∈R\
∪k

i=1
Ai}

Xj < anz + bn

]

→ E
[ x1∫
−∞

. . .
xk∫
−∞

I[u1 + . . .+ uk < y]dΦ
(
u1, λ(A1)

)
. . . dΦ

(
uk, λ(Ak)

)
×

∏
{i:xi<z,i>k}

Gλ(Ai)(xi) ·Gλ(B∪(R\
∪k+l

i=1
Ai))(z)

]
, where B =

∪
{i:xi­z,i>k}

Ai,

as n→∞, and xi, y, z are arbitrary reals.
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COROLLARY 2.4. Under the assumptions of Theorem 2.1, if

E
1√∏k

i=1 λ(Ai) · λ
(
R \

∪k+l
i=k+1Ai

) <∞,

then

P

[
k∩

i=1

[ n∑
j=1

(Xj − µ)I[Yj ∈ Ai]

√
nσ

< xi

]
,

n∑
j=1

(Xj − µ)I
[
Yj ∈ R \

k+l∪
i=k+1

Ai

]
√
nσ

< y

∩
k+l∩

i=k+1

[ max
{j:1¬j¬n,
Yj∈Ai}

Xj < anxi + bn], max
{j:1¬j¬n,

Yj∈
∪k+l

i=k+1
Ai}

Xj < anz + bn

]

→ E

[ x1∫
−∞

. . .
xk∫
−∞

Φ

(
y − u1 − . . .− uk√
λ
(
R \

∪k+l
i=k+1Ai

))dΦ(u1, λ(A1)
)
. . . dΦ

(
uk, λ(Ak)

)

×
∏

{i:xi<z,i>k}
Gλ(Ai)(xi) ·Gλ(B)(z)

]
, where B =

∪
{i:xi­z,i>k}

Ai,

as n→∞, and xi, y, z are arbitrary reals.

As a consequence of Corollary 2.4 we get the main result (but for an iid se-
quence only) of the paper [3].

COROLLARY 2.5. Let us suppose that the following conditions are satisfied:
(i) F ∈DM (G, an, bn) for some real constants an>0, bn, and every real x;

(ii) {Xn, n ­ 1} is an iid random sequence;
(iii) Y = {Yn, n ­ 1} is a sequence of indicators which is independent of

{Xn, n ­ 1} and such that

n∑
i=1

Yi

n

P−→ λ as n→∞

for some random variable λ.
Then for all reals x and y (if x < y and P [λ = 0] > 0 then x must be such

that G(x) > 0)

P [ max
{i:1¬i¬n,
Yi=1}

Xi ¬ anx+ bn, max
1¬i¬n

Xi ¬ any + bn]

→

{
E[Gλ(x)G1−λ(y)] if x < y,

G(y) if x ­ y,
as n→∞.
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3. PROOFS

LEMMA 3.1. Let {Xn, n ­ 1} and {Yn, n ­ 1} be two sequences of random
variables. Let

P [Xn < x, Yn < y]→ EΦ(x, λ1)Φ(y, λ2) as n→∞,

where {Φ(x, y), y ­ 0} are families of Gaussian distribution functions as defined
previously, 0 ¬ λi ¬ 1 a.s., i = 1, 2, are arbitrary random variables and x, y ∈ R.
If E(1/

√
λ1λ2) <∞, then

P [Xn<x, Yn<y,Xn + Yn<z]→E
x∫
−∞

y∫
−∞

I[z1 + z2<z]dz1Φ(z1, λ1)dz2Φ(z2, λ2)

as n→∞.

P r o o f o f L e m m a 3.1. It is easy to check that EΦ(u, λ1)Φ(v, λ2) is a
two-dimensional distribution function. Thus there exists a random vector (X,Y )
such that

(Xn, Yn)
D−→ (X,Y ) as n→∞.

Putting the set A = {u, v : u < z1, v < z2, u+ v < z3} for arbitrary reals z1, z2, z3
in Theorem 29.1 (iv) of [2] we get

(Xn, Yn, Xn + Yn)
D−→ (X,Y,X + Y ) as n→∞.

For arbitrary u, v and h1, h2 > 0, by (3.4), p. 114, in [5], we have

∞∫
−∞

∞∫
−∞

(
Φ(u+ h1, t1)−Φ(u, t1)

)(
Φ(v + h2, t2)−Φ(v, t2)

)
h1h2

P [λ1<dt1, λ2<dt2]

¬ C2E
1√
λ1λ2

<∞

as
|Φ(u+ h, t)− Φ(u, t)|

h
¬ C√

t
.

