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Abstract. Let Ay, be the Dunkl Laplacian on R? associated with a
reflection group W and a multiplicity function k. The purpose of this paper
is to establish the existence and the uniqueness of a positive solution on the
unit ball B of R to the following boundary value problem:

Agu=¢p(u) in B and w=f on OB.

We distinguish two cases of nonnegative perturbation ¢: trivial and
nontrivial.
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1. INTRODUCTION

The Dunkl Laplacian is the sum of a second order differential operator and a
difference term associated with a multiplicity function k and a reflection group W.
An important motivation to study the Dunkl Laplacian rises from its relevance for
the analysis of certain exactly solvable models of mechanics, namely the Calogero—
Moser—Sutherland type (see [8], [I3], [TY]). Since its introduction by C. F. Dunkl
in [B], the analysis of Dunkl theory has been the subject of many articles and it
has deep and fruitful interactions with various mathematics fields, namely Fourier
analysis and special functions [[3], [2X], [?Y], algebra (double affine Hecke al-
gebras [7]) and probability theory (Feller processes with jumps [[1], [8]). The
Dunkl Laplacian generates a positive strongly continuous contraction semigroup
[25]. This fact gives rise to a Hunt process, called a Dunkl process, and so to a
corresponding family of harmonic kernels (Hy )y . If the multiplicity function & is
identically zero, then the operator Ay, reduces to the classical Laplace operator A,
and so the Dunkl process is the Brownian motion and Hy (x, -) is the classical har-
monic measure relative to V and x. If k is not trivial, then paths of the Dunkl pro-
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cess are discontinuous (see [IT]), and thus it follows from the general theory of bal-
ayage spaces [[I] that A generates a balyage space and not a harmonic space. This
yields that for every bounded open set V' and every « € V' the harmonic measure
Hy (x,-) is not necessarily supported by the Euclidean boundary 0V of V, as in
the classical setting & = 0, but it may live on the entire complement V¢ := R\ V.

Throughout this paper we assume that k is strictly positive. Our first purpose
is to show that, for every bounded open subset V of R? and every = € V, the
harmonic measure Hy (z,-) is supported by a compact set of V¢ and not by the
whole V. In the particular case where V' is invariant under the reflection group W
(e.g. V is an open ball of R? centered at the origin), we shall prove that the support
of Hy (x,-) is contained in @V This fact allows us to investigate, for an open ball
B of center zero, the boundary value problem

(1) {Aku:gp(u) in B,

u=f on 0B,
where f is a nonnegative continuous function on 9 B. We impose that ¢ : [0, co[—
[0, oo is nondecreasing, continuous and satisfies ¢(0) = 0. Our main goal is to
establish the existence and the uniqueness of a positive solution to problem (II).
We distinguish two cases of perturbation ¢ (trivial and nontrivial). In the first step,
we consider ¢ = 0 and we prove that the function Hg f defined on B by

Hpf(z)= [ f(y)Hp(z,dy)
0B

is the unique continuous extension v of f on B satisfying Aj,u = 0 in B. That is,
Hpgf is the unique solution of (Il for ¢ = 0. Assuming that ¢ is not trivial, we
show that u satisfies (1)) if and only if

u+ G (e(u)) = Hpf,

where G’fB is the Green operator on 5. Then, by a compactness argument of G%,,
we prove that the mapu — Hpf — Glfg (gp(u)) admits one and only one fixed point
u € C(B), and so u is the unique solution of problem ().

2. NOTATION AND PRELIMINARIES

For every subset I/ of R?, let B(F) be the set of all Borel-measurable func-
tions on F' and let 1x be the indicator function of F. Let C'(F') be the set of all
continuous real-valued functions on F', C™(F’) be the class of all functions that are
n times continuously differentiable on F', and C((F') be the set of all continuous
functions on F’ such that w = 0 on OF, which means that lim,_,, u(x) = 0 for all
z € OF and lim,_,o u(z) = 0 if F' is unbounded. We denote by C2°(F') the set
of all infinitely differentiable functions on F' with compact support. If G is a set
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of numerical functions, then G (respectively G,) will denote the class of all func-
tions in G which are nonnegative (respectively bounded). The uniform norm will
be denoted by || - ||.

For every o € R?\ {0}, let H,, be the hyperplane orthogonal to c and let o,
be the reflection in H,, i.e.,

jof?

where (-, -) denotes the usual inner product on R? and | - | is the associated norm.
A finite subset R of R?\ {0} is called a root system if RNAR - o = {#+a} and
oa(R) = R for all @ € R. For a given root system R, the reflection o, « € R,
generates a finite group W called a reflection group associated with R. A function
k: R — Ry is called a multiplicity function if it satisfies k(oo ) = k() for every
a, B € R. Throughout this paper we fix a root system R and a multiplicity func-
tion k. We consider the differential-difference operators 7;, 1 < ¢ < d, defined in
[7] for every u € C*(R?) by

_ Ou . 1 N aAu(a:) — u(oq)
_8%( )+2a§Rk( Jai (o, ) ’

and called Dunkl operators in the literature. The Dunkl Laplacian Ay is the sum
of squares of Dunkl operators:
d
A=Y T
i=1

It is given explicitly, for u € C?(R?), by

(Vu(e),0) _ |af? ulx) —u(aa<w>)).

(o, x) 2 (a, x)?

2.1) Agu(z) = Aulz) + > k‘(a)(

aER

Likewise the classical Laplace operator A, the Dunkl Laplacian has the following
symmetry property: For u € C?(R%) and v € C?(R?),

(2.2) [ Apu(@)v(@)wi(z) de = [ u(@)Apo(z)wy(z) dr,
R4 Rd

where wy, is the homogeneous weight function defined on R? by

wi(z) = T e, )M,

aER

A fundamental result in Dunkl theory is the existence of an intertwining operator
Vi : C°(R%) — C°°(R?) between the classical Laplacian A and Dunkl Laplacian,
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ie., ALV, = Vi A. We refer to [R], [Z6], [?R] for more details about the intertwin-
ing operator. By means of Vj, there exists a counterpart of the usual exponential
function, called a Dunkl kernel Ej(-,-), which is defined for every y € C? and
r € R% by
Ep(x,y) = Vi(e"¥)) ().
It is clear from () that if £ vanishes identically, then the Dunkl Laplacian reduces
to the classical Laplacian A. In this case the intertwining operator V}, is the identity
operator, and so Ej, reduces to the classical exponential function. Notice that E},
is symmetric and positive on R? x R? and satisfies Ey,(\y, ) = Ej(y, Ax) = for
every A € C.
In all this paper we assume that

m:=d+ > k(a)>2.
acR

Let pf be the Dunkl heat kernel, introduced in [?5], defined for every £ > 0 and
every =,y € R? by

2
@3 Py = o5 [ e B (e ) Biliy, uwi(©)de,
Rd

where

ek = ([ e un(y)dy) .
Rd

For every z,y € RY, pf(x,y) > 0, pf(x,y) = pf(y,r) and

¢ (2] — ly)*
00 e e (- LI

Also, for every = € RY, the function (¢, y) — pf(z,y) solves the generalized heat
equation d;u — Agu = 0 on |0, co[xR%. More precisely, the following holds:

0
(2.5) 522t (@) = D (1)) () = A (P (@, ) ().
For every f € Co(R?) and ¢ > 0 let

PFf(x) = [ Pz, y)f(y)wrly)dy, = €R%
Rd

Then (Ptk)t>0 forms a positive strongly continuous contraction semigroup on
Co(RY) of generator Ay. This fact yields the existence of a Hunt process (X¢, P*)
(see [?], Theorem 1.9.4), called the Dunkl process, with state space R% and transi-
tion kernel

PF(x, dy) = p} (z, y)wi(y) dy.
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3. HARMONIC KERNELS

For every bounded open subset D of R, we denote by 7p the first exit time
from D by (X;), i.e
p = inf{t > 0; X}y ¢ D}.

LEMMA 3.1. Let D be a bounded open set. Then, for every x € D,
P*(0<71p <o0)=1.

Proof. Let x € D. Since the Dunkl process has right continuous paths, we
immediately conclude that P*(0 < 7p) = 1. Let > 0 be such that D C B,, the
ball of center zero and radius r. Clearly,

TB,

Ex[TD] < EI[TBT] == Ex[ { lB,.(Xt> dt]

< J BB, (Xy)ldt =

S
0%8

[ pf (2, y)wi(y) dy dt.
B,
So, to prove that P*(7p < oo) = 1, it will be sufficient to show that

[ [ Pz, y)wi(y) dy dt < oo.
0 B,

Using spherical coordinates and applying the fact that the function wy, is homoge-
neous of degree m — d, we infer from the integral representation (Z3) of p} that,
for every y € R,

g2 . . _
[ e Bil—ix, s€) Ey(iy, s€)wi(§)s™ ' o(d€)ds

d

where o denotes the surface area measure on the unit sphere S%~! of R?. Therefore,

fpt z,y)d f [ Erx(—iz, s§) Ex(iy, s€)wi(§)s™ 2o (d€)ds

0 0 gd—1

Using again spherical coordinates and then applying Fubini’s theorem, we get
T e.9] k 1

I [ oyt dydi= [ [ (] oo, uy)dt)wn(y)u™"o(dy)du
0 0
c

a[ ([ BEwliuy, s&)wi(y)o(dy))

0 Sd—1  gd—1
X Ej(—iz, s€)wy(&)s™ 3u™ Lo (d€)dsdu.
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On the other hand, we recall from [277] that

| wjz 1 mj-1(12])
[ Ei(iz,y)wi(y)o(dy) = 2 /2 kl%’
s 2]

where J,,, /51 s the Bessel function of index m /2 — 1 given by

m/2—-1 o n.2n
(= (—1)"z
Tmj2-1(2) = <2> ngo 4mplT(n +m/2)

Hence

ffptxywk ) dy dt

0 B,
z u‘x’mmjz 1(?Jm/2 1(81@]) T j2—1(us)s ™ ds)du,

and so
6D T J ket dydt = — hmx\wf%m

0 By

sl
o (25
I, p.

To get (BI), one should use a formula from [T 100. =

For every bounded open set D, we define

"D:= |J w(D) and T'p:="D\D.
weW

That is, "D is the smallest open bounded set containing D which is invariant under
the reflection group W. In the following theorem, we show that if the process starts
from x € D then, at the first exit time from D, it should be in the compact I'p.

THEOREM 3.1. Let D be a bounded open subset of R%. Then, for every z € D,
3.2) P*(X,,el'p)=1
In particular, if D is W-invariant, i.e., YD = D, then T'p = 0D, and therefore
P*(X,;, € 0D) = 1.

Proof. Let z € D and consider the function /~ defined for every y, = € RY
by F(y,z) =0if z € {o4y;a € R} and F (y, z) = 1 otherwise. Let

Y; :ZI{XS_;&XS}F(XS—,XS), t > 0.
s<t
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It follows from Proposition 3.2 in [I1] that for every ¢ > 0, P*(Y; = 0) = 1, and
consequently

P (lix _zx b (Xe, Xo) = 0; Vs > 0) =
Then, since P*(0 < 7p < 00) = 1, we deduce that
Pr(1{XTB¢XTD}F(XTB,XTD) =0) =1
On the other hand, since X' . € Don {0 < 7p < oo}, we have
{X:, ¢T'p,0 < 1mp <0} C {1{X,5¢XTD}F<XT5’XTD) =1}

This completes the proof. =

For every bounded open set D and every = € R?, let Hp(x, -) be the harmonic
measure relative to x and D, i.e., for every Borel set A,

Hp(z, A) := P*(X,, € A).
For every f € By(R?), let Hp f be the function defined on R¢ by
Hpf(x) = [ f(y)Hp(z,dy).

Since, for z € D, the harmonic measure Hp(z, -) is supported by the compact set
I'p, it will be convenient to put again

(3.3) Hpf(z)= [ f(y)Hp(z,dy), =€ D,

forevery f € By(I'p).
Let H+(R?) denote the set of all nonnegative lower semicontinuous functions
f on R such that

Hpf < f forevery bounded open set D.

Because (R?, P?) is a Hunt process, it follows from Theorem IV.8.1 in [I] that
(]Rd,"’H+ (]Rd)) is a balayage space. Hence, it follows from the general theory of
balayage spaces that for every f € By(I'p)

3.4 Hpf € C(D)
and
3.5 HyHpf =Hpf onV forall opensets V such that V C D.
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Furthermore, a function f € B*(R?) belongs to *H* (R?) if and only if

sup P f = f.
t>0

Let us now introduce the Green function G* of the Dunkl Laplacian which
will play an important role in our approach. It is defined for every z,y € R? by

G*(x,y) = [ pf(x,y)dt.
0

For every y € RY, the function GZ = G¥(-,y) € HT(R?). Indeed, by the semi-
group property,

PFGh(z) = [ ph(z,y)ds < G*(=,y).
t

This implies that the map ¢ — PFGY is decreasing on ]0, oo[, and so

sup Pth’; = lim Pthg = GZ.
t>0 t—0

Hence G’yC €*H* (R?), which means that for every bounded open set D,
(3.6) / G*(z,y)Hp(z,dz) < G*(x,y).

Furthermore, it is obvious that G* is positive and symmetric on R? x R<. There-
fore, it follows from Theorem VI.1.16 in [] that for every bounded open set D and
every z,y € RY,

(3.7) ka(a:,z)HD(y, dz) = ka(y, 2)Hp(z,dz).

4. DIRICHLET PROBLEM

Let B be an open ball of R? of center zero and radius > 0. We first introduce
the following three kinds of harmonicity on B:
A continuous function i : B — R is said to be

(i) Ap-harmonic on B if h € C*(B) and Aph(z) =0 forevery = € B.

_(ii) X-harmonic on Bif Hph(x) = h(x) for every bounded open set D such
that D C B andevery x € D.

(iii) Ap-harmonic on B in the distributional sense if

(h, App)i i= [ h(z)App(z)wi(z)dz =0 forall p € CP(B).
B
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LEMMA 4.1. Let f € C?(R%). For every x € R,
(@.1) J G y)Aef )wr(y)dy = —f(x).

Rd

In particular, for every bounded open set D and every x € D,
D

4.2) Hpf(z) = f(z) = B"[ | Axf(Xs)ds].
0

Proof. Let x € R% Using Fubini’s theorem and formulas (Z2) and (Z9),
we have

[ G* (@, y) Apf(y)wi(y) dy

[ o (2, y) A f (y)wi (y) dy dt
R4 R4

o\g o\g

[ Ak(pf (2, ) (W) f () w(y) dy dt
R4

= T k(b)) @) () wnly) dydt

0 Rd
= lim PFf(x) — lim PFf(z) = — f(x).
t—o0 t—0
To get lim;—, o Ptk f(xz) = 0, we only use (Z4) and the fact that f has compact

support. Formula (B22) follows from (El) and the strong Markov property. In fact,
let D be a bounded open set and let z € D. Then

f() = [ GF () A () wn(y)dy = ;f [ D (s y) A f () dyde
= Ex[ofoAkf(Xs)ds] =FE® [Tf Apf(Xs)ds] + E*| Ofo Apf(Xs)ds]

[fAkf )ds] + B |E XTD[?Akf(XS)ds]}

ol fAkf Jds] + E* [~ f(XTDﬂ:Ex[TfAkf(Xs)ds]—HDf<a:>. .

LEMMA 4.2. For every bounded open set D and for every ¢, € C2(R%),

(4.3) (Hp, App)e = (Arto, Hpp).
Proof. Applying formula (E1) to v, we get
(Hp, Apphe = = [ [ [ G*(z,9) At (y)wi (y)dyHp (z, dz) Ayp(x)wy () da.

Then (E3) is obtained by Fubini’s theorem by using formula (B874) and formula
(E) applied to . =
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Now, we show that the three kinds of harmonicity on B introduced at the
beginning of this section are equivalent.

THEOREM 4.1. Let h € C(B). The following three assertions are equivalent:
(1) his Ap-harmonic on B.

(ii) h is X-harmonic on B.
(iii) h is Ag-harmonic on B in the distributional sense.

Proof. (i) Assume that h is Ag-harmonic on B. Let D be a bounded open
set such that D C B and let z € D. We claim that

(4.4) Hph(xz) — h(x) = Ex[Tf Aph(Xs)ds].
0

Let V be a bounded open set such that D C V C V C B. By C*-Uryshon’s
lemma, there exists § € C°(B) such that # =1 on V. Let f := h6 and ¢ :=
h — f. Obviously, h = fon V, % =0on V and f € C?(B). Then, using (Z2),
we obtain

4.5) Hph(zx) — h(z) = E* [Tf Apf(Xs)ds| + Hp(z).
0

For every y € R?, let N(y, dz) be the Lévy kernel of the Dunkl process X which
is given in [I1] by the following formula:
k(a
(4.6) N(y,dz) = > (7)250-044((12).
a€R+1<y’O‘>7é0 <OZ, y>

Since ¢ = 0 on V/, it follows from Theorem 1 in [[4] that
(4.7) Hpy(z) = E*| f [ ¥(2)N (X, dz)ds].

On the other hand, by (ZI) and (&8) we easily see that for every y € D,

(4.8) Arf(y) = Aph(y) — [ ¥(2)N(y, dz).