Thus from the Lebesgue dominated convergence theorem it follows that

∂2

∂u∂v

∞∫
−∞

∞∫
−∞

Φ(u, t1)Φ(v, t2)P [λ1 < dt1, λ2 < dt2]

=
∞∫
−∞

∞∫
−∞

∂2

∂u∂v
Φ(u, t1)Φ(v, t2)P [λ1 < dt1, λ2 < dt2],

and in consequence∫∫
u<z1, v<z2,
u+v<z3

duvEΦ(u, λ1)Φ(v, λ2) = E
∫∫

u<z1, v<z2,
u+v<z3

duvΦ(u, λ1)Φ(v, λ2). �
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LEMMA 3.2. Let {Xn, n ­ 1} and {Zn, n ­ 1} be sequences of random
variables, {An, n ­ 1} be a sequence of events such that limn→∞ P [An] < ε and

Zn
D−→ H as n→∞. Then the following convergences are true:

lim
n→∞

P [Zn < z,An] < ε

and

lim
n→∞
|P [Zn < z,Ac

n]−H(z)| < ε

for every point z of continuity of H, even when An and Zn are dependent.

P r o o f o f L e m m a 3.2. The first inequality is a consequence of the rela-
tion P [Zn < z,An] ¬ P [An], whereas the second follows from

|P [Zn < z,Ac
n]−H(z)| ¬ |P [Zn < z]−H(z)|+ P [An]. �

P r o o f o f T h e o r e m 2.1. Let {Xi,j , 1¬ i¬k + l, j­1} be an array of
iid random variables with the distribution function F, independent of {Yj , j­1}.
Because the iid sequence of random variables is exchangeable, we get

P

[
k∩

i=1

[ n∑
j=1

(Xj − µ)I[Yj ∈ Ai]

√
nσ

< xi

]
∩

k+l∩
i=k+1

[ max
{j:1¬j¬n,
Yj∈Ai}

Xj < anxi + bn]

]

= P

[
k∩

i=1

[Si,n∑
j=1

(Xi,j − µ)

√
nσ

< xi

]
,

k+l∩
i=k+1

[ max
1¬j¬Si,n

Xi,j < anxi + bn]

]
= P [Bn],

say, and denote the right-hand side of (2.2) by B. To see that P [Bn]→ B, firstly,
we evaluate the difference between P [Bn] and this same P [Bn], but with Si,n

replaced by ⌊nλ(Ai)⌋, 1 ¬ i ¬ k + l, using (2.1). Secondly, we evaluate the speed
of convergence (2.2) for k = 1 and l = 0. Thirdly, we bound the convergence (2.2)
for k = 0, l = 1, and finally we prove (2.2).

Let us put, for some nonnegative sequences of reals {γn, ηn, n ­ 1},

Dn =
k+l∪
i=1

[∣∣∣∣Si,n − ⌊nλ(Ai)⌋
n

∣∣∣∣ > 2γn

]
,

En =
k∪

i=1

[
sup

⌊nλ(Ai)⌋−2γnn¬t¬⌊nλ(Ai)⌋+2γnn

∣∣∣∣ t∑
j=Si,n

Xi,j − µ√
nσ

∣∣∣∣ > ηn

]
.
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We have

(3.1) P [Bn] ¬

¬ P

[
k∩

i=1

Si,n∑
j=1

(Xi,j − µ)

σ
√
n

< xi,
k+l∩

i=k+1

( max
1¬j¬Si,n

Xi,j < anxi + bn), E
c
n, D

c
n

]
+ P [Dc

n, En] + P [Dn]

¬ P

[
k∩

i=1

⌊nλ(Ai)⌋∑
j=1

(Xi,j − µ)

σ
√
n

< xi + ηn,
k+l∩

i=k+1

( max
1¬j

¬⌊nλ(Ai)⌋−2nγn

Xi,j < anxi + bn)

]

+ P [Dc
n, En] + P [Dn],

and similarly

(3.2) P [Bn] ­

­ P

[
k∩

i=1

⌊nλ(Ai)⌋∑
j=1

(Xi,j − µ)

σ
√
n

< xi − ηn,
k+l∩

i=k+1

( max
1¬j

¬⌊nλ(Ai)⌋+2nγn

Xi,j < anxi + bn)

]

− P [Dc
n, En]− P [Dn].

In order to consider these two evaluations together we introduce the value ϑ equal
to 1 in the case of upper bound of P [Bn] and −1 in the case of lower bound.
Furthermore, let x = minJ(λ) |xi|, where J(λ)= {1¬ i¬ k : P [λ(Ai)=0]> 0}
(by our assumptions x > 0). Then because for xi > 0, u ∈ [0, 1], and some se-
quence {δn, n ­ 1}, 0 ¬ δn ¬ 1,

P

[ ⌊nu⌋∑
j=1

(Xi,j − µ)

σ
√
n

< xi + ϑηn, u ¬ δn

]

= P [u ¬ δn]− P

[ ⌊nu⌋∑
j=1

(Xi,j − µ)

σ
√
n

­ xi + ϑηn, u ¬ δn

]
,
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and from Kolmogorov’s maximal inequality it follows that, for any i ∈ J(λ),

P

[∣∣∣∣
⌊nu⌋∑
j=1

(Xi,j − µ)

σ
√
n

∣∣∣∣ > |xi + ϑηn|, u ¬ δn

]

¬ P

[
sup

1¬k¬⌊nδn⌋

∣∣∣∣
k∑

j=1
(Xi,j − µ)

σ
√
n

∣∣∣∣ > |xi + ϑηn|
]
¬ δn

(x+ ϑηn)2
,

we get, for arbitrary 1 ¬ i ¬ k,

(3.3)
1∫
0

∣∣∣∣P[ ⌊nu⌋∑
j=1

(Xi,j − µ)

σ
√
n

< xi + ϑηn

]
− Φ(xi, u)

∣∣∣∣Fλ(Ai)(du)

¬
δn∫
0

|I[xi > 0]− Φ(xi, u)|Fλ(Ai)(du) +
δn

(x+ ϑηn)2

+
1∫
δn

∣∣∣∣P[ ⌊nu⌋∑
j=1

(Xi,j − µ)

σ
√
n

< xi + ϑηn

]
− Φ

(
xi + ϑηn√

u

)∣∣∣∣Fλ(Ai)(du)

+
1∫
δn

∣∣∣∣Φ(xi + ϑηn√
u

)
− Φ

(
xi√
u

)∣∣∣∣Fλ(Ai)(du) +
1∫
δn

Φ

(
xi√
u

)
Fλ(Ai)(du).

The third integral can be evaluated by (3.4), p. 114, in [5], as

(3.4)
1∫
δn

∣∣∣∣Φ(xi + ϑηn√
u

)
− Φ

(
xi√
u

)∣∣∣∣Fλ(Ai)(du) ¬
ηn√
2πδn

,

while for the second one, by Theorem 8, p. 118, in [5], we get

(3.5)
1∫
δn

∣∣∣∣P[ ⌊nu⌋∑
j=1

(Xi,j − µ)

σ
√
n

< xi + ϑηn

]
− Φ

(
xi + ϑηn√

u

)∣∣∣∣Fλ(Ai)(du)

¬
1∫
δn

⌊nu⌋
(σ
√
⌊nu⌋)2

E(Xi,1 − µ)2I[|Xi,1 − µ| > εnσ
√
⌊nu⌋]

+
⌊nu⌋

(σ
√
⌊nu⌋)3

E(Xi,1 − µ)3I[|Xi,1 − µ| ¬ εnσ
√
⌊nu⌋]dFλ(Ai)(ui)

¬ C

σ2
E(X1 − µ)2I[|X1 − µ| > εnσ

√
⌊nδn⌋] + Cεn
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for some sequence of reals {εn, n ­ 1}. We also have for arbitrary k < i ¬ k + l

(3.6)
1∫
0

|P [ max
1¬j¬⌊nu⌋−2nϑγn

Xi,j < anxi + bn]−Gu(xi)|dFλ(Ai)(ui)

¬
1∫
0

|F ⌊nu⌋−2nϑγn(anxi + bn)− Fnu(anxi + bn)|dFλ(Ai)(ui)

+
1∫
0

|Fnu(anxi + bn)−Gu(xi)|dFλ(Ai)(ui)

¬ |F−2nϑγn(anxi + bn)− 1|EGλ(Ai)(xi)

+ 2
1∫
0

|Fnu(anxi + bn)−Gu(xi)|dFλ(Ai)(ui).

On the other hand, we have

(3.7) P [Dn] ¬

¬
k+l∑
i=1

(
P

[∣∣∣∣Si,n

n
− λ(Ai)

∣∣∣∣ > γn

]
+ P

[∣∣∣∣nλ(Ai)− ⌊nλ(Ai)⌋
n

∣∣∣∣ > γn

])

¬
k+l∑
i=1

(
P

[∣∣∣∣Si,n

n
− λ(Ai)

∣∣∣∣ > γn

]
+ I

[
1

n
> γn

])
,

and from Kolmogorov’s maximal inequality it follows that

(3.8) P [Dn, E
c
n] ¬

4kγn
η2n

.