Thus formula (E4) is obtained by combining (£3), (£71) and (B=X). Hence, by (&4),
Hph(x) = h(x), and so h is X -harmonic on B.

(ii) Assume that h is X -harmonic on B. Let ¢ € C>°(B) andlet D C D C B
be a W-invariant bounded open set which contains the support of ¢. Let (hy,)n>1 C
C2?(B) be a sequence which converges uniformly to h on dD. Since Hpp =0
on D, applying (E3), we obtain

4.9) (Hphn, App)p =0, n>1.
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On the other hand,
sup |Hphn(z) — Hph(z)| = sup | [ (ha(y) — h(y)) Hp(z, dy)|
zeD z€D gp

< sup |hn(y) —h(y)| — 0 asn — oo.
yeOD

Hence, by letting n tend to infinity in (B9), we get (Hph, App)r, = 0, and there-
fore (h, Agp)r = 0since h = Hph on D.
(iii) Assume that h is Ag-harmonic on B in the distributional sense. The hypo-

ellipticity of the Dunkl Laplacian A on W -invariant open sets [[2], [27] yields
h € C*°(B). Thus, by (Z2), it follows that, for every ¢ € C°(B),

gAkh(x)w(x)wk(x) dx = 0.

Hence Axh(x) = 0 for every x € B, which means that h is Ag-harmonic on B. =

It is worth noting that the equivalence established in the above theorem re-
mains valid if we replace the ball B by any W -invariant open set, for example, the
whole space R,

THEOREM 4.2. For every f € CT(0B), the problem

4.10) {Akh:O on B,

h=f on 0B

admits one and only one solution in C*(B) which is given by Hp f.

Proof. Let f € CT(9B). By (B4) and (B3), the function Hp f is continu-
ous and X -harmonic on B. We shall show that H g f is a continuous extension of f
on B. Let z € OB and consider V = R%\ {0}, and let u be the function defined on
V by
u(z) = G*(x,0) — G¥(2,0).

Since o ,
ph(.0) = e T,z e,
it follows that
Ck F(m/2 — 1)
4.11 k ——.1

Then, using (B-6) and (BETT), it is easy to verify that w is a barrier of z (with respect
to B), i.e.,
(i) w is hyperharmonic on V N B,
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(i1) w is positiveon V N B,

(iii) limgyeynp z—z u(z) = 0.
Hence, by Propositions VIL.3.1 and VII.3.3 in [I], we obtain Hp(z,-) = §, and
limyep oz Hpf(x) = f(2). Since z is arbitrary in OB, Hpf is a continuous
extension of f on B. So, it remains to prove the uniqueness of the solution. Let A
be another continuous extension of f on B which is the solution to the problem
(BET10). Let € B and let (D,,),>1 be a sequence of nonempty bounded open sets
such that x € D, C D, C D, ;1 and B = \U,, Dn- Then (7p,,), converges to
7p almost surely. Hence, the continuity of A on B together with the quasi-left-
continuity of the Dunkl process yield Hgh(z)=lim,, Hp, h(x), and consequently
Hph(x)=h(x),since Hp, h(x) = h(x) forevery n > 1. Thus h(z) — Hpf(x) =
Hp(h — f)(x) =0since h = f on dB. So, h = Hp f on B and the uniqueness is
proved. =

5. GREEN OPERATORS

The Green operator G¥on the whole space R? is defined, for every f € B+ (R?),
by the formula

Grf(x) = [ G*(z,y)f(y)wi(y)dy, = €R™
Rd

By Fatou’s lemma, for each y € RY, Gk(., y) is lower semicontinuous on RY, and
so G* f is lower semicontinuous on R¢.

In the sequel, B, denotes the ball of R? of center zero and radius » > 0, and
Ay s denotes the annulus of R? of center zero and radius 0 < t < s < oc.

LEMMA 5.1. (i) Forevery 0 < r < oo,

1 |z | r’—|zf? .
(5.1 leB (SL‘) _Jm=2\m + T) if |l’| <,
e L if |z >

(i) Forevery() <t < s < 00,

2
(5.2) 0< sup Gy, (z) <

s(s—1t).
IEGAt,s m_2( )

Proof. Formula (1) follows immediately from (B-l) because

G, () = | [ (o, p)wn(y) dy dr
0 B,

Let0 <t < s < oo.Itisclear that 0 < leAt,s and that

G*14,, = G*1p, — G*1p,.
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Then, by (81), it follows that for every x € A; s,

leAt,s (x) =

tm| ‘Qfm

1 |a:|2 52 — |z|? 1
- | — + —
2 m( —2)

()
ﬂom 254

m— 2
1
m—2

N

(=)=

s—1t). m
An immediate consequence of the above lemma is that for each x € R? the
function G¥(-, x)wy, is locally Lebesgue-integrable on RY. Thus, by Fubini’s theo-
rem, for every f € B,(R?) with compact support, we have

—2

GF f( f G*(z,y)f(y) {fpt z,y) f(y)wi(y)dydt
Rd
=°f°Ew ) dt = B[ ] (x)di).
0 0

PROPOSITION 5.1. Let f € By(R?) with compact support. Then G* f € Co(R?)
and

(5.3) AGFf=—f inRY
in the distributional sense, i.e., for every 1) € C°(R%),

ka ) At (z)wi(z) de = — [ f(z)¢(z)wi(z) da.
R4

Moreover, G* f is radially symmetric whenever f is.

Proof. Letr > 0 be such that the support of f is contained in B,.. Let us as-
sume first that f > 0 and put g = || f|| 15, — f. Then, applying the Green operator
G*, we obtain

(5.4) GFf+GFg = | f|| GF1p,.

Since G f and G¥g are lower semicontinuous on R? and G*15, € Cy(RY) (see
(510)), we immediately deduce from (54) that G* f € Co(R?). For f of arbitrary
sign, we write f = f+ — f~, where fT = max(f,0) and f~ = max(—f,0). Then
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the same reasoning shows that G* f* and G*f~ are in Cy(R%). Hence G*f =
GFft — GFf~ is in Cp(R?), as desired. Let ¢ € C>°(R?). Then, by (&), for
every y € R? we have

[ G* (@, y) App(z)wp(z) = —(y).

R

Hence,

fG’“ ) At () wy,(2) do = L(J;Gk($7y)f(y)wk(y) dy) At (z)wi(2) do
= Rfd (Rfde(% Y) ARy (x)wy(x) do) f(y)wr(y) dy
= Hiﬂjf(y)lb(y)wk(y) dy.

Formula (&) justifies the transformation of the above integrals by Fubini’s the-
orem. Now, assume that f is radially symmetric. Let (f,,), be an increasing se-
quence of functions of the form

n
Jn= Z ailBri7
i=1
which converges pointwise to f on R?. Clearly, by formula (5&1), G* f,, is radi-
ally symmetric. On the other hand, using the dominated convergence theorem, we
get for every x € RY, lim,, oo G¥ £, () = G¥ f(x). Thus G f is radially sym-
metric. m

For every open set D, we define the Green operator G’B on (D) by

Ghf(z) = E’”[Tf f(Xs)ds], z€D.

0

For every f € By(D), we denote by fthe extension of f on R? such that f: 0
on R?\ D. Since the Dunkl process satisfies the strong Markov property, for every
x € D we have

G*ta) = B[] i) ]
B ] fix ds]+Emu;f ]

[ff 2 ds] + B[ B¥0 |

SY

F(X,)as]]

[ff s)ds] + HpG* f ().
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Therefore,
(5.5) Ghf=GFf—HpG*f onD.

Let B be an open ball of R? of center zero and radius 7 > 0. Then it follows from
(B3) that, for every f € By(B), G’fg f can be represented by

Ghf(z) = gG%(xyy)f(y)wk(y) dy,

where, for every x,y € B,

(5.6) Gh(x,y) == G*(z,y) — J G*(y, 2)Hp(x, dz).
oB
Since, by (2Z3), for every y, z € R, we have

I'(m/2—-1)
(5.7 Gk(yaz) < Ck—m,7
4 (lyl — |2)™

it is immediate to see that, for every x,y € B,

f G*(y,2)Hp(x,dz) < M < 0.
B A(lyl =)™

Therefore, G%(x, y) introduced in (86) exists, and so the Green function G%(-, -)
is well defined from B x B into |0, oo]. In the following corollary, we collect some
properties of the Green operator G’]f_—),.

COROLLARY 5.1. Let f € By(B). Then G% f € Co(B) and
(5.8) AGRf=—f inB

in the distributional sense.

Proof. Clearly, G%f is continuous on B since ka and HBG’“]? are. For
every z € 0B,
lim G f(x) = 0
since lim,_,. HpGF f(z) = G* f(2). Thus G% f € Cy(B). Formula (538) follows
immediately from (B3) and (B5). =

PROPOSITION 5.2. For every M > 0, the family {G% f, ||f|| < M} is rela-
tively compact in Cy(B) endowed with the uniform norm.
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Proof. In virtue of the Arzela—Ascoli theorem, we need to show that { G’fg f
|| Il < M} is uniformly bounded and equicontinuous on B. Let r be the radius of
the ball B. Let f € By(B) be such that || f|| < M. Obviously, |G% f|| < M||G1]|
< M||G*1p|. Thus, using (51, we obtain

r2M
2(m —2)’

This means that the family {G%f, ||f|| < M} is uniformly bounded. Next, we
claim that the family {G%(z, -), = € B} is uniformly integrable with respect to the
measure wy(y) dy. Let x € B and € > 0 be small enough. Let A; ; be the annulus
of R? of center zero and radius ¢ = max(0, || — €) and s = || + €. Then, for
every Borel subset D of B, we have

IGEf] <

J Gl y)un(y)dy < [ GHa.y)wr(y)dy
D D

= [ GMaywrly)dy+ [ GF(a,y)wi(y)dy
DrTAt,S D\Ats

< G*g, () + ( i G"(z,y )fwk dy.
t,s

Hence, it follows from (B-2) and (B2) that

4r ot ek '(m/2 —1) fwk(y) dy.

Gh dy <
£ (@ y)wr(y)dy < —— =)

Put ) = €™~ 1. Then for every Borel subset D of B such that fD wi(y) dy < n, we

have
4r cxl'(m/2 — 1)
k < k .

Thus, the uniform integrability of the family {G%(z,-), € B} is shown. There-
fore, in virtue of Vitali’s convergence theorem, for z € B,

lim [|G(z,y) — Gl(zy)lwi(y) dy = 0.
B
Hence, the family {G% f, ||f|| < M} is equicontinuous on B since

lim sup |Glfgf(33) - G%f(zﬂ

TR fISM
< Milmzf Gh(z,y) — Gz, y)|wik(y)dy =0. =
B
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6. SEMILINEAR DIRICHLET PROBLEM

Let B be an open ball of R? of center zero. Let ¢ : [0, co[— [0, oo[ be a non-
decreasing continuous function such that ¢(0) = 0. By a solution of

6.1) Agu=p(u) inB
we shall mean every function v € C(B) such that

[ u(@) Aty (@) wy(x) do = gap(u(x)) U(x) wg(x) dx

B

holds for every ¢ € C2°(B). We recall from Theorem B2 that if ¢ = 0, then Hp f
is the unique solution of (A1) satisfying u = f on OB. In all the following, we
assume that ¢ is not identically zero.

LEMMA 6.1. Let u € CT(B). Then u is a solution of equation (B1) if and
only if u + G%(p(u)) = Hpu on B.

Proof. Let us note first that G% (¢(u)) € Co(B) since the function ¢(u) is
bounded on B. Put h := u + G%(p(u)). Clearly, h € C(B) and h = u on dB.

On the other hand, using Fubini’s theorem and formula (5=¥), we obtain for every

b€ C(B).
f h(@) Agep(x)wy,(z) de
DA ()un(a) de + [ G (o) (0) v (@) da
u(e) At <x>dm—gw(um)w)wk(mdaa

Ud% UJ%

So, Agu = ¢(u) in B if and only if Ayh = 0 in B. In this case, since h = u on
0B, the uniqueness of the solution to problem (B10) yields h = Hpu on B. This
completes the proof. m

LEMMA 6.2. Let u,v € CT(B) be two solutions of equation (B1). If u > v
on OB, then u > v on B.

Proof. Define w :=u — v and p := p(u) — ¢(v). By Lemma BT, we have
(6.2) w + Glfgp = Hpw onB.

Suppose that the open set D := {z € B; w(xz) < 0} is not empty. Since ¢ is
nondecreasing, it follows that p < 0 on D, and hence G’B p<0onD.Letzx € D.
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It is clear that B contains the support of the measure Hp(x, -). Now integrate (B-2)
with respect to Hp(z, -) to obtain

Hpw(zx) + Hp(GY%p)(z) = HpHpw(x) = Hpw(x).
Consequently,
(63) Hpw(z)=Hpw(x) - Hp(Glyp) (@) =uw(a) + (Chp(x) — HoCip(a)).

On the other hand, using the strong Markov property, we obtain

64)  Ghpla) — Gho(e) = B[ [ p(X,)ds] = E7[E%0 [ [ p(x,) ds]|

D 0

= HpGlp(x).

Thus, it follows from (B3) and (B4) that w(x) + G%p(x) = Hpw(z). But this is
absurd since w(x) + G%p(x) < 0 and Hpw(x) > 0. Therefore, D is empty, and
consequently u > von B. =

THEOREM 6.1. For every f € C*(0B), the semilinear Dirichlet problem

65) {Aku =¢(u) in B,

u=f on 0B

admits one and only one solution u € C*(B).

Proof. It follows from Lemma B™ that problem (B3) admits at most one
solution. To prove the existence, in virtue of Lemma BT, it will be sufficient to
establish the existence of u € C(B) such that

(6.6) u+ G (p(u)) = Hgf onB.

Since G%1 < G*15, we immediately deduce by (51) that sup,. 5 G%1(z) < occ.
Let f € CT(0B), a = ||f|| and M = a + ¢(a)||G%1|. Let ¢ be the function de-
fined on R by

0 ift <0,
o(t) =< p(t) if0<t<a,
ola) ift=a

Let A := {u € C(B); |lu|| < M} and consider the operator T : A — C(B) de-
fined by

Tu(x) = Hpf(z) — G% (p(uw))(z), =z € B.
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Since sup,cp ¢(u(z)) < ¢(a), we easily deduce that
7wl < M

for every u € A. This implies that T'(A) C A. Now, let (uy,), be a sequence in A
converging uniformly to u € A. Let ¢ > 0. Since ¢ is uniformly continuous on the
interval [— M, M], we immediately deduce that there exists ng € N such that, for
every n = ny,

|p(un) — o(u)|| < e.

Then, for every n > ng and every z € B,

| Tup () — Tu(z)] < G (|¢(un) — ¢(u)]) () < & sup G1(x).

This show that (T'u,,),, converges uniformly to 7Tu, and therefore 1" is continuous.
On the other hand, A is a closed bounded convex subset of C'(B) and, in virtue of
Proposition B2, T'(A) is relatively compact. Thus, the Schauder fixed point theo-
rem ensures the existence of a function u € A such that

u+ G%(qf)(u)) = Hpf onB.
Clearly, w € C(B) and u(z) < Hgf(z) < a for every x € B. So, to obtain (58),

we need to show that ¢(u) = ¢(u) on B, or equivalently, © > 0 on B. Assume
that the open set D := {z € B, u(z) < 0} is not empty. Let z € D. Then,

Hpu(x) = Hp (Hgu ~ G (6(u)) ) (2) = Hpu(w) - HpGls (6(w) (2).
The same reasoning as in (64), based on the strong Markov property, shows that
Hp Gl (6(u) () = Gl (6(w) () — G (9(u)) ().
Thus, because ¢(u) = 0 on D, we get

Hpu(z) = Hpu(z) — G(¢(u)) (z) + G (d(u)) ()
= u(z) + G% (d(w)) (z) = u(z) < 0.

But, Hpu(x) >0 since u>0 on B\ D, which contains the support of Hp(z,-).
So D must be empty, and consequently v >0 on B. This completes the proof. m
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Abstract. This paper deals with the asymptotic behavior of random os-
cillatory integrals in the presence of long-range dependence. As a byprod-
uct, we solve the corrector problem in random homogenization of one-
dimensional elliptic equations with highly oscillatory random coefficients
displaying long-range dependence, by proving convergence to stochastic in-
tegrals with respect to Hermite processes.
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1. MAIN RESULTS

1.1. Convergence of random oscillatory integrals. One of our goals in the
paper is to study, once properly normalized, the distributional convergence of some
random oscillatory integrals of the form

(1.1 Og(x/e)lh(x) dz,

O%»—A

where

« h € C(]0,1]) is deterministic,

« {g(2)}ser, is a certain centered stationary Gaussian process exhibiting
long-range correlation,

« ® € L?(R, v) has Hermite rank m > 1 (with v the standard Gaussian mea-
sure).

As we will see later, the main motivation of this study comes from the random
corrector problem studied in [&].
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Let us first introduce the Gaussian process {g(z)},ecr, we will deal with
throughout all this paper. It is constructed as follows:

1. Letm € N* be fixed, let Hy € (1 — 5=, 1),andset H = 1 +m(Hy—1) €
(1/2,1).

2. Fix a slowly varying function L : (0, +00) — (0, +00) at 400, that is,
consider a measurable and locally bounded function L such that L(Az)/L(x) — 1
as ¢ — +o0, for every A > 0. Assume furthermore that L is bounded away from 0
and +o0 on every compact subset of (0, +00). (See [B] for more details on slowly
varying functions.)

3. Lete : R — R be a square-integrable function such that

Ga) [ e(u)? du=1;

(3b) |e(u)| < Cuflo=3/2L(w) for almost all . > 0 and for some absolute con-
stant C;

Ho—3/2 00 2\Ho—3/2 4, " 1/2.

(3¢) e(u) ~ Couto=3/2L(u), where Cy = (fo (u + u?)Ho=3/ du) ;

(3d) there exists 0 < v < min {Hy — (1 — 5-),1 — Ho} such that

0
[ le(uye(ay +u)| du = o(a2H0=2 L (2)2)2Ho—2-2

as x — oo, uniformly in y € (0, ¢] for each given ¢ > 0.
4. Finally, let W be a two-sided Brownian motion.
Bearing all these ingredients in mind, we can now set, for z € R,

(e o]

(1.2) g(z) = [ e(x —&)dW.
—00
REMARK 1.1. (i) Assumptions (3a) and 4 ensure that {g(z)},cr, is a nor-
malized centered Gaussian process.
(ii)) Assumption (3b) controls |e(u)| for small u, while assumption (3d) en-
sures that the “forward” contribution of e(u) is ultimately negligible due to the
following computation:

Elg(s)g(s + z)] = jfo e(s—&e(s+x—¢&)dE = _Ofo e(u)e(u + x) du
0 o)
= _f e(u)e(u + x) du + {e(u)e(u + ) du

= 0(m2H0_2L(x)2) +x ;fo e(zu)e(ru + z) du.

(iii) Assumption (3c) ensures that the process {g(z)},cr, exhibits the fol-
lowing asymptotic behavior:
(1.3) Ry(z) :=Elg(s)g(s + 2)] ~ 2*02L(2)? asa — +oo,

see [I2], equation (2.3).
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In Section Bl, we will show that the random integral given by (1) exhibits
the following asymptotic behavior as ¢ — 0.

THEOREM 1.1. Let g be the centered stationary Gaussian process defined
by () and assume that ® € LQ(R, v) has Hermite rank m > 1. Then, for any
h € C([0,1]), the following convergence in law holds:

1 1
) elo o Vnm
(1.4) M= 1/5 {@ g(x/e)|h(z) dv — M, = m{h(x) dZ(z

where Z is the mth order Hermite process defined by (Z4) below, and d(-) is
defined by

m!

(1.5) d(z) = AT

e L(x)™.

As we already mentioned, the fine analysis of the asymptotic behavior of (I"4)
is motivated by the random corrector problem studied in [2]; it will be described
below.

1.2. A motivating example. Theorem [T appears to be especially useful and
relevant in the study of the following homogenization problem. Consider the fol-
lowing one-dimensional elliptic equation displaying random coefficients:

u*(0,w) =0, v (l,w)=0beR.

In (IC8), the random potential {a(x)}.cr, is assumed to be a uniformly bounded,
positive! and stationary stochastic process, whereas the data f is continuous. This
model has received a lot of interests in the literature (see, e.g., [8], pp. 13-14).

Taking strong advantage of the fact that the ambient dimension is one, it is
immediate to check that the solution to (ICH) is given explicitly by

x x
1.7 £
(1.7) u(z, {a /6 w) { /6 w)
where F'(x f 0 y) dy is the antiderivative of f vanishing at zero, and where
rF) o !
F(w)=|b+ dy)( dy> )
“ < L awrea ™ )\ atvre
'That is, there exists r € (0, 1) such that r < a(z) < 7~ for every (z,w) € Ry x Q.
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Under suitable ergodic and stationary assumptions on a, the ergodic theorem ap-
plied to (I”7) implies that u® converges pointwise to % as € — 0, where

*

_en tRy)
= — d
() = — { oy,
. 1
with ¢* := ba* + fo F(y)dy and
a* = b
-~ E[1/a(0)]

The above parameter a* is usually referred to as the effective diffusion coefficient
in the literature, see e.g. [IU]. It is also immediately checked that @ is the unique
solution to the following deterministic equation:

(1.8) dr

Interested readers can refer to [2] for a recent review on models involving more
general elliptic equations.

In this work, we address to the random corrector problem for (ICf) in presence
of long-range media, that is, we analyze the behavior of the random fluctuations be-
tween u® and % when the random potential a is obtained by means of a long-range
process (see below for the details). Taking advantage of the explicit expressions
for both (CA) and (IR), it is easy but crucial to observe that the random corrector
u®(x) — u(x) can be fully expressed by means of random oscillatory integrals of
the form

L 1 1
(1.9) { [ ) a} h(y) dy

for some function h. Thus, the random corrector problem for (ICH) reduces in a
careful analysis of the asymptotic behavior of random quantities of the form (I"9)
as € — 0. To this aim, we need to give a precise description of the form of the
process a.

Let v denote the standard Gaussian measure on R. Every ® € L?(R, v) admits
the series expansion

>V
(1.10) = q—?Hq, with V; == [ ®(z)Hy(z)v(dz),
q=0 1* R

where H,(z) = (—1)7exp(2?/2) L5 exp(—x%/2) denotes the qth Hermite poly-

dxd

nomial. Recall that the integer mg := inf{q > 0: V, # 0} is called the Hermite
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rank of ® (with the convention inf () = +00). For any integer m > 1, we define ¥;,,
to be the collection of all square-integrable functions (with respect to the standard
Gaussian measure on R) that have Hermite rank m.

Using Theorem [Tl as the main ingredient, we will prove the following result
about the asymptotic behaviour of the random corrector associated with (IC6).

THEOREM 1.2. Fix an integer m > 1 as well as two real numbers Hy €
(1—5-,1) and b € R, and let {a(z)},cr, be a uniformly bounded, positive and

2m?
stationary stochastic process. Assume in addition that ¢ = {q(x)},cr, given by

(1.11) q(z) = a(la;) — %, where a* := 1/E[1/a(0)],
has the form
(1.12) q(x) = ©(g(x)),

where ® € L*(R,v) belongs to %, and {g(x)}zcr . is the Gaussian process given
by (I22). Finally, let f : [0, 1] — R be continuous and let us consider the solutions
u® and u of (LA) and (LX) respectively. Then, for each € > 0, the random cor-
rector u¢ — u is a continuous process on [0, 1]. Moreover, we have the following
convergence in law on C([0, 1)) endowed with the supremum norm as ¢ — 0:

U Yoy = L {00

z€[0,1]

where d is given by (I3),
T 1
F(z)= [ f(y)dy, < =a*d+ [F(y)dy,
0 0

1
F(z,y) = [¢" = F(y)|ljox () + 2(F(y) — {F(Z)dz —a’b) 1 (y),

and Z is the Hermite process of order m and self-similar index
H:=14+m(Hy—1) € (1/2,1).

(The definition of Z is given in Theorem Il below.)

Note that it is not difficult to construct a process a satisfying all the assump-
tions of Theorem 2. Indeed, bearing in mind the notation of Theorem [, we can
write

(1.13) a(z) = (q(a:) - ;)1 = <<I>(g(x)) + 1>1
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First, we note that since g given by (I2) is stationary, clearly the same holds for a,
whatever the expression of ®. Second, given any fixed a* > 0, we can construct a
bounded measurable function ® € 4 with ||®|o < 1/(2a*) as follows.

Let hy, hy be two bounded measurable functions; then it is clear that they
belong to L?(R, v/) and admit the series expansion

hl—fhldl/: Zaka and hQ_thdV: Zkak,
R k=1 R k=1

where the coefficients ay, by are defined in an obvious manner. Therefore, the func-
tion
U= bl(hl — fhl dV) — al(hg — fhgdv)
R R

is bounded and belongs to %. Then we pick ® = ¥/(2a*||V||») € %. Therefore,
a(x) defined by (IC13) satisfies

(1.14) 0<

Inductively, one can construct a bounded measurable ¢ with Hermite rank m > 3
(by starting with two bounded functions in %,,,_1) such that the process {a(x),x €
R} given in (I13) satisfies (I14).

Another possibility of constructing such a process {a(z),x € R} is stated
(more explicitly) as follows: let us fix 0 < ¢; < ... < t,,, and consider the unique
(m + 1)-tuple (bo, . . ., by,) satisfying

Shet =0 forallk e {0,...,m—1},
=0

(1.15)

m

> be ™ =1,

1=0
(The existence and uniqueness of a solution to (ICI3) is a consequence of a Van-
dermonde determinant.) Now, consider any measurable function v satisfying

1
(1.16) 0< <

—_—
2a* 3 ’bl|
=0

Since v belongs obviously to L2(R, v), it may be expanded in Hermite polynomi-
als as ¢ = ZZO:O arHy. We assume moreover that a,, # 0. (The existence of v
satisfying both (ITH) and a,,, # 0 is clear by a contradiction argument.) Now, let

¢ = Z blPtl¢a
=0
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where Py)(z) = fR P(e 'z + V1 — e2ty)v(dy) is the classical Ornstein—Uhlen-
beck semigroup. Due to (CI3), it is readily checked that the expansion of ® is

o m
b =a,H, + Z { Z blefktl}aka,
k=m+1 [=0

so that ® € ¥,,,. Moreover,

m m
1®lloe < 22 101l PL ¥ lloo < lltblloo D [Br] < 1*,

1=0 1=0 2a
and a given by (II3) is positive and bounded. So, the existence of a process a
satisfying all the assumptions of Theorem 2 is shown.

Theorem should be seen as an extension of and a unified approach to the
main results of [4], and it contains these results as particular cases. More precisely,
the case where the Hermite rank of ® is m = 1 corresponds to Theorem 2.5 in [[I]
and involves the fractional Brownian motion in the limit, whereas the case where
the Hermite rank of ® is m = 2 corresponds to Theorem 2.2 in [4] and involves
the Rosenblatt process in the limit. Also, in their last section (entitled Conclusions
and further discussion), the authors of [#] pointed out that “it is natural to ask
what would happen if the Hermite rank of ® was greater than 2. Our Theorem
answers this question by showing (as guessed by the authors of [4]) that, in the case
m > 3, the limit takes the form of an integral with respect to the Hermite process
of order m. Finally, we would like to emphasize that our Theorem 2, even in the
cases m = 1 and m = 2, is a strict extension of the results of [4], as we allow the
possibility to deal with a slowly varying function L. That being said, our proof of
Theorem 2 is exclusively based on the ideas and results contained in the seminal
paper [I2] and follows the strategy developed in [4]. In higher dimension, it is
usually very hard to study the corrector theory due to the lack of the explicit form
of the solution. In the recent papers [R], [9], the authors considered the discretized
version of the corrector problem in higher dimension and were able to study the
scaling limit to some Gaussian fields. For more details, we refer the interested
readers to these two papers and the references therein.

The rest of the paper is organized as follows. In Section 2, we give some

preliminary results divided into several subsections. Section 3 contains the proof
of Theorems 2 and [T

2. PRELIMINARY RESULTS

Throughout this section, we let all the notation and assumptions of Sections [Tl
and [ prevail.

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



278 A. Lechiheb et al.

2.1. Asymptotic behavior of the covariance function of ¢q. For z € R, set
R,(x) = E[g(0)g(x)]. Also, recall that m is the Hermite rank of ®. Then, pro-
ceeding in similar lines to those in Lemma 2.1 of [@], one can show that

2.1 |Ry(x)] = (o(1) + V2 /m!) L(|z|)*™|z| 2(~H)

as |x| — +oo. Here o(1) means that the term converges to zero when x — 0.
The asymptotic relation (2Z11) implies the existence of some absolute constant
C satisfying

(2.2) |Ry(2)] < C L(|])* 2| 720~

for any x # 0.

2.2. Taqqu’s theorem and convergence to the Hermite process Z. Recall d(z)
from (I3). Its main property is that the variance of ﬁ f OI Hy, ( g(y)) dy is asymp-
totically equal to one as x — +oc.

The following result, due to Tagqu in 1979, is the key ingredient in our proofs.

THEOREM 2.1 ([I2], Lemma 5.3). Let us assume ® € 4, and let g be given
by (). Then, as T — +o0, the process

Tx
2.3) Ve@) = 7 [ lgtldy, a <Ry,

converges to (Vi /m!) Z(x) in the sense of finite-dimensional distributions, where
the mth order Hermite process Z with self-similar index H = m(Hy — 1) + 1 is
defined by

2.4) Z(z)

&m—l

o0 &1
=K(m,Ho){ [ dBe, | dBe,... [ dBe,

3

‘ 1(8 - &)H073/21(£¢<s) ds},

o~—8

where

mlH(2H — 1)

(u+ u?)Ho=3/2 du)m

K(m, Ho) =

(

Sty

is the normalizing constant such that E[Z(1)?] = 1. (See [I2], equation (1.6).)

Note that Z(x) lives in the Wiener chaos of order m, which is non-Gaussian
unless m = 1 or x = 0.
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2.3. Wiener integral with respect to Z. Let Z be given as above and let £ be
the set of elementary (deterministic) functions, that is, the set of functions h of the

form
y4

= Z akl(tk,thrl] (I’)

k=1

with £ € N*, a;, € R, t < ty41. For such h, we define the Wiener integral with
respect to Z in the usual way, as a linear functional over &:

¢
%h(ﬂf) Z_: Z(try1) — Z(t)]-

One can easily verify that this definition is independent of choices of representation
for elementary functions. Now we introduce the space of (deterministic) integrands
for this Wiener integral:

@5 AT={f: R%R|fff )u— v dudv < +oo},

equipped with the norm

(2.6) £l = H2H —1) ) [ [ ) f(v)|u— o172 du, dw.
R R

When h € &, it is straightforward to check the following isometry property:
2
E[( [ h(@)dZ(x))"] = |3
R

As a consequence, one can define the Wiener integral fR x)dZ(z) for any f €

AH by a usual approximation procedure.

It is well known by now (thanks to [I11]) that (A || - || \#) is a Hilbert space
that contains distributions in the sense of Schwartz. To overcome this problem, we
shall restrict ourselves to the proper subspace

]AH\—{f R%R}ff\f v)||lu — v|2H72dudv<+oo}

equipped with the norm

”fH%AH\ = H(2H — 1) ff|f )|lu — v|*"72 du dv.

We then have (see [[T], Proposition 4.2)

2.7) LY(R) N L*(R) ¢ LYA(R) c |Af] c A"
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Moreover, (JAZ] | - [[|ar) is a Banach space in which the set & is dense. So for
(2.8) [ h(z)dZ(z) = hm fh )dZ(x),

R n—-4o00
where (h,,) is any sequence of £ converging to h in (AT, - [|az); the conver-

gence in (Z8) holds in L*(£2).
For a detailed account of this integration theory, one can refer to [[Z], [IT].

2.4. Some facts about slowly varying functions. Let L : (0, +00) — (0, 400)
be a slowly varying function at +o00 and a > 0. It is well known (see [B], Proposi-
tion 1.3.6(v)) that

x*L(x) = 400 and z “L(x) — 0
as x — +o0. In particular, one can deduce that

(2.9) 11&)1 eHL(/e)™ = 0.

The following result is known as Potter’s theorem (see [3], Theorem 1.5.6(ii)).

THEOREM 2.2. Let L : (0,+00) — (0, +00) be a slowly varying function at
~+o0 such that it is bounded away from 0 and +o00 on every compact subset of
(0, +00). Then for any § > 0 there exists some constant C' = C(9) such that

L(y)
L(x)

< C’max{(x/y)‘s, (y/:l:)‘s} forany x,y € (0,400).

3. PROOFS OF THE MAIN RESULTS

3.1. Proof of Theorem 1.1. First recall that a typical function h in £ has the
form

n
.’L’) - Z afl(t[,tprﬂ(m)? tf < t@+1, ap € Ru E = 17 s, 1
/=1

For such a simple function h, we deduce from Taqqu’s theorem (Theorem ) that

My = 1/5 fq (z/¢) Z 1agl (totpa) (%) d
1 toy1/e te/e
62:1 Ve, d(1/e) ( { @(g(w)) dx — { @(g(x)) dx)
=, Vf Z ag[Z(tp1) — Z(te)] = % fh(x) dZ(z).
‘R

This proves (IC4) for simple functions h € £.
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Let us now consider h € C([0, 1]). It is easy to see that there exists a sequence
(hn) C & such that
lim ||, — hlls = 0.

n—-+00

Let us fix a number ¢ € (0,1) and show the convergence in L?(§2) of M > uni-
formly in € € (0, ¢). First, one can write

sup E[|My, — M;|]
c€(0.0)

1
= sup) WEH fq(m/s)[hn(:c) — h(x)] dzx ‘2]

€€(0,¢ 0
y—x
n (")

where D = {(z,y) € [0,1)% : z = y} is a negligible subset of R?. By (Z2),

()| (7))

Second, with 8 > 0 small enough such that 2mf + 2(1 — H) € (0, 1), we have
(3.1) sup

1 Yy—x
w ()
e€(0,¢) (5)2 [0,1‘]];\1) ’ ! €

L . 2m
<Cst sup [ {W } |z — y| 72075 do dy
£€(0,0) [0,1]2\D (1/¢)

<Cst [ |z y|72mA=20=1) g dy
[0,1]2\D

< 400,

dx dy,

1
< b = hlZ, sup
ce(o,¢) €2d(1/€)? ]RQJ\‘D

y—u —2(1—H)

e

for all (z,y) €R*\ D.

dx dy

~

where the second inequality follows from Theorem 2. It is now clear that, indeed,

3.2) lim sup E[|Mj — M;|*] =0.
"m0 eE(0,0)

To conclude, let d(-, -) denote any distance metrizing the convergence in distribu-
tion between real-valued random variables (for instance, the Fortet—-Mourier dis-
tance). For h € C([0,1]) and (h,,) C & converging to h, one can write, for any
e>0andn e N:

d(Mj;, My) < d(Mj;, Mj; ) + d(Mj, , My ) + d(My,, My).
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Fix n > 0. By (B2), one can choose 7 big enough so that, for any ¢ € (0, ¢), both
d(Mj;, Mj ) and d(M; , M})) are less than 7)/3. It remains to choose & > 0 small
enough so that d(Mj , My ) is less than 1/3 (by () for the simple function
hy, € E), to conclude that (I'4) holds true for any continuous function h.