Because {λ(Ai), 1 ¬ i ¬ k + l} and {Xi,j , i, j ­ 1} are independent, taking
into account (3.1)–(3.8) and the inequality

(3.9)
∣∣ n∏
i=1

ai −
n∏

i=1

bi
∣∣ ¬ n∑

i=1

|ai − bi|
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valid for 0 ¬ ai, bi ¬ 1, we get for some absolute constants C

|P [Bn]−B| ¬
k∑

i=1

1∫
0

∣∣∣∣P[ ⌊nu⌋∑
j=1

(Xi,j − µ)

σ
√
n

< xi + ηn

]
− Φ(xi, u)

∣∣∣∣dFλ(Ai)(du)

+
k+l∑

i=k+1

1∫
0

|P [ max
1¬j

¬⌊nu⌋+nγn

Xi,j < anxi + bn]−Gu(xi)|dFλ(Ai)(u)

¬ C

{
δn

(x− ηn)2
+

ηn√
2πδn

+
1

σ2
E(X1 − µ)2I[|X1 − µ| > εnσ

√
⌊nδn⌋] + εn

}
+

k∑
i=1

( δn∫
0

|I[xi > 0]− Φ(xi, u)|Fλ(Ai)(du) +
4γn
η2n

)
+

k∑
i=1

P

[∣∣∣∣Si,n

n
− λ(Ai)

∣∣∣∣ > γn

]
+ (k + l)I

[
1

n
> γn

]
+

k+l∑
i=k+1

|F−ϑnγn(anxi + bn)− 1|EGλ(Ai)(xi)

+ 2
k+l∑

i=k+1

1∫
0

|Fnu(anxi + bn)−Gu(xi)|dFλ(Ai)(ui).

Because, by (2.1),
Si,j

n

P−→ λ(Ai), 1 ¬ i ¬ k + l,

there exists a sequence γ′n → 0, as n→∞, such that

P

[∣∣∣∣Si,n

n
− λ(Ai)

∣∣∣∣ > γ′n

]
→ 0.

Thus, taking

γn = max

{
γ′n,

2

n

}
we have

k∑
i=1

P

[∣∣∣∣Si,n

n
− λ(Ai)

∣∣∣∣ > γn

]
→ 0 as n→∞

and

I

[
1

n
> γn

]
= 0.
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Now, putting δn = ηn = 3
√
γ
n
, εn = 1/ 6

√
n, n ­ 1, for sufficiently large n (such

that ηn < x/2), because εn
√
⌊nδn⌋ ­ 6

√
n, we have

δn
(x− ηn)2

¬ 4
δn
x
→ 0,

ηn√
2πδn

=
6
√
γ
n√

2π
→ 0,

4γn
η2n

= 4 3
√
γn → 0,

εn → 0,

E(X1 − µ)2I[|X1 − µ| > εnσ
√
⌊nδn⌋]→ 0,

k∑
i=1

( δn∫
0

|I[xi > 0]− Φ(xi, u)|Fλ(Ai)(du)
)
→ 0

as n → ∞. Furthermore, if G(xi) > 0, then |F−2nϑγn(anxi + bn) − 1| → 0 as
n → ∞, otherwise (then P [λ(Ai) = 0] = 0) EGλ(Ai)(xi) = 0. By Lebesgue’s
dominated convergence theorem, as the function Gu(xi) is monotonic, the last
integral also converges to zero. �

P r o o f o f C o r o l l a r y 2.1. It is enough to take λ(Ai, ω) ≡ pi for 1 ¬
i ¬ k + l in the previous theorem. �

P r o o f o f C o r o l l a r y 2.2. From Lemma 3.1 we have

P

[
k∩

i=1

[ n∑
j=1

(Xj − µ)I[Yj ∈ Ai]

√
nσ

< xi

]
,

n∑
j=1

(Xj − µ)I
[
Yj ∈

k∪
i=1

Ai

]
√
nσ

< y

]

=
x1∫
−∞

. . .
xk∫
−∞

I[u1 + . . .+ uk < y]dF

(
u1√
λ(A1)

)
. . . dF

(
uk√
λ(Ak)

)
.