REMARK 3.1. Clearly, the above result still holds true for any function h that
is continuous except at finitely many points. Note also that the function ¢ € ¥,,, is
not necessarily bounded in Theorem Il

3.2. Proof of Theorem 1.2. The proof is divided into five steps. We write

m!

X(e)=ed(1/e) = m eHL(1/e)™.

(a) Preparation. Following [8], especially identities (5.1) and (5.19) therein,
we first rewrite the rescaled corrector as follows:

uf(w) —u(z) . 1 . 1 Lz
(3.3) W =U(z) + X(s)r (x) + X(e)p pre
—R<(a)
where
() = Sy Pt/
(@) = (¢ —c >Zq<y/a> ay,
and
a* 1 1
= (@b + [ Fy)dy) ([ aly/z) dy)”
{a(y/é?)‘ldy ’ 0

1

1
= J Fwatu/e)dy [ aly/e) dy].

0

Now, let us first show the weak convergence of & to U in C([0,1]) and then
prove that R° is a remainder. To prove the first claim, we start by establishing the
f.d.d. convergence and then prove the tightness.

(b) Convergence of finite-dimensional distributions of U¢.For x1,...,z, € R
and A\1,..., A\, € R(n > 1), we have
n 1 n
Z e U (1) > M Pz, y)a(y/e) dy

X(s)%k

1
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Note that the function ), _; A\ F (2, -) has at most finitely many discontinuities.
Thus, Theorem [T and Remark BT imply that ) | A\, U°(x),) converges in dis-
tribution to ZZ:1 A, U(xy), yielding the desired convergence of finite-dimensional
distributions.

(c) Tightness of U¢. We check Kolmogorov’s criterion ([6], Corollary 16.9).

First observe that /¢(0) = 0. Now, fix 0 < v < v < 1, and set Fi(y) = ¢* —

F(y) and Fa(y) = F(y) — fol F(t)dt — a*b, so that F'(z,y) = F1(y)Ljoq(y) +

rF2(y)1j,1(v)- Then
(34) E(lua( >—u£( )I?)

1
QU o (0)2(y/€) L (9) dy + (0 — u {qy/awz(y)dy\?]

—

2
()

“xellh

EH f 10,0 ()a(y/e)Fi(y) dy|” + | (v — w) { q(y/e) Fa(y) dy|’]
Yy—x
Rq< 5 )dxdy

2(v — u)?

11 -
2 [ RmR (YT dray

Note that I is bounded on [0, 1]. Therefore, as far as the second term in the last
inequality in (B4) is concerned, one can write, using Potter’s theorem as in the
proof of Theorem [T,

><

Q%C

><

2

g2l _
G5 sup |y FQ(x)ny)Rq(ygx) dxdy‘ < Cst(v — w)?,
00

e€(0,0)

Now, let us consider the first term in the last inequality in (B4). Similarly,
v v —
ffFl <y :c) da?dy'
u u
1

€
R, (y ) dx dy (since F} is bounded)

6

(3.6) sup
ec(0,0) X

2

< Cst sup)X(Efo

e€(0,€
P dx dy
< Cst sup —x|/e
€(0,) 1/6 L(1/e)* {{ fey \ ly — 2[20-H)

< Cst [ f ly — x| 20D =2mB gy dz (as in (B))
= Cst(v — u)Q*Qmﬁ*Q(lfH).

Since 2 — 2m(1 — Hp) — 2mf > 1, this proves the tightness of (1/€). by means
of the usual Kolmogorov’s criterion.
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(d) Control on the remainder term R° in (33). We shall prove that the pro-
cess R¢ converges in probability to zero in C(]0, 1]). First we claim that if G €
C([0, 1]), then there exists some constant C' = C(G) such that

3.7) . E[( Z a(y/e)G(y) dy)?] < C X(e)*.

Indeed, the same argument we used for obtaining (33) works here as well, so
we get

sup E[(ZQ(Z//E)G(Z/) dy)*]

z€[0,1]
<G5 [ |Roly —2I/e)| dy dz
[0,1]2

<NGEXE (s [ [Rylly—21/e)| dy 2

e€(0,0) [0,1]
< CstX (g)?,

where the last inequality follows from (BI).

Now, let us consider R°:

(1) Due to the explicit expression of p°, it follows from (B7), the fact that a is
bounded from below and the Cauchy—Schwarz inequalities that

Eflp°]
1 1
<Cst{]] Jaty/e) ay[ ooy + | fF (/) Ay ooyl [ 9w/=) Ayl o}

< Cst X ()2

(i1) Observe that

Then

8

sup E[|re(z)[] = sup E[[(c¢ —¢) [q(y/e) dy|]
z€0,1] z€[0,1]

[e=]

1 T
< Zl[gp”EH {F(y)Q(y/S) dy{Q(y/e) dy] + CstE[|p°[] < Cst X ().
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Therefore, as ¢ — 0 we have, by (Z9),

sup E[|R°(x)|] < CstX(e) — 0.
z€[0,1]

In particular, {R®(z),z € [0, 1]} converges to zero in the sense of finite-dimen-
sional distributions. Now, let us check the tightness of (R¢).. Note that R¢(0) = 0
and that, for 0 < u < v < 1,

IR= () = RE(0)| 72

2 15 15 2(“’ — U>2 15
< 1z { 70 = Oy + 2Bl

2
< el - ()20

)2
+ Cst(ljx(;)}Q)EHpEH (since p® is uniformly bounded)

< X(25)2 Hre(u) —r(v) HiQ(Q) + Cst(u —v)?  (by point (i) above)
1
< G J IR =29 v

+ Cst(u — v)2 (since ¢© — ¢* is uniformly bounded)

< Cst(v — u)?720-H)=2mB 4 Cst(v — u)?,

where the last inequality follows from the same arguments as in (B-6). Therefore,
‘R® converges in distribution to zero, as € | 0, so it converges in probability to zero.

(e) Conclusion. Combining the results of (a) to (d), we conclude the proof of

Theorem 2 by evoking the Slutsky lemma.
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2010 AMS Mathematics Subject Classification: Primary: 60G42;
Secondary: 60G46.

Key words and phrases: Weak BMO space, martingale, John—
Nirenberg inequality.

1. INTRODUCTION

Let (2, F,P) be a complete probability space, and {F,, },>0 be an increasing
sequence of sub-c-algebras of F such that 7 = 0( Un>0 ]-'n). The expectation
operator and the conditional expectation operator relative to F,, are denoted by E
and E,,, respectively. A sequence f = ( f,,)n>0 of random variables such that f,, is
JFn-measurable is said to be a martingale if E(|f,|) < oo and E,,(fn11) = fr, for
every n > 0.

The study of the space BMO (Bounded Mean Oscillation) began with the es-
tablishment of the so-called John—Nirenberg theorem in [IT]. Basing mainly on the
duality and something else, the space BMO plays a remarkable role both in classi-
cal analysis and martingale theory. For example, BMO is a good space in operator
actions (see e.g. [14], Chapter 4). And the martingale space BMO,.(a) was first
introduced by Herz in [4] as the dual of H; (0 < p < 1) associated with the dyadic
filtration (see Example 1 below). With the help of atomic decomposition, Weisz
extended this result in [15] to a general case. Let 7 be the set of all stopping times
with respect to {F,, } ,>0. The martingale space BM O,.(«) ([16], p. 8; or [13]) for
1 <r < oocand « > 0is defined as

BMO; () = {f = (fa)nz0 : [ flBr0,(a) < 00},

* Research supported by NSFC (11471337) and Hunan Province Natural Science Foundation
(14JJ1004).
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where
1 flBro, () = su;;IP’(v < 00) T f = i
ve

We present two well-known results (see [I6] or [13]). If 0 < p < 1 and o = 5 -1,
then BMOs(«) is the dual space of the Hardy space H. If the stochastic basis
{Fn}n>1is regular, then BMO,(a) = BMO;(«). And recently, Yi et al. proved
n [IR] that BMOpg(a) = BMO1(a), where o = 0 and F is a rearrangement
invariant Banach function space.

In the present paper, we consider a weak BMO martingale space. To char-
acterize the dual of the weak Hardy martingale space H ., Weisz in [[7] first
introduced and studied the weak BMO martingale space. Let us recall the defini-
tion. We also refer the reader to [I2] and [T3] for some new results related to weak
BMO martingales spaces.

DEFINITION 1.1. Let 1 < r < oo,ar + 1 > 0. The space wBMO,(a) is
defined as the set of all martingales f € L, with the norm

()Ot’f‘

I flwBAMO. (a f al d x < 00,

where
@) =2V s I =
veT:P(v<oo)<z
In the very recent paper [8], the generalized BMO martingale space is intro-
duced as the dual of Hardy—Lorentz martingale space. Strongly motivated by [R],
Definition 1.1, we introduce the following new weak BMO martingale space by
stopping time sequences.

DEFINITION 1.2. Let 1 < 7 < 0o and a > 0. The weak BMO martingale
space wBM O, («) is defined by

wBMO, (o) ={f € L : || fllwBmo,(a) < 0},

where

= 2MP (g, < 00) VT f = |l
Kez

=su
HwaBMOT(a) p Supk 2kP(Vk < OO)]'—HX
and the supremum is taken over all stopping time sequences {vj}rez such that
2FP(1y, < 00)1He € oy

It is a very natural question: what is the relationship between wBMO, («)
and wBMO,(«)? The paper fully answers this question. Our main result can
be described as follows. We simply put wBMO = wBMQO(0) and wBMO =
wBMO(0).
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THEOREM 1.1. Let 1 < r < oo and o > 0. If the stochastic basis {Fp }n>0
is regular, then
wBMO, (o) = wBMO, ()

with equivalent norms. In particular,
wBMQO, = wBMO,

with equivalent norms.

In this paper, the set of integers and the set of nonnegative integers are always
denoted by Z and N, respectively. We use C' to denote a positive constant which
may vary from line to line. The symbol C means the continuous embedding.

2. PRELIMINARIES
Firstly, we give the definition of Lorentz spaces. We denote by Ly(Q2, F,P),
or simply L(£2), the space of all measurable functions on (2, 7, P). For any f €
Ly(92), we define the distribution function of f by
As(f) =P({w e Q:|f(w)] >s}), s=0.
Moreover, denote by 1. (f) the decreasing rearrangement of f defined by

pe(f) =1inf{s > 0: A\s(f) <t}, t>0,

with the convention that inf () = co.

DEFINITION 2.1. Let 0 < p < o0 and 0 < ¢ < oo. Then, the Lorentz space
L, ,(€) consists of measurable functions such that || f||,, , < oo, where

< 1 th /e
Hf“p,q = f (t /pﬂt(f)) 7 ’ 0< q < 00,
0

and

lpoo = sup t7Pu(f), q= oo,
0<t<oo

I/

REMARK 2.1. We refer the reader to [?] for the following basic properties.
(1) If p = q, then Ly, 4(S2) becomes L, (S2).

(2) If0 < p1 <p2<o0and0 < q < oo, then || fllp,q < C| fllps,q. where C
depends on p1, p2 and q. This is due to P(2) = 1.

(3) If0<p<ooand0 < q1 < q2 < 00, then || f||p.q. < C| f
depends on q1, q2 and p.

p.q1» Where C

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



290 D. Zhou et al.

Denote by M the set of all martingales f = (fy)n>0 relative to {F,}n>0
such that fy = 0. For f € M, denote its martingale difference by d,,f = f, —
fn—1 (n > 0, with the convention f_; = 0). Then the maximal function and the
conditional quadratic variation of a martingale f are respectively defined by

fo= sup [fil, [*=sup|fal,
0<i<n n>0

sulf) = (S EaldifP)Y2 s(F) = (3 Eealdif?) 2.
i=1 =1

Then we define martingale Hardy—Lorentz spaces as follows.

DEFINITION 2.2. Let 0 < p < oo and 0 < g < oo. Define
Hy o ={f e M| fllmy, = Ilf*
Hy oy ={f e M| fllmg, = ls(f)

If p = ¢, then the martingale Hardy—Lorentz spaces recover the martingale
Hardy spaces H; and H; (see [IA]).

Recall that the stochastic basis {F, },,>0 is said to be regular if there exists a
positive constant R > 0 such that

(21) fnngn—la vn>07

pa < oo},

pg < 00}

holds for all nonnegative martingales f = ( f,,),>0. Condition (Z) can be replaced
by several other equivalent conditions (see [14], Chapter 7). We refer the reader to
[T4], p. 265, for examples for regular stochastic basis. Here, we give a special case.

EXAMPLE 2.1. Let ((0,1],F, 1) be a probability space such that y is the
Lebesgue measure and subalgebras {F,, },>0 are generated as follows:

i
Fn = a o-algebra generated by atoms < J It

27’1’2'rl:|’j20"”72n_1'

Then {F,, }»>0 is regular. And all martingales with respect to such {F, },>0 are
called dyadic martingales.

The method of atomic decompositions plays an important role in martingale
theory (see, for example, [B]-[8], [I&], [IZ]). The atomic decompositions of Hardy—
Lorentz martingale spaces H,, , and martingale inequalities are given in [6] and [8].
We also mention that Hardy—Lorentz spaces with variable exponents were inves-
tigated very recently in [9] and [I0]. Let us first introduce the concept of an atom
(see [I6], p. 14).

DEFINITION 2.3. Let 0 < p < co and p < r < o0. A measurable function a
is called a (1, p, r)-atom (or (3, p,r)-atom) if there exists a stopping time v € T
such that a,, = E,,(a) = 0if v > n, and

s(@)[l, (or la*|l») < P(v < 00)/7=1/P.
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REMARK 2.2. Let 0 < p<r<ooand 0 < q<r. Ifaisa (1,p,r)-atom,

then ||a| ms , < C. Choose p1,ps such that % =14 p%’ % =14 qil. By Holder’s
inequality, we have (v is the stopping time corresponding to the atom a)

lall g, = lls(@)Xy<octllpa < Clis(@)llrrlIX<octlprar

e}

< OB < o) =V2( [ 4907 x g ey dt) " < C.
0

Similarly, we have |||z < C fora (3,p,r)-atom a. If p = g, then C' = 1.

The following result is from [K]. And the result about the Hardy space H;yq
follows from the combining of Theorem 3.3 and Lemma 5.1 in [R].

THEOREM 2.1. If f = (fn)nz0 € H,, for 0 < p < 00,0 < g < 00, then
there exist a sequence (a*)rez of (1,p, 00)-atoms and a positive number A sat-
isfying p, = A - 26P(v, < 00)Y/P (where vy, is the stopping time corresponding
to a¥) such that

(2.2) fn=> ppak ae., neN,
kezZ

and

{me e, < ClNF N,

Conversely, if the martingale f has the above decomposition, then f € Hy , and
[ fll s, ~ inf [[{px}]1,, where the infimum is taken over all the above decompo-
sitions.

Moreover, if the stochastic basis {Fy }n>0 is regular and if we replace H?

P,q’
(1, p, 00)-atoms by H; ., (3, p, 00)-atoms, then the conclusions above still hold.

LEMMA 2.1 ([I], Lemma 1.2). Let 0 < p < oo and let the nonnegative se-
quence {3} be such that {2F;,} € 19,0 < ¢ < oo. Further, suppose the nonnega-
tive function ¢ satisfies the following property: there exists 0 < ¢ < min(1, q/p)
such that, given an arbitrary integer ko, we have ¢ < Yy, + ny,, where 1y, and
Nk SALLSSY

ko—1
2PPP(yy, > 2M)° < C Y (2P )P,

k=—o00

[o¢]
2R PPy, > 27) < C 37 (25 ).
k=ko

Then ¢ € Lyg and ||¢]lpq < CI{2" 1} |1,-
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3. A JOHN-NIRENBERG THEOREM

In this section, we prove a John—Nirenberg theorem when the stochastic basis
{Fn}n>o0 is regular. The main idea and method are similar to those of [8]. The
following lemma can be found in [8], [I6]. In fact, it follows from Theorem 7.14
in [5] and Corollary 5.13 in [I6].

LEMMA 3.1. Suppose that 0 < q < oo and the stochastic basis {Fp }n>0 is
regular.
If0 < p < oo, then H, , and H}, , are equivalent.

If1 < p < o0, then H;,q, H;q and Ly, 4 are all equivalent.

L, is not dense in L,, . This fact is mentioned in [[7], p. 143 (see also [2],
Remark 1.4.14). Hence, to describe the duality, we need the following definition
from [[2], Remark 1.7.

DEFINITION 3.1. Let a measurable set Ay C 2 satisfy P(A) —0 as k— oo.

Define £,  as the set of all f € L,, », having the absolute continuous quasi-norm
defined by

Lpoo={f€Lpo: klingo | fxayllpoo =0}

L, ~ is a closed subspace of L, o, and L, C L, oo C Ly « (see [7]). Now we
define
Hp oo = {f = (fa)nz0: s(f) € Lpoo},

which is a closed subspace of H,, .. Similarly, we define H; .

REMARK 3.1. (1) According to [[1], Remark 2.2, we can conclude that HS =
Ly is dense in H .

(2) If the stochastic basis {Fy }n>0 is regular, then, by the same argument of
Remark 2.2 in [1], Lo is dense in H, .

LEMMA 3.2. Let 0 < p < 1. If the stochastic basis {F, }n>o is regular, then

1
(Hy00)" =wBMO:(a), a= P 1.

Proof. Let g € wBMO;(«). Define

Then, by Theorem 11, we find that (v, is the stopping time corresponding to the
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atom a” for every k € Z)

|6 (NI < X |uklE(a"(g — ™)) < X lunllla®llcllg — g™ [

kEZ kEZ
<C Y el (@) *lloollg — 9711
keZ
<C Y unlP(v < 00)~HP)lg — g1
kEZ
=C-AY 29— g™
kez

By the definition of || - ||.,Bar0, (a)> We Obtain

[64(f)] < C - Asup 25 P(vy, < 00)?||gllwB 10y ()
< Clflles Nallwsrro; (@)-

Since the stochastic basis {F, }n>0 is regular, Lo, is dense in Hp oo (see Re-
mark B7(2)). Then ¢, can be uniquely extended to be a continuous linear func-
tional on Hj, .

Conversely, let ¢ € (H,, )*. Since Ly is dense in H, ., (see Remark BT(2)),
there exists g € Lo C L; such that

o(f) =E(fg), [f€ L.

Let {14 }xez be a stopping time sequence satisfying {2FP(v, < oo)l/p}kez € lso
and let

1
hj, = sign(g — g**), d* = §(hk — hF)P(v < 00) 1P,

Then a” is a (3, p, 0o)-atom. Let fV = Zév:_zv 2kH1P(1y, < 00)/Pak, where N
is an arbitrary nonnegative integer. By Theorem D1, we have [V € H oo and

1, < CSI;p 2"P (v < 00)V/P.

Consequently,

N N N
S 2Mg—g*li= Y 2"E(hi(g—g™)) = 3 2"E((hy — hi¥)g)
k=—N k=—N k=—N

=E(Ng) = o(fN) < 1V a9l
< C'sup ZkP(Vk < 00)1/p||¢H-
k
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Thus we have
N k v
22 llg =gk
= < Ol

supy, 2FP(vy, < 00)/P

This implies ||g[|,Brr0, (o) < C||@||- The proof is complete. =

LEMMA 3.3. Let 0 < p < 1, 1 < r < oc. If the stochastic basis {Fy, }n>0 is

regular, then

(Hp o) =wBMO, (), a= ; -1

Proof. By Holder’s inequality, we have || f||.B10, (o) < | fllwBMO, (o) fOr
any f € wBMO,(«a).Let g € wBMO, (o)) C L,. We define

¢q(f) =E(fg), Vf€Ly.
Then, by Lemma B, we have

[6g(N)| < Cllf g Nllwero @) < Clfllmg N9lwsrio. @)-

It follows from Remark B1(2) that L, is dense in H;’OO. Thus ¢4 can be uniquely
extended to be a continuous linear functional on 1, .

Conversely, if ¢ € (H}, )", by Doob’s maximal inequality, we have L, =
H . CHy . Then (Hj )" C (Ly)" = Ly. Thus there exists g € L, such that

¢(f):¢g(f):E(fg)a VfeLpy.

Let {11, }rez be a stopping time sequence such that {2FP(v), < 00)/P} ez € loo
and N be an arbitrary nonnegative integer. Let

_|g — g”*| " 'sign(g — ¢"*)

N
Hg _ gukHr—l , f= Z ZkIP)(l/k: < OO)l/r (hk — hgk)

k=—N

R,

For an arbitrary integer kg which satisfies —N < kg < NV (forkg < —N,letG =0
and H = f;for kg > N,let H =0and G = f), let

f=G+H,

where
ko—1

G= Y 2"P( < 00)¥" (), — )
k=—N

and

N
H=Y 2"P(vy < 00)¥" (), — ).
k=ko
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Obviously, ||hk|l» = 1, and ||G||,» < 2 ZIZ():_}N 2FP (1, < 00)'/"". By the sublin-
earity of the maximal operator x, we have f* < G* + H*.Lete = p/r’ (0<e<1).
By Doob’s maximal inequality, we have

1

o o ! 1 /
P(G* > 2%) < o’ 1G™ 7 < CwHGH:/
1 ko—1 . n -
T
k=—N

On the other hand, {H* > 0} C UlcN:k:o{’/k < oo}. Then, for each 0 < € < 1, we
have

N
okoeP ([ > 2k0) < 2REPP(H* > 0) < 2M0%P 3T P(1, < 00)

k=ko
N N
< Y 2RPP(y < 0) = Y (2MP(y < oo)l/p)117
k=ko k=ko
< ) (2I“IE”(V;€ < oo)l/p)p.

k=ko

By Lemma IZT, we have f* € Ly, o0 and || f*[|p.co < C|[{2FP (11 < 00)"PYiczlli. -
Thus, f € H, ., and

17185 < Csup2Blyy < o).

Consequently,
N N )
> 2Py, <00)' VMg = g%l = X 2"P(u < 00) " E(hi(g — 9))
k=—N k=—N
N /
= Y 2"P(uy, < c0)V"E((hy, — h}¥)g)
k=—N

=E(fg) = ¢(f) <Ifllm;, el
< Csup 2PP(vy, < 00) /P,
k

Thus we obtain

N
= 2B(yy < 00)1 V7 lg — g,
k=—N

< Cllell-

supy, 2FP(vy, < 00)/P

Taking N — oo and the supremum over all stopping time sequences satisfying
{2"P(vy < 00)P}iez € loo, we get |lglluprio, (@) < Cllel. =
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Now we formulate the weak version of the John—Nirenberg theorem, which
directly follows from Lemmas B2 and B3.

THEOREM 3.1. Let o > 0 and 1 < r < oo. If the stochastic basis {Fp}n>0
is regular, then

wBMO,(a) = wBMO;(«)
with equivalent norms.

According to Lemma B, Lemma holds if we replace Hj, ., by H, ..
Without regularity of stochastic basis {F,, }»>0, we also get a duality result.

PROPOSITION 3.1. Let 0 < p < 1. Then (Hf,’oo)* = wBMOs(a) with « =
1/p—1.

Proof. Notethat Hj = Lg is dense in H,, ., by Remark BI(1). The first part
of the proof is similar to that of Lemma B2, and the converse part is similar to that
of Lemma B3 with r = 2. We omit the proof. m

4. PROOF OF THE MAIN THEOREM

In this section we complete the proof of Theorem [1l.
Let H;’OO be the H, ,, closure of HZ . Since H5, C Hj = Lo, using Re-

,O0
S

mark BI(1), we have H, ., C M3 .. Then (H3 )" C (H, )"

LEMMA 4.1 ([I'Z], Corollary 6). Let 0 < p < 2. Then the dual space ofF;OO
is wWBMO3(a) withoo = 1/p — 1.

LEMMA 4.2 ([I'7], Corollary 8). Suppose that the stochastic basis {F }n>0
is regular and 1 < r < oo. If ar + 1 > 0 for a fixed o, then

wBMO,(a)) = wBMOs ()
with equivalent norms.
THEOREM 4.1. Suppose that o > 0. Then
wBMOs(a) = wBMOo(cv)

with equivalent norms.

Proof. Letp = 14%04 Since (H; )" C (F;OO)*, it follows from Proposi-

tion Bl and Lemma BTl that
wBMO3(a) C wBMOz(a).

To obtain
wBMOs(a) D wBMO2(a),
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we shall show that

CllfllwBMmOs(a) = 1 lwBros(a)

for any f € wBMQO2(«). Suppose that {vy }xez is an arbitrary stopping time se-
quence such that {2FP(vy, < 00)/P}rez € loo. Let

B = sup 2FP (1, < 00)Y/P.
k
We can claim that

> t2(BP27) < O fluBrmos(a)-

k=—o0

To this end, let Cj, = B27*P. Then, for any = € (Cj1, Cy), we have

C]i_/fl+ati(ck+l) < xl/“ati(x) < C;/Hati(Ck).

We refer to [I'7], p. 144, for a more general case of the inequalities above. Hence,

ootQ 00 C, t? ) %)
f a = ¥ f x> (1 ,2—p)2—p(1/2+a) 3 ti(sz—kp)'

k=—00 Cj41 k=—o0
On the other hand, since BP27*P > P(v,, < oo) for all k, we have

00 [e'e) 2](: BP9~ kp 1/2 _ fyg

Z ti(Bp2—kp Z ( ) Hf / HQ

k=—o00 k=—o00 B
S i 25 P(vg, < 00)'2|If = 752
Z B .

k=—o00

By the definition of wBMOs(«), we complete the proof. m

REMARK 4.1. If one proves the dual space of Hy, oo is WBMO(a), then The-
orem Bl holds. If one shows H ., = = H’ _, then Proposition Bl implies Theo-

;00
rem Bl. We leave the proofs to the interested reader.

Now we are ready to prove the main result of the paper.
Proof of TheoremI. It directly follows from Theorems BT and Bl

and Lemma . =
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SERIES REPRESENTATION OF TIME-STABLE STOCHASTIC PROCESSES

BY

CHRISTOPH KOPP (BERN) anp ILYA MOLCHANOV™ (BERN)

Abstract. A stochastically continuous process £(t), t > 0, is said to
be time-stable if the sum of n i.i.d. copies of £ equals in distribution the
time-scaled stochastic process £(nt), t > 0. The paper advances the under-
standing of time-stable processes by means of their LePage series represen-
tations as the sum of i.i.d. processes with the arguments scaled by the se-
quence of successive points of the unit intensity Poisson process on [0, 00).
These series yield numerous examples of stochastic processes that share
one-dimensional distributions with a Lévy process.

2010 AMS Mathematics Subject Classification: Primary: 60G52;
Secondary: 60G51.

Key words and phrases: Infinite divisibility, LePage series, Lévy
process, point process, time-stable process.

1. INTRODUCTION

The (strict) stability property of stochastic processes is conventionally defined
by requiring that the sum of i.i.d. copies of a process is distributed as the space-
scaled variant of the original process. An alternative scaling operation applied to
the time argument leads to another definition of stability.

DEFINITION 1.1. A stochastically continuous real-valued process £(t), ¢ > 0,
is said to be time-stable if, for each n > 2,

(1.1) E14 ...+ & ~nok,

where &1, ...,&, are i.i.d. copies of &, X means the equality of all finite-dimen-
sional distributions and (n o §)(t) = £(nt), t > 0, is the process obtained by time
scaling &.

* Supported in part by Swiss National Science Foundation grants 200021-137527 and 200021-
153597.
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Definition 1 goes back to Mansuy [I8], where processes satisfying (L),
regardless of their stochastic continuity, are called infinitely divisible with respect
to time (IDT), see also [4], Section 6.7. Indeed, they are infinitely divisible in the
sense that £ can be represented as the sum of n i.i.d. processes for each n > 2.
However, the “time-stable” name better emphasises the particular stability feature
of such processes. These processes have recently been investigated in [K], [I?], also
with a multivariate time argument. Time-stable processes with values in R% can
be defined similarly to Definition [. Similarly to other stable random elements,
time-stable processes naturally appear as limits for time-scaled sums of stochastic
processes.

The major difficulty in the analysis of time-stable processes stems from the
necessity to work with the whole paths of the processes. The time-stability concept
cannot be formulated in terms of finite-dimensional distributions at any given time
moments, since the time argument on the right-hand side of () is scaled.

Definition [Tl can be modified to introduce a-time-stable processes as

4. & Rntlog,

where each « # 0 is possible. This concept appears in Example 8.12 of [7] as an
example of the stability property in the cone of continuous functions with scaling
applied to the argument. While such processes (for general «) have been consid-
ered in [IT], the process & (tl/ @), t > 0, obtained by time change is time-stable
(with @ = 1) and so it is not necessary to study a-time stability for general o # 1.

Another closely related concept is that of a dilatively stable process ¢ that
satisfies the following scaling relation for some @ > 0, § € (0, 2], and all n > 2:

G+ ...+ 2 711/27“/‘5(n1/‘S o (),

see [T4], where such processes are also assumed to have moments of all orders
and the left-hand side is replaced by the convolution power for finite-dimensional
distributions of order n with not necessarily integer n (which however does not
alter the family of processes). If  is dilatively stable, then £ (t) = ¢1/2-/9¢(¢1/9),
t > 0, satisfies (IT) and so is a time-stable process if ¢ is stochastically continuous.

Barczy et al. [I] extended the setting from [I4] by allowing « and ¢ be arbi-
trary real numbers and relaxing the moment conditions. They also defined (p1, p2)-
aggregate self-similar processes ( for arbitrary real numbers p; and p» by the scal-
ing relation

4.+ G~ nf(n 2 0(),

so that for p; = p2 one recovers the aggregate similar process from [I6]. It is easy
to see that t”1((t72), t > 0, satisfies (I_T), so that this and all other above-men-
tioned generalisations may be obtained by time and scale change from time-stable
processes. An exponential time change leads to translatively stable processes,
see [3], Definition 2.4.3. A similar concept was introduced by Penrose [2T], who
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called a non-negative stochastic process £ semi-min-stable if min (&1 (t), . . ., &, (t))
shares the finite-dimensional distributions with n=1¢(n%t), t > 0.

Section D discusses elementary properties of time-stable processes. The in-
finite divisibility of such processes makes it possible to use their spectral repre-
sentation obtained in [[3] and then show that the Lévy measure is homogeneous
with respect to time scaling, see Section B. The main result of Section B and of
the whole paper is the LePage representation of time-stable processes whose Lévy
measures are supported by the family of right-continuous functions with left lim-
its. In particular, this is the case for non-negative processes. The obtained LePage
representation yields the series representations for dilatively stable and aggregate
self-similar processes. The structure of pure jump time-stable processes is closely
related to the stability property of marked point processes; in this case the LePage
representation is similar to the cluster representation of infinitely divisible point
processes, see Section H.

The concept of time stability allows generalisations in various directions. The
necessary structure consists of a time set which is invariant under scaling by arbi-
trary positive real numbers and an associative and commutative binary operation
which is applied pointwisely to the values of processes. For instance, the definition
applies also to stochastic processes defined on the whole line and on R or with
addition replaced by the maximum operation.

While () actually defines a strictly time-stable stochastic process, the sta-
bility concept can be relaxed by replacing the right-hand side with n o £ + f,, for
deterministic functions { f,, }. Moreover, it is possible to consider random measures
stable with respect to scaling of their argument (see [[Z], Example 8.23) and also
time-stable generalised stochastic processes, i.e. random generalised functions.

2. ELEMENTARY PROPERTIES

The following standard result provides an alternative definition of time-stable
processes.

PROPOSITION 2.1. A stochastically continuous process £(t), t > 0, is time-
stable if and only if

.1) aoé +bo& R (atb)of
forall a,b > 0, where &1 and & are independent copies of &.

Each Lévy process is time-stable, see [4], Section 6.7. If £ is time-stable, then
there exists a unique Lévy process &, called the associated Lévy process of £, such
that £(¢) coincides in distribution with £(¢) for each given ¢ > 0, see [[I8], Propo-
sition 4.1. Thus, the characteristic function of £(¢) is given by

(2.2) Eexp{i\(t)} = exp{—tT(\)}, t>0, A € R,

where U denotes the cumulant of 5 and also of €.
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It follows from (Z2) that £(¢) weakly converges to zero as ¢ | 0, which corre-
sponds to the stochastic continuity of £, since £(0) = 0 a.s. by (). Furthermore,
if £(¢) and &(s) share the same distribution for ¢ # s, then ¢ is a.s. zero.

Comparing the one-dimensional distributions shows that if the non-degenerate
time-stable process is a.s. non-negative for any ¢ > 0, then it is a.s. non-negative
everywhere, its one-dimensional distributions are increasing in the stochastic order,
and sup;> £(t) is a.s. infinite. In contrast to Lévy processes, non-negative time-
stable processes need not be a.s. monotone, for example, £(t) = N(2t) — N(t),
t > 0, if N is the standard Poisson process.

THEOREM 2.1. A time-stable process & is identically distributed as the sum
of a linear function, a centred Gaussian process with covariance function C that
satisfies C'(ut,us) = uC(t,s) for all t,s,u > 0, and an independent time-stable
process without Gaussian component.