As for any sets D and E

P [max
k∈D

Xk < a, max
k∈(D∪E)

Xk < b]

=

{
P [maxk∈(D∪E)Xk < b] for b < a,

P [maxk∈D Xk < a,maxk∈E Xk < b] otherwise,



250 T. K. Krajka and Z. Rychl ik

we have

lim
n→∞

P
[ k+l∩
i=k+1

[ max
{j:1¬j¬n,
Yj∈Ai}

{Xj} < xi], max
{j:1¬j¬n,

Yj∈
∪k+l

i=k+1
Ai}

{Xj} < z
]

= E[Gλ(Ai)(xi) ·Gλ(B)(z)], where B =
∪

{i:xi­z,i>k}
Ai.

Since both of these intersections of random variables are independent, we get the
assertion. �

Proofs of Corollaries 2.3 and 2.4 are similar. Corollary 2.5 follows directly
from Corollary 2.3.

4. EXAMPLES AND APPLICATIONS

EXAMPLE 4.1. Let {Yn, n ­ 1} be a sequence of pairwise independent ran-

dom variables such that Yn
D−→ Y for some random variable Y . Let us assume that

{A1, A2, . . . , Ak+l} is a collection of the sets such that

k+l∪
i=1

Ai = R, Ai ∩Aj = ∅ for i ̸= j, P [Y ∈ ∂Ai] = 0, 1 ¬ i ¬ k + l.

Let {Xn, n­1} be a sequence of iid random variables independent of {Yn, n­1}
such that {Xn, n ∈ N} ∈ DS(Φ, nµ, σ

√
n) and {Xn, n ∈ N} ∈ DM (G, an, bn)

for some distribution function G. Then Corollary 2.1 holds with pi = P [Y ∈ Ai],
1 ¬ i ¬ k + l. Particularly, for two independent random variables U1 and U2, uni-
formly distributed on the unit interval, let us put

Yj = Re(e2π(U1+jU2)i) = cos
(
2π(U1 + jU2)

)
, j ­ 1,

A1 =

[
− 1,−

√
3

2

]
, A2 =

[
−
√
3

2
,−1

2

]
, A3 =

[
− 1

2
, 0

]
,

A4 =

[
0,

1

2

]
, A5 =

[
1

2
,

√
3

2

]
, A6 =

[√
3

2
, 1

]
.

Then we have Yn
D−→ Y1 = Y and P [Y ∈ ∂Ai] = 0, P [Y ∈ Ai] =

1
6 . Let us as-

sume that {Xn, n ­ 1} is a sequence of iid random variables with

P [X1 ¬ x] =

{
0, x < 0,

1− e−x, x ­ 0.
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Then {Xn, n ­ 1} ∈ DS(Φ, n,
√
n) and {Xn, n ∈ N} ∈ DM (G1, 1, lnn). Con-

sequently,

P

[ n∑
j=1

(Xj − 1)I[Yj ∈ Ai]

√
n

< xi, 1 ¬ i ¬ 3, max
{j:1¬j¬n,
Yj∈Ai}

Xj ¬ xi + lnn, 4 ¬ i ¬ 6

]

→
3∏

i=1

Φ(
√
6xi)

6∏
i=4

exp

{
− 1

6
e−xi

}
as n→∞

for arbitrary xi ∈ R, i = 1, . . . , 6.

EXAMPLE 4.2. For an arbitrary random variable λ such that 0 ¬ λ ¬ 1 a.s.
we define the sequence

εn(λ) =


0 for λ ∈

n−1∪
r=1

(
r − 1

n− 1
,
r

n

]
∪ {0},

1 for λ ∈
n−1∪
r=1

(
r

n
,

r

n− 1

]
.

It is easy to check that
∑n

k=1 εk(λ)/n
P−→ λ. For two different random variables

λ1, λ2 we put

Yk =

{
εl(λ1) if k = 2l,

2εl(λ2) if k = 2l + 1,

and A1 = {1}, A2 = {2}. Let {Xn, n ­ 1} be a sequence of iid random vari-
ables with uniform law on (0, 1). Then {Xn, n ­ 1} ∈ DS(Φ, n/2,

√
3n/6) and

{Xn, n ­ 1} ∈ DM (G3,1, 1/n, 1). Consequently,

P

[ n∑
j=1

(Xj − 1/2)I[Yj ∈ A1]

√
3n/6

< x, max
{j:1¬j¬n,
Yj∈A2}

Xj <
y

n
+ 1

]
D−→ EΦ

(
x√
λ1/2

)
G

λ2/2
3,1 (y)

for x ̸= 0 if P [λ1 = 0] > 0.
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