Proof. Since ¢ is infinitely divisible, its finite-dimensional distributions are
infinitely divisible. The rest follows by comparing the Lévy triplets of the n-fold
convolution of (£(t1),...,&(tx)) and of (&(nt1),...,&(ntx)) for any ¢1,... .t
>0and k,n>1. m

Various characterisations of Gaussian time-stable processes are presented
in [IX]. In the following we only consider time-stable processes without a Gaussian
part.

3. LEVY MEASURES OF TIME-STABLE PROCESSES

Each stochastically continuous process is separable in probability (also is said
to satisfy Condition S from [25], Definition 3.11.2), meaning the existence of an
at most countable set Ty C [0, 00) such that for all ¢ > 0, there exists a sequence
tn € To,n > 1, such that £(¢,,) converges to £() in probability. The spectral repre-
sentation of infinitely divisible stochastic processes that are separable in probability
and do not have a Gaussian component is obtained in [15], Theorem 2.14, using
a Poisson process on a certain space (€2, §) with a o-finite measure . Reformu-
lating this result for (€2, §) being the space R[0:%°) with the cylindrical o-algebra
¢, we see that an infinitely divisible stochastically continuous process £ without a
Gaussian component admits a spectral representation

3.1) ) Ret)+ [ f)dg(f),

RI.)\ {0}

where c is a deterministic function and Il = {fi(-) : ¢ > 1} is the Poisson pro-
cess on RI%:%) \ {0} with a o-finite intensity measure @ such that

(3.2) [ min (1, f(£)*)Qdf) < oo

RI0-22)\{0}
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for all ¢ > 0. The measure () is called the Lévy measure of £. The integral with
respect to 1l in (B) is defined as the a.s. existing limit of the compensated sums

(3.3) %n[ X SOl LU@)QEN],

fi€llq {F: 1£(®)[>r}
where
u,  ul
(3.4 L(u) =<1, u > 1,
-1, u<-—1,

is a Lévy function, see also [1Y].

Furthermore, Theorem 2.14 in [[3] ensures the existence of a minimal spec-
tral representation, meaning that the o-algebra generated by {f : f(t) € A} for
all t > 0 and Borel A C R coincides with the cylindrical o-algebra ¢ on RI0:>)
up to @-null sets and there is no set B € € with Q(B) > 0 such that for every
t>0,Q({f € B: f(t) #0}) = 0. In the following assume that the cylindrical
o-algebra € is complete with respect to (). By [[3], Theorem 2.17, the minimal
spectral representation is unique up to an isomorphism, and so the Lévy measure
is well defined.

The stochastic continuity of ¢ implies that & has a measurable modification,
see [[0], Theorem 3.3.1. Then Proposition 2.19 in [5] establishes that the repre-
sentation (B1)) involves a measurable function c¢(t), ¢ > 0, and that the functions
f from Il can be chosen to be strongly separable. The latter means the existence
of a measurable null-set g C RI%>) and a countable set Q C [0, c0) (called a
separant) such that, for each open G' C [0, 00) and closed F' C R, we have

(3.5) {f: f) e FYte GNQ}\{f: f(t)e FVte G} C Q.

If (B2) is strengthened to require
(3.6) J o min (L |f($)])Q(df) < oo
RIO-22)\ {0}

then the integral (B-I) is well defined without taking the limit and without the com-
pensating term in (B3), so that

3.7) )y Ret)+ > filt)

fi€llg

for a deterministic function c. It is well known that (B8) holds if £(¢) is a.s. non-
negative for all ¢ > 0, see e.g. [26], Theorem 51.1.

LEMMA 3.1. For each B € € and s > 0, the set so B={so f: f € B}
also belongs to €.

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



304 C. Kopp and I. Molchanov

Proof. If B is a cylinder, then s o B € €, and the statement follows from
the monotone class argument. =

The next result follows from the fact that £(0) = 0 a.s. for a time-stable pro-
cess £.

LEMMA 3.2. The Lévy measure of a time-stable process is supported by { fe
RO\ {0} : £(0) = 0}.

LEMMA 3.3. An infinitely divisible stochastically continuous process & with-
out a Gaussian component is time-stable if and only if c¢(t) = bt, t > 0, for a
constant b € R and the Lévy measure @) satisfies

(3.8) Q(soB)=s"'Q(B), s>0,
forall B € €,

Proof. The sufficiency follows from the expression for the characteristic
function of the finite-dimensional distributions of &,

(3.9) Eexp {13 0;¢(t;)}
= exp {szejtj + [ [exp (ZZij(tj)) —1- ZZHjL(f(tj))]Q(df)}.

J J

Now assume that ¢ is time-stable. Comparing the characteristic functions of the
finite-dimensional distributions for the processes on the left- and right-hand side
of (T) and using the uniqueness of the Lévy triplets show that the function c is
additive and so is linear in view of its measurability.

The Lévy measure corresponding to the minimal spectral representation of the
process on the left-hand side of (Z1) is Q(a~! o B) + Q(b~! o B). In view of the
uniqueness of the minimal spectral representation (see [13], Theorem 2.17), the
Lévy measures of the processes on the left- and right-hand side of () coincide.
Thus

Qa'oB)+ Qb oB)=Q((a+b) "o B)

for all a,b > 0 and all B € €. Since () is non-negative, Theorem 1.1.7 in [3] im-
plies that Q(s~! o B) is a linear function of s, i.e. (38) holds. =

The same scaling property for the Lévy measure appears in [I8], Lemma 5.1,
and later on was reproduced in [[IT], Proposition 4.1, for time-stable processes with
paths in the Skorokhod space of right-continuous functions with left limits (cadlag
functions). The proof there is however incomplete, since it is not shown that the
Lévy measure of such a process is supported by cadlag functions.
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PROPOSITION 3.1. If &(t), t > 0, is a time-stable cadlag process with a.s.
non-negative values, then its Lévy measure @) is supported by cadlag functions.

Proof. In this case the Lévy measure () satisfies (B8) and so & admits the
representation (B72). If ¢ is an independent copy of &, then £ — £’ is symmetric and
has the series decomposition with the Lévy measure supported by cadlag (free of
oscillatory discontinuities) functions, see [22J], Theorem 4. The support of () is a
subset of the support of the Lévy measure for § — &', m

4. LEPAGE SERIES REPRESENTATION

In finite-dimensional spaces, Lévy measures of strictly stable laws admit a
polar decomposition into the product of a radial and a finite-directional part, and the
corresponding sum (if necessary compensated) of points of the Poisson process is
known as the LePage series, see [?5], Corollary 3.10.4, and [I'Z], [23]. The LePage
series can be defined in general spaces [[], where they provide a rich source of
stable laws and in many cases characterise stable laws.

The following result provides the LePage series characterisation for time-
stable processes without a Gaussian part and whose Lévy measure is supported
by the family D' of not identically vanishing cadlag functions on [0, 00). We en-
dow the family D' with the o-algebra induced by €. Let D, be the family of not
identically vanishing cadlag functions that vanish at the origin.

THEOREM 4.1. The following statements are equivalent for a stochastically
continuous cadlag process £(t), t > 0.
(1) The process & is time-stable without a Gaussian part and with its Lévy
measure Q) supported by I
(ii) The stochastic process & is infinitely divisible without a Gaussian part,
with a deterministic linear part, its Lévy measure Q) is supported by Dy, and

(4.1 Q(B) = [o(toB)dt
0
for each measurable B C D}, and a probability measure o on D), such that
4.2) [ [ min (1, f(t)*)t2dto(df) < .
D} 0

(iii) The stochastic process & has the same distribution as
- 1
(43) bt +lim [ > & DL 1y sr

i=1 ‘

—E [ L(e(s7 D)) Leqery>r ds], 20,
0
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where the limit exists almost surely, b € R is a constant, L is defined as in (34),
{€i,i > 1} is a sequence of i.i.d. stochastic processes distributed as ¢, such that €
a.s. takes values in D},

4.4) E Ofo min (1,e(t)?)t2dt < oo,
0

and {T';,i > 1} is the sequence of successive points of a homogeneous unit inten-
sity Poisson process on [0, 00).

Proof. By Lemma B3, a time-stable process without a Gaussian part can be
alternatively described as an infinitely divisible stochastically continuous process
whose Lévy measure () satisfies (B8) and so is supported by Dj,. It is obvious that
@ given by (BET) satisfies (BX). It remains to show that the scaling property (BX)
yields (El), so that (i) implies (ii).

The following construction is motivated by the argument used to prove The-
orem 10.3 in [9]. By Lemma B2, @ is supported by Dj,. Decompose D into the
union of disjoint sets

Xo={f: igglf(t)! > 1}
and

Xp={f:sup|f@t) €@k 27" F¢X;,j=0,....k—1}, k>1
t>0

In view of the completeness assumption on the o-algebra, all sets Xy, k > 0, are
measurable. Recall the separant Q and the exceptional set €y from (B3) that holds
due to the assumed stochastic continuity and infinite divisibility of £. Denote by
X, k > 0, the analogues of X where the supremum is taken over the set of non-
negative rational numbers. Since

o =1/ [f(OI <1t e0,00)},

we have X \ Xy C Q. Similarly, X, \ X;, € Qo forall k& > 1.
For each k£ > 0, define the map 73 : X; — (0, 00) by

m(f) =inf{t > 0: |f(t)] >27F}, feX,.

Since all functions from D, vanish at the origin, 75 ( f) is strictly positive and finite,
and 7y (co f) = ¢ 17 (f) forall ¢ > 0. Let

Sk ={f € Xp: 7(f) =1}

Then |f(1)| > 2% forall f € Sy, k > 0, and each function g € X}, can be uniquely
represented as s o f for f € Sy and s > 0. The maps (f,s) — so f and g —
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(Tk (9) o g, Tk (g)_l) are mutually inverse measurable bijections between the sets
Sk % (0,00) and Xj. This is seen by using the separability assumption (B3) and
Lemma BT. The right-continuity of f and (B3) imply that

Ap(f)=sup{t € Q: |f(s)|=2" Lforalls e [1,14+¢t]}, fe€S,
is strictly positive and Borel measurable for each k& > 0. Define
Sko = {f € Sk : Ax(f) > 1},
Skj={f €Sk : Ax(f) e (277,277}, >
Then Sy, is the disjoint union of S; for j > 0 and X, is the disjoint union of
Xgj={sof: feS, s>0}, j=>0.
Fix any k, 7 > 0. Then

Qe = Q({so f: f €Sy, sel,14+277]})
<QUfedy: |F() =271}
< 22k 2 S/ min (1, f(1)*)Q(df)
{F: 1F(>2-k-1}
< 2%%2 [min (1, £(1)?)Q(df) < oo.
By (BR),
Q{so f:f €Sk, s>1})

< i@({sofi fe Skja s € [(1 _|_2—j)i’ (1 +2—j)i+1]})

0
= Z(l + 2_J)_lqkj < 0.
=0

Thus, @ restricted onto Xj; is a push-forward under the map (f,s) — so f of
the product 7;; ® 6 of a finite measure 7);; supported by S;; and the measure ¢
on (0, 0o) with density s~2ds. Let ckj be some positive number; then the measure
oi; defined on Dfy by o1;(B) = cjni; (c/,;j1 o B) assigns all its mass to the set
Cij © Sk;. Then the push-forward of 0y,; ® 6 under the map (f,s) — so fis Q
restricted on Xy; and the total mass of oy; equals ijnkj<8kj)~ By choosing cy;
appropriately, it is always possible to achieve that o = ) | k,j>0 Okj is a probability
measure on Dj,. Combining the push-forward representations of @ restricted to
Xj, k,j > 0, we see that Q) is the push-forward of o ® 6 and so (ET) holds. Given
(ETD), (B8) is equivalent to (B2).

The equivalence of (ii) and (iii) is immediate by choosing ¢ to be i.i.d. with
distribution ¢ and noticing that (B2) is equivalent to (B4 and that the limit in (E3)
corresponds to the limit in (B3). Note that {Fi_l,i > 1} form the Poisson process
on R with intensity s~2ds. m
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REMARK 4.1. There are many probability measures o that satisfy (B, and
so the distribution of € in (B3) is not unique. For example, it is possible to scale the
time arguments of {€;,i1 > 1} by a sequence of i.i.d. positive random variables of
mean one. The distribution of ¢ is unique if € is supported by a given measurable
set S' C DY such that each f € Dy, can be uniquely represented as c o g for ¢ > 0
and g € S'.

REMARK 4.2. It follows from Theorem 3.1 in [] that the LePage series (E3)
converges uniformly for t from any compact subset of (0,00). If H(t,r,V) =
e(t/r), then Condition (3.3) of [2] becomes

fP{( (t1/7),- - oe(te/r)) € BYdr = Q({/ s (f(t),.... f(ty)) € BY)

for all Borel B in RF\ {0}, t1,...,t, > 0,and k > 1

THEOREM 4.2. A stochastically continuous stochastic process & is time-stable
without a Gaussian part and with the Lévy measure ) supported by I and satis-

Sfying (BA) if and only if

(4.5) £(t) ~ bt + f s(T7M), t>0,
=1

where the series converges almost surely, b € R is a constant, {¢;,i > 1} is a
sequence of i.i.d. stochastic processes with realisations in D, such that

(4.6) Eofmin (1, le(t)])t2dt < o0,
0

and {T';,1 > 1} is the sequence of successive points of the homogeneous unit in-
tensity Poisson process on [0, 00).

Proof. It suffices to note that (B6) is equivalent to (B6). =

COROLLARY 4.1. Each a.s. non-negative cadlag time-stable process admits
the LePage representation (B3).

REMARK 4.3. Condition (B8) (respectively (E4)) holds lffo Ele(t)|t2dt <

oo (respectively fo E(e(t)?)t™2dt < 0o). For example, this is the case if £(t) = 0,
t € [0, 7), for a positive random variable T such that 7= is integrable.

REMARK 4.4. Analogues of the above results hold for time-stable processes
with values in R%. This can be shown by replacing Sy from the proof of Theo-
rem B with the Cartesian product of d-tuples of such sets Sk1 g XX Skd .
ki, 3i 2 0,1 =1,...,d, constructed for each of the coordinates of the process. In
particular, Corollary Bl applies for time-stable processes with values in Ri.
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EXAMPLE 4.1 (Lévy processes). The spectral representation (Bl) of a Lévy
process ¢ without a Gaussian part can be obtained by setting f;(t) = m;1li>r,,
where {(7;, m;), i > 1} is a marked Poisson process on (0,00) x (R \ {0}) with
intensity measure being the product of the Lebesgue measure and a Lévy measure
AonR\ {0}. Indeed, then

) ~bt+lm[ Y miln —t [ L(z)A(dz)],

rl0 [my;|>r |z|>r

which is the classical decomposition of a Lévy process. In view of the uniqueness
of the minimal spectral representation, the Lévy measure () is supported by step
functions of type m1;>,. By Theorem BT}, £ admits the series decomposition (E3)
with £(t) = nly>1, where (B4) corresponds to E[min(1,7?)¢] < oo. Following
the construction from the proof of Theorem B, the joint distribution of (7, ¢) can
be constructed as follows. Write By = {z € R: |z| > 1} and By = {z € R :
27k < |z| < 27K, k> 1, let qx = A(Byg), k > 0, and choose strictly positive
{ck, k> 0} such that 37 crqr = 1. Then

P{ne A (= C];l} = A(AN By)cg
for every Borel A C R\ {0} and k£ > 0. It is easy to see that

E[min(1,7%)¢] = i min(1, z%)A(dz).
R\{0}

If £ has bounded variation, then Theorem B2 applies and

D
E(t) X bt+ Y Nilic,>T;

=1

provides a LePage representation of £ on the whole R, cf. [24] for the LePage
representation of Lévy processes on [0, 1]. The choice of £(t) = nli>1, t > 0,
yields the compound Poisson process £(t), which becomes the standard Poisson
process if n =1 a.s.

The time and the size of the jump of € may be dependent. For instance, let
(t) = 11>y, for a positive random variable 7). This random function always satis-
fies (B-6) and yields the Lévy process

o
£() = D" milisr,
i—1
with the cumulant U()\) = E[(1 — ")~ 1].

EXAMPLE 4.2. If £(t) = nt'/®, where a € (0,2) and 7 is a symmetric ran-
dom variable with E|n|* < oo, then the LePage series (B3) converges a.s., by The-
orem 1.4.2 of [?5], to £(t) = bt + ¢ t1/* for a symmetric a-stable random variable
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¢, see [IR]. If « = 1 and b = 0, then £(t) = (t for the Cauchy random variable .
This yields a time-stable process with stationary increments, which is not a Lévy
process. If o < 1, the symmetry of n is not required for the convergence of the
LePage series and ( is strictly a-stable by Theorem 1.4.5 in [25].

EXAMPLE 4.3. Choosing ¢ to be a stochastic process with stationary incre-
ments yields examples of time-stable processes with stationary increments which
are not Lévy processes. For instance, let ¢ be the fractional Brownian motion with
Hurst parameter H € (%, 1). Then (B4 holds since

—

1 1
E [min (1,e(t)®)t2dt < [Ee(t)’t2dt = [+ 72dt < co.
0 0 0

EXAMPLE 4.4 (Sub-stable processes). Let e(t) = £(t1/®), t > 0, for o €
(0,1) and a time-stable process £ such that E|£(1)| < oco. Then (E8) holds since

1 1
[E[e(tY*)[t72dt = El¢(1)] [ 1/ 2dt < .
0 0

By conditioning on {I';} and using Proposition I, one obtains

or

ST = S0 (0 or/e) R g (i Y T = g(e1/e)
=1 i=1

1 = -

7

for a strictly a-stable non-negative random variable ¢ independent of £. Then the
LePage series (B3) yields the process X (t) = £(t1/%¢), t > 0, where £ is time-
stable and ( is a positive strictly a-stable random variable independent of £, with
a € (0,1). The process X is called sub-stable in view of the construction of sub-
stable random elements in [25], Section 1.3.

EXAMPLE 4.5 (Subordination by time-stable processes). Let £ be a non-
decreasing time-stable process that admits the LePage representation (E3) with
b=0.If {X;,7 > 1} are i.i.d. copies of a Lévy process X independent of &, then

i Xz (61(F;1t))
=1

is the LePage representation of the time-stable process X (§ (t)) This is seen by
conditioning upon ¢; and {I';, 7 > 1} and noticing that X is stochastically continu-
ous. The time-stability property of X (5 (t)) is proved in [B], Theorem 3.6, directly
by computing the characteristic function.

EXAMPLE 4.6 (Random convex broken lines). Considere(t) = (t —1)4, i.e.
the positive part of (¢ — 1). Then the graph of ¢ is the continuous convex broken
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line with vertices at (0, 0) and at

n
o, Tn XI5 =n), n>1.
=1

In order to obtain a differentiable curve, it is possible to use () = (¢t — 1)ﬁ for
8> 1

5. TIME-STABLE STEP FUNCTIONS

Assume that £ is a pure jump time-stable process, i.e. its paths are cadlag
piecewise constant functions with finitely many jumps in each finite interval in
[0,00) and a.s. vanishing at zero. In view of the assumed stochastic continuity
and Lemma 1.6.2 of [77], the jump times of £ have non-atomic distributions. The
jump part of any cadlag time-stable process is also time-stable by noticing that
the jump part of the sum of two independent stochastic processes with non-atomic
distribution of jump times is equal to the sum of their jump parts. This also applies
to the process of jumps larger than § > 0 in absolute value.

PROPOSITION 5.1. The time of the first jump of a non-degenerate cadlag pure-
Jjump time-stable process has an exponential distribution.

Proof. Observe that the time of the first jump of the sum of n independent
processes equals the minimum of the first jump times 7, . . ., 7, of all summands.
Then () implies that n~!7 has the same distribution as the minimum of n i.i.d.
copies of T and so characterises the exponential distribution. =

The time of the second jump is not necessarily distributed as the sum of two
independent exponential random variables since the times between jumps may be
dependent and the waiting time between the first and the second jump is no longer
exponentially distributed in general.

Let M((O, 00) X R) denote the family of marked point configurations on
(0,00) with marks from R. A marked point process is a random element in the
product space M ((0, 00) X R), see [8], Section 6.4. The successive ordered jump
times {74} and the jump heights {my} of a pure jump time-stable process £ form
the marked point process M = {(7, my), k > 1}, so that

Et)y= > mg, t=>0.

T <t

The sum is finite for every ¢ since the process is assumed to have only a finite
number of jumps in any bounded interval. This construction introduces a corre-
spondence between pure jump processes and marked point processes. Note that M
is a random closed (and locally finite) set in (0, 00) x R, see [20]. The process
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¢ is compound Poisson if and only if M is an independently marked homoge-
neous Poisson process, i.e. the jump times form a homogeneous Poisson process
on (0, 00), while the jump sizes are i.i.d. random variables independent of the jump
times.

Scaling the argument of a pure jump process £ can be rephrased in terms of
scaling the marked point process M corresponding to &, so that a o £ corresponds
to the marked point process

atoM={(a trp,mp): k>1}).

The sum of independent pure jump processes corresponds to the superposition of
the corresponding marked point processes. The next result relates the time-stability
property to the union stability of random sets (see [20], Section 4.1.3); it immedi-
ately follows from (II).

PROPOSITION 5.2. A stochastically continuous pure jump process & is time-
stable if and only if its corresponding marked point process M is a union-stable
random closed set in the sense that

(5.1 MiU...UM, XntoM

foreachn > 2, where M, ..., M, are independent copies of M.

COROLLARY 5.1. A stochastically continuous pure jump process & is time-
stable if and only if € = £, — &_ for the pair of stochastically continuous pure
Jump processes (&4,&_) that form a pure jump time-stable process with values
inR2.

Jr

Proof. For (r,m) € (0,00) x R, let f(7,m) = (7, m4,m_), with m and
m_ being the positive and negative parts of m € R. Then M satisfies (BT) if
and only if f(M) satisfies the analogue of (Bl) with the scaling along the first
coordinate. Finally, this property of f(M) is a reformulation of the time stability
of (&4,&_), where & is the sum of all positive jumps of £ and £_ is the sum of all
negative jumps. =

THEOREM 5.1. A stochastically continuous pure jump process € is time-stable
if and only if

(071, t>0,

>

Il
—_

(5.2) £(t) 2

7

where {T';,1 > 1} form a homogeneous unit intensity Poisson point process on
(0,00), and {e;,1 > 1} are independent copies of a random step function € defined
on [0, 00) which is independent of {1';} and satisfies (B8).
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Proof. The sufficiency is immediate and follows from Theorem E7. For the
necessity, consider the map f and the random set M from the proof of Corollary 1l
and note that f(M) is an infinitely divisible point process on (0,00) x R2. It is
well known (see e.g. [6], Theorem 10.2.V) that such infinitely divisible marked
point process can be represented as a superposition of point configurations that
build a Poisson point process on M ((0, o0) X Ri) The unique intensity measure
Q of this Poisson process is called the KLLM measure of M. This measure can also
be viewed as the Lévy measure, see [[7], Corollary 6.9.

Each point configuration from M ((0, o0) X R%r) corresponds to a pure jump
function. The push-forward of Q under this correspondence is the Lévy measure
of (£4+,&-) that is supported by pure jump (and so cadlag) functions. Since the
components of (£, &_) are non-negative, Remark B4 yields its representation as

(E+(),6-(1) ~

o

(ei(T; '), e/ (D7 1)),

=1

so that £ admits the series representation (52) withe =&’ —&”. m

REMARK 5.1. Inthe classical LePage series for random vectors, it is possible
to scale the directional component to bring its norm to one. However, it is not
possible in general to rescale the argument of {¢;,1 > 1} from (B2) in order to
ensure that each function has the first jump at time one.

REMARK 5.2. It is possible to derive Theorem Bl from the LePage represen-
tation of the marked point process M as the union of clusters corresponding to the
Poisson cluster process determined by Q The corresponding series representation
then becomes

]
M = U FiOEi,
=1

where { E;,i > 1} is a point process on M((0, 00) x R%) with the intensity mea-
sure Q.

If € has a single jump only, then (52) yields a Lévy process, see Example B

EXAMPLE 5.1. Let e(t) = [t] be the integer part of ¢. Then

8

§(t) = X N(t/k),

k=1

where N (t) is the Poisson process. For every ¢ > 0, the series consists of a finite
number of summands and so converges almost surely. Note that £(t) is not inte-
grable for ¢ > 0. The jump sizes of ¢ are always one, and the jump times form a
point process on R, obtained as the superposition of the set of natural numbers
scaled by I';, 7 > 1.
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Abstract. In the paper, the construction of unconditional bootstrap pre-
diction intervals and regions for some class of second order stationary mul-
tivariate linear time series models is considered. Our approach uses the sieve
bootstrap procedure introduced by Kreiss (1992) and Bithlmann (1997). Ba-
sic theoretical results concerning consistency of the bootstrap replications
and the bootstrap prediction regions are proved. We present a simulation
study comparing the proposed bootstrap methods with the Box—Jenkins ap-
proach.
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1. INTRODUCTION

Determination of forecasts of time series future values based on previous ob-
servations is an extremely important — from a practical point of view — part of
statistical data analysis. Since the high-speed personal computers have appeared,
we can even deal with the prediction for a large number of dimensions of data.
Methods of determining the prediction for the future and unknown observations
are now frequently used in the world around us. They have a wide range of appli-
cations, both to predict the behavior of stock prices, stock indices, interest rates,
and similar financial market and economic data ([27], [2X]) as well in predicting
the data of the general nature and geographic scope. For instance, the vector autore-
gressive models V AR were used by Di Battista et al. [I1] in modeling the diversity
of the population of some species in their natural environment, and Mirmirani and
Li [22] used V AR models to predict the oil prices.
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In this paper we present the construction of bootstrap prediction regions for
some class of second order stationary multivariate linear time series models. We
consider both hybrid bootstrap and bootstrap-t methods. Using the Bonferroni in-
equality, we can construct a multivariate bootstrap prediction cube, i.e. we con-
struct a prediction interval for each coordinate. We consider also bootstrap simul-
taneous prediction intervals based on extreme statistics. They are an alternative to
the bootstrap prediction intervals based on the Bonferroni correction. The main ad-
vantages of the bootstrap methods are nonparametricity (no specific assumptions
about the form of the model) and easiness to implement. Thus, the bootstrap meth-
ods are a natural alternative to the methods under general asymptotic statistical
considerations (e.g. with the popular assumption of the normality of noise distri-
bution).

We consider the most popular and nonparametric method for constructing the
replication of time series data, namely the sieve bootstrap. The algorithm was
proposed by Kreiss [[8] and Biihlmann [9]. Their idea uses a Grenander sieve
[T4] involving the approximation of infinite-dimensional model by a sequence
of finite-dimensional models whose size increases with the number of observa-
tions n. For the class of stationary and invertible time series models (V AR(o0)
models), Biihlmann proposed approximation as a sequence of vector autoregres-
sive (VAR(p)) models, where p = p(n) increases to infinity at an appropriate
rate. In [21]] the consistency of sieve bootstrap for general statistics being estima-
tors of parameters in vector autoregressive time series models is considered under
assumptions which essentially imply the assumptions imposed on the time series
models and the sieve method investigated in our paper (see the assumptions (LA)
in Remark 2.1). However, the characterization of asymptotic behavior of paramet-
ric estimators obtained by the authors does not cover the problem of asymptotics
of V AR sieve bootstrap for predictors and bootstrap prediction regions considered
in this article.

In the case of univariate causal linear time series models admitting the AR(c0)
representation, Alonso et al. [II] constructed the sieve bootstrap estimator X7, h of
the future value X7p. They proved that X7, —4" X715, in probability, which
implies that the bootstrap distribution F*% , approximates in probability the un-

known distribution of Fx,._, . Further, using the quantiles Q*() of the distribution
)*(hh as bootstrap estimators of quantiles () of the distribution Fx,.. , , the au-

thors construct a prediction interval for the future value Xr,j. In general, the

distribution F%. , and the quantiles Q*() are not known. So, in simulations, the
T+h

authors use the Monte Carlo method to approximate F% o and Q*(). Unfortu-
nately, they did not argue that the Monte Carlo approximation of Q*() is a consis-
tent estimator of the quantile (). At least, one should mention the results of Shi
et al. [26].

Since the sieve approximation p(n) is charged with serious error as an estima-
tor of possibly finite but unknown order p of the considered univariate time series

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



Prediction intervals and regions for multivariate time series models 319

model, Alonso et al. [?] joined the sieve bootstrap and the moving block bootstrap
to select the order p* and to introduce model uncertainty in procedures of resam-
pling. Unfortunately, no proofs of consistency are given and the simulation results
are restricted to the Gaussian errors.

In this article, we construct sieve bootstrap prediction regions for causal linear,
invertible (V AR(c0)) multivariate time series, approximating the prediction error
by bootstrap replications of the prediction error. There are two ways (described in
Section 4.2) of the bootstrap replicating of the prediction error. One can see that,
in the univariate case, prediction hybrid bootstrap intervals constructed by the first
method are identical with bootstrap prediction intervals constructed in [[I] but it
does not happen when we construct bootstrap-t (studentized) prediction intervals.

In this work, we generalize the results obtained in [13] from V AR(p) models
with finite but unknown order p to some class of second order stationary multivari-
ate linear, V AR(o0) time series models.

It is worth noting that we have constructed consistent unconditional bootstrap
prediction regions and the results allow us to use these prediction regions as effec-
tive and useful tools for testing and selection of models. Moreover, it follows from
the theorems proved in the present article that the constructed bootstrap prediction
regions are good approximations of prediction regions constructed on the base of
unknown optimal linear predictors.

2. MODEL AND ASSUMPTIONS

Let { X} }+cz be a second order stationary k-dimensional vector process with
mean FX; = 0 and the autocovariance function (j) = EX;; X/, where Z is the
set of all integers. We assume also that the process {X;};cz is purely stochastic.
Thus, using Wold’s Decomposition Theorem (see [B] or [20]), we can represent
{X}iez as an infinite vector moving average process V M A(co),

o
(2]) Xt = Z ¢j€t—j7 wo = Ik‘7
j=0

where Z;io 9[> < oo and {e;}sez is a vector white noise process with the

covariance matrix Eete;f = Y (X is invertible). Additionally, we assume that the
process { X, }+cz is invertible. Thus, it can be represented as an infinite vector au-
toregressive process VAR(c0):

(2.2) Xi=> 0; Xi—j + €,
j=1

] 2
where 372 {1651 < oo,
Further, we will use the following assumptions:
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(Al) X; = Z;‘io Vi€, o = I, t € Z, where

{Et}tez = {<€t,17 cee s €ty ey Gt,k)T}teZ

is an i.i.d. sequence such that Fe; = 0, Eetef = > and Elﬁt,zft,j ,
1,7,l,8 = , k and all ¢.

(Az)\det( z)\::\det( do20wi??)| > 0for |z < Tand 3777 574 < oo
for some r € N.

(B) p = p(n) — o0 as n — oo and </13p = [gglm, e ggp,n]T satisfies the Yule—
Walker equations, i.e.
(2.3) L@, =y,

where fp = [0 == W = (), .., 3(p)]*, and F(-) is the sample auto-
covariance function,

= 25 g~ K6 KT 3 =37)

where X,, = % Yo Xe

REMARK 2.1. In the sequel, the following list of assumptions, called (LA),
will be also imposed:

o assumption (Al),

o assumption (A2) withr > 1

« assumption (B) with p(n) = o ((n/ log n)l/(27’+2)) andr > 1.

Under the assumptions (LA) we prove the main theorems on bootstrap consis-
tency.

3. SIEVE BOOTSTRAP ALGORITHM

The invertibility of the process { X; }+cz implies the V AR(co) representation
of the process which is crucial in the idea of the sieve bootstrap (see e.g. [9]). The
sieve bootstrap algorithm uses the idea of the Grenander method of sieve (see [[4]).
Namely, we approximate V AR(co) given by (Z2) by the sequence of VAR(p)
models, where p = p(n) is a sequence growing to infinity sufficiently slow with
the sample size n (assumption (B)).

REMARK 3.1. It is also possible to approximate the process { X; }1cz, given by
(D) and construct sieve as a sequence of finite VM A(q), where ¢ = q(n) — oo
(see [8]).

Let X,..., X, be the observations of the process { X;}:cz. We describe the
sieve bootstrap algorithm in the following steps.
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Step 1. Choose the approximation order p = p(n) using F'PFE, the final
prediction error (see [20]),

n+pk+1

k
L) (),

FPE(p) = (

where ip is an estimator of the covariance matrix 3 of the white noise {€; }cz in
the model V AR(p). Further, we choose p = p(n), which minimizes F'PE(p) and

P € {Pmin(N), - . ., Pmax(n) }, where puin = l0g19 M, Pmax = 10logg n.

Step 2.Estimate the coefficients ¢ , ..., ¢p p of the model VAR(p) using
the Yule-Walker method (assumption (B)) and obtain estimators ¢1 , ..., @p .

Step 3. Compute the residuals

LAEPN
af:Xt_Z(bj,nXt—j) t:p—l—l,,n
Jj=1

Step 4. Center the residuals

and draw bootstrap residuals €; from the empirical cumulative distribution function
Fe , where

~ 1 n _
3.1 Fen(z) = > 1{& < z},
=P i=pt1

and < denotes the relation of product order (partial order) in R¥.

Step 5. Define bootstrap replications X7, ..., X of Xy,..., X, by

P .
Xi=> ojn X ;j+e, t=1,...,n

=1
In practice, we can generate replications X7, ..., X starting the recursion from
some initial values, e.g. X} =€/, t =0,-1,...,—p+ L.

Step 6. Generate bootstrap replications $;n of the Yule—Walker estimators
qAﬁjm, where j = 1,2,...,p(n).

The bootstrap construction induces a conditional probability measure P* given
the sample X7, ..., X,. In the sequel, all quantities with respect to P* will be en-
dowed with asterisk *.
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REMARK 3.2. The F'PE criterion, used in Step 1, is asymptotically equiva-
lent to the AIC criterion (see [20]) used in [9].

REMARK 3.3. In Step 2, the Yule—Walker estimators can be computed by us-
ing Whittle’s algorithm, which is a multivariate version of the Durbin—Levinson
algorithm (see [[Z]).

In the sequel, we will use the following notation for the coefficients of autore-
gressive models and their related moving average models. For the stationary time
series { X }¢cz given by (ZI) or (Z72) the autoregressive coefficients ¢; and the
moving average coefficients 1); are related by

B =T~ Y by, ()= V() = 3 i,
j=1 Jj=0

J
¢0 :Ik7 and ¢] = qule—’bv ] = 1723"'
i=1

In the model V AR(p), approximating the model (Z2), we denote by ¢;, the au-
toregressive coefficients which fulfill the theoretical Yule—Walker equations (Z3)
(assumption (B), where the sample autocovariance function is replaced by (j) =
EXHjXér ), and by ?; ,, the moving average coefficients:

p . oo .
(3.2) Op(2) = I — Y. pjn??, ©,1(2) =V, (2) = X ¥jn?,
j=1 j=0
j .
Yo =1, and Yjn =Y Gin¥j_in, J=12,...
=1

We write the Yule—Walker estimators given in assumption (B):
~ P . . ~ ~ SN .
(33)  Pu(e) =T = X djnds 0(2) = Unl(2) = X in,
J=1 J=0
—~ ~ i o~
Yo =1, and ¥j, =3 Ginlj—in, j=12,...
i=1

Let ggjn and 1//1\;71 be the bootstrap replications of Yule—Walker estimators g/gj,n,

1/}]',11,

o~

P . ~ oo .
B4 D)=L — > 05,7, BN (z) =Vh(2) = X U5,
j=1 Jj=0

where v, = Ij.

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



Prediction intervals and regions for multivariate time series models 323

REMARK 3.4. The assumptions (Al) and (A2) provide us with the correct-
ness of defined functions V(z) and ®(z), which means that the series Z;‘io (%
and Z;’il $;27 are convergent for |z| < 1 and ®1(2) = W(z). The properties
of the Yule—~Walker equations ensure the correctness of defined functions ¥, (z),

U, (2) and W (2) (solutions of the Yule—Walker equations give us a causal model,
see [7]).

4. PREDICTION REGIONS

4.1. Linear predictors and Gaussian prediction regions. Forecasting the fu-
ture values X,,+pn, h = 1,2, ..., 1s a very common task in the statistical analysis of
time series. For the second order stationary process we can construct the best linear
predictor, in the mean square sense, as an orthogonal projection of X, ; onto a
closed subspace 8p{ X1, ..., X, } of L2(Q, F, P) (see [20]). We can represent the
h-step predictor as

Proj, Xn4+n = Projﬁ{xh_”’Xn}XnJrh
and the mean squared prediction error as
4.1 EX(h) =E (Xn—I—h - Proann-‘rh) (Xn-‘rh - Proann-i-h)T'
Assuming that (A1) holds, we have also

h—1
(4.2) Sx(h) = Y ¢ 50].
j=0

The mean squared prediction error can be obtained by using the multivariate ver-
sion of the innovations algorithm (see [[Z]).

REMARK 4.1. For the autoregressive model VAR(p = p(n)),

p
Xt = Z GjnXi—j + €t n,
Jj=1
approximating the model VAR (o), the best linear predictor (in the mean square
sense) and the mean squared error matrix have the forms

p
Proj, Xy ihvarp) = 2 ¢inPr0jn Xpih—ivARp);
j=1
h—1 .
Ynx(h) = 3 i),
=0

where Proj, X, ;v aR(p) = Xntjforj <0, X = Eeiel and coefficients Yjn are
given by the recursive equations

J
QZ)O,n = Ik and wj,n = Z Qbi,nqzz)(j—i),nv .] = 17 27 cee
=1
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From the continuity of the projection operator in L? it follows that

2
P10j, Xt — Proj, Xoinvarp) —— 0 and  Syx(h) — Sx(h) asn — .

Since the form of the best linear predictor (in the mean square sense) and
the mean squared error matrix depend on unknown parameters of a model con-
sidered, we will use an estimator Pro InXnt+h = Xn+h of the best linear predictor
Proj,, X+, with appropriately chosen estimators of parameters of the model.

The most common method of constructing the prediction regions for X,
h =1,2,...,is the Box—Jenkins method. This method assumes that the prediction
error has at least asymptotically normal distribution

Xotn — Xpgn ~ N (0,2x(h)).

Thus, the quadratic form below has at least the asymptotically y-square distribution
with k degrees of freedom:

(Xn+h - )?n—l—h)TE;(l (h)(Xn-i-h - Xn—&-h) ~ X2(k)-

So, the prediction region for X, 5, h = 1,2, ..., with nominal confidence level
1 — « has a shape of k-dimensional ellipse

@3)  Ep_g(h) = {(Xnsn — Xnin) T2 (0) (Xnsh — Xnan) < XF_o ()},

where X2 (k) is an « quantile of x-square distribution with k degrees of freedom.
We can also use the Bonferroni inequality and construct a k-dimensional prediction
cube

@4) Ip_g(h) = {Xnin; € Kninj +0x;(h)za)20);
Xotnj +oxi(W)21_ajoml §=1,...,k},

where z, is an « quantile of the normal distribution A (0,1) and ox j(h) is a
square root of the jth diagonal element of the mean squared error matrix X x (h).

4.2. Bootstrap prediction regions. The bootstrap methods are very common
in the problem of constructing the confidence intervals (see e.g. [I2]). The same
idea can be used in the construction of prediction regions for X,,1p,, h =1,2,...
Namely, we may apply the sieve bootstrap method and generate bootstrap repli-
cations X7, ..., X using observations Xy, ..., X,,. Then, we construct the boot-
strap replications of the future observations on the base of the VAR(p) approxi-
mation

p
4.5) forh=1: il = Z Xng1—j + €415
Jj=
h—
for h > 1: n—i—hfz(z)]n n—+h— j+z¢jn n+h— j+6n+h7

]_
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where qb* is a bootstrap replication of the estimator gb] n. It is worth noting that
we apphed a modification of a standard procedure, proposed by Biihlmann [9]
for the one-dimensional case, to generate the future bootstrap observations in the
equation (E3). Namely, we generated future observations starting recursion from
X1,...,X,, in contrast to the standard method in which the recursion is started
from the bootstrap replications X7, ..., X;'. The results of the simulations showed
that this type of modification improved the empirical probability of coverage of the
bootstrap prediction regions.

Using the V AR(p) approximation, we construct the estimator of the best lin-
ear predictor

N p(n)
(4.6) Xnth = D OjnXnin—js
i=1

where )A(nﬂ = Xn44,7 <O.

We construct the bootstrap prediction regions using two methods: hybrid boot-
strap and bootstrap-t.

In the hybrid bootstrap, the unknown distribution of the prediction error

4.7) Hy(h) = Xpin — Xnin

can be approximated by two bootstrap variants:

~

(4.8) H(h) =X, — Xosn,

(4.9) Hi(h) = Xy — Xiin,

where X 18 the bootstrap replication of )?mrh given by (Ef). It can be proved
that both bootstrap variants of the prediction error (871) are consistent. However,
we will focus on (EXR) because of its good simulation results. Since the proof of
consistency for the bootstrap variant (B9) goes along the same lines as the proof
of consistency for the bootstrap variant (B=8), we will omit it. Thus, the bootstrap
prediction cube, constructed by using the Bonferroni inequality, has the form

4.10) Ip(h) = {Xnin; € (Xntnj + €y -

~

Xn_i'_h’j + qf_a/(%)’j], j = ]., ey k},

where ¢, ; is an « quantile of the distribution X/, , 4 Xn+h god=1...k
Using the hybrid bootstrap, we can also create a bootstrap predlctlon region in

the shape of k-dimensional ellipse:

@1 Ep(h) = {(Xnsh — Xosn)T (Xnn — Xnsn) < G_o )

where ¢* is an « quantile of the distribution || 5 (h)||%.
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In the bootstrap-t method we approximate the studentized unknown distribu-
tion of the prediction error

(4.12) T(h) = £, 52 (1) (Xngn — Xnin)
by its bootstrap replication
(4.13) Ty (h) = ¥ () (X — Xoen),

where f]n x(h) is an estimator of the mean squared error matrix ¥ x(h), and
Y% (h) is a bootstrap replication of the estimator. By Remark B, we define the
estimator ¥, x (h) as

(4.14) Sx(h) = Y 0iaZ0l,,
j=0

where Jjjn = Zgzl $i7nzf(j,i)7n. Thus, the bootstrap prediction cube, constructed
by using the Bonferroni inequality, has the form

4.15) Ip_o(h) = {Xnin; € Knpn; + ox,5(h)te (o) 4>

~

Xn—f—h,j + 3X1J(h’)ti—a/(2k‘)7j]7 ] = ]., ceey k’},
where ¢, ; is an « quantile of the distribution 8}_]1(h)( mih — )A(nJrh) for j =
1,...,k

Using the bootstrap-t, we can also create a bootstrap prediction region in the
shape of k-dimensional ellipse:

(4.16) SB—t(h) = {(Xn—i-h - Xn-‘rh)TE;lX(h) (Xn-‘rh - Xn—i—h) < T—a}7
where t* is an a quantile of the distribution |77 (h)||.

4.3. Bootstrap simultaneous prediction regions based on extreme statistics.
In this subsection we present different types of bootstrap confidence regions based
on the distribution of minimum and maximum of X, — X, 1. More precisely,
we investigate simultaneous hybrid and studentized confidence regions. For each
type we propose left-sided, right-sided and both-sided regions. First, we introduce
the following notation for statistics Uy, 41, Viqn and Ry p:

~

4.18 V = max W ; = max (X ;i — )? ;

( ) n+h Lok n+h,i 1§i§k( n+h,i n—i—h,z)a
4.19 R = max |W | = max | X P — )? 1
( ) n+h ik ‘ n+h,z’ 1ok ‘ n+h,i n+h,z|7
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and for their bootstrap versions:

~

(4.20) nh = 00 Wiy = min (X5 — Xogn,i),
* * _ * v )
(4.21) wn = A Wiy = max (X p; — Xnth,i),
* * * v
(4.22) nan = X (Wi | = max [ X0, 5 — Xonl-
e . e . .
Letu, ho(-)> Unthy () and 77, ho(-) be Monte Carlo estimators of quantiles of boot-

* *

strap distributions of U} ;. V7, and R} ;. Then, the bootstrap prediction cubes,
constructed by using extreme statistics, can be written in the following form:

423)  I5Y(h) = {Xntni € [Xnini+ Ty 0/

Xn—l—h,z + a;:-‘rh,l—oc/gjl’ Z - 1, ey k},
@24)  I5(h) = {Xpsni € [Xnthi +Toypan+00), i=1,...,k},
@25)  IL(h) = {Xpsni € (—00, Xnihi + 0 nials 0= 1en K,

~

4.26)  If(h) = {Xnsihi € [Xnini— Thihi-as

~

Xn+h,l + ;’\;kL-Fh,l—OéL Z = 17 oo ,k}
We can also construct studentized prediction cubes:

427) I5Yy(h) = {Xpnyni € [)A(n+h,i + US54 haj20nthis

Xnthi + 05y h1-a/20nthil, 1 =1,...,k},
(4.28) 15 y(h) = {Xpsni € [Xnsni + USy, 4 aOnthis +00),1=1,...,k},
4.29) T5_y(h) = {Xpyni € (—00, Xnihi + 055 p1—aOnthilsi =1,..., k},
(4.30) I5_(h) = {Xnini € Knthi = ™5 in1—abnthi

~

~ % ~ .
Xn—i—h,i + TSnJrh’lfa(fn_,_h’i], 1=1,..., k},

where us;, R () (A B and 75, ), () are, respectively, Monte Carlo estimators
of quantiles of bootstrap distributions of

< X
* . * . n+h,1 n+hvl
US, ., = min WnJrh’i = min < - ,

V Sy, = max W

* _ * _
RSn+h - miax |Wn+h,i -
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and US; ;. V'S; ., and RS}, are the following bootstrap versions of distribu-
tions:

~

Xn—i—h,i - Xn—l—h,i)
b

USyp+n = min W, 15; = min <

1<i<k 1<i<k Onthi
Xnthi— X +h,i
VSp+n = max Wy yp,; = max UREUL URECL I
1<i<k TIigk Onthi

~

Xn—i—hﬂ' - Xn—i—h,i

On+h,i

RS, = max |W,4pnil = max
nt 1<z‘<k| nhtl T Gk

5. CONSISTENCY OF BOOTSTRAP METHODS

5.1. Representation of the VV A R(co) model by the moving average model. In
this subsection we use the following theorem proved in [135] (see Theorem 7.4.2).
The theorem is formulated below but with changed notation, adapted to the present
article.

THEOREM 5.1 ([15], Theorem 7.4.2). If det(¥(z)) # 0 for |z| < 1 and
> Ml < o0 A>0,
=0
then for ®(z) = U~1(2) = Z;‘il $;27 we have

a A
> 37 llgsl < oo
j=0

By analogical reasoning, we can prove the converse of Theorem Bl. Namely,
we have

COROLLARY 5.1. The following assertions are equivalent:
(i) det (®(2)) # 0, [2] < 1,372 77 |85l < 00, A > 0.

(i) det (¥(2)) # 0, ]2 <1, 3720 5 51| < 00, A > 0.

The next lemma is a multivariate version of a lemma given by Biihlmann ([¥],
Lemma 2.2). For the purpose of this lemma (and only for this lemma) we assume
that ®,,(2) = I, — Z;’il ¢jnz’ is some deterministic approximation of the func-
tion ®(2) = I, — 72, ¢;2’ (model (Z2)) and we define ¥y, (2) = @, (2) =
Z;io ¢j7nzj , where v, = Ij,. The lemma gives us conditions under which the

function W,,(z) is correctly defined and also asymptotical properties of the coeffi-
cients v ,,.

LEMMA 5.1. Let (A2) with r > 1 hold and Zj‘;l il i — &5l = o(1),
where n — oo. Then:
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(1) There exists ng € N such that

sup > J" |¢jnl < o0 and inf inf ‘det( ))‘ > 0.

n=ng j=1 n=no [z|<1

(ii) There existsny € N such that, forn > ny, V,,(2) is absolutely convergent
for|z| < 1and

oo
sup > j" [|[jnll < oo.

n=>ni j=0

Proof. (i) is an immediate consequence of the assumptions of the lemma
and Corollary B

(ii) By the formula for the inversion of the matrix we have

_ 1
 det (@n(2))

Denoting the element of the matrix by ¢;», = [¢(s0),; n}’;v:l, j=1,2,..., we get

adj(Pn(z)).

= [ Z ¢(Sv)7j7nzj]s7v:1‘
j=1
From (i) we have det (®,,(z)) # 0 for |2| < 1,n > ng and

sup Z] |P(s0),jn] <00 foralls,v=1,... k.

n>noj 1
For some s, v, u,w =1,..., k we have
oo o0 . oo .
Z (sv),5,n?" " Z ¢(uw),j,nzj = Z(¢(sv) * ¢(uw))j7nzja

j=1 j=1 j=1

(qb(sv) *® d)(uw) )j,n = Z ¢(sv),l,n¢(uw),j—l,n'
=1

8

Using properties of the convolution, we get

Z] | (rb(sv) *¢uw) ]n| Z] |¢ (sv) ,]n| Z] |¢(uw),jn|a

and further

sup Z J ‘ st * (b(uw))jﬂl’ < 0.
n>n0j 1

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



330 R. Rézariski et al.

In consequence, we infer that the coefficients of the determinant det (@n(z)) and
the coefficients of all elements of the matrix adj(®,(z)) fulfill

o0

. 0 ~
det( ) Z .]nz]’ Sup Z jr|¢]:n| < OO,

= nz2no j=1

adj ((I)n(z)) = [(ﬁ(()sv),n(z)}’;,v:l? ¢?sv),n(z) = Z ¢((]sv),j,nzj7
Jj=1
sup Z] |¢ (sv),jnl <00 foralls,o=1,... k.
nzng j=1

To complete the proof, we have to show that 1/ det (@n(z)) is an analytical func-
tion for |z| < 1 with coefficients Qj , satisfying

1 & ~
— <= ¢ 2, SUPE:JW
det ((bn(Z)) j:]_i‘]’n n>noj 1

However, this is a consequence of the Wiener theorem (see [BU]) and the lemma
given by Biihlmann [8] for the one-dimensional case. Finally, we get

L J
dot (@) Y (En(2)) = Zgnz Pesyn (Mot

- 2219]7,”2‘7[ z:l (z)?sv)vjvnz ]S U= 1 Z ,l/]] nZ
J= J=

U,(z) =

and

o0
sup > j" [[¢jnll < oo. =
nzni j=0

The next two theorems give us properties of the coefficients 1//1\]-7” from the
representation (B3), in which ®,,(z) replaces the function ®,,(z) in Lemma B

These two theorems are multivariate versions of the theorems given by Biihlmann
for the one-dimensional case ([R], Theorems 3.1 and 3.2).

THEOREM 5.2. Let (LA) hold. Then there exists a random variable n; for
which
O ~
sup > j"|Yjnll < oo almost surely.
nzni j=0

Proof. We will use Lemma Bl. Thus, we have to check its assumption:

o0 —~ p R p %)
Y 3 Nbin = &5l < XN Pjn — Ginll + D " — b5l + > 5" 95l
= =1

Jj=1 J=p+1
=57+ 55 + 55.
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By Theorem 2.1 from [16] we obtain S7 = o(1) almost surely. Under the assump-
tion (A2), using the Baxter inequality ([T3], Theorem 6.6.12 and p. 271) and Corol-
lary B, we get So = o(1). Similarly we show that S3 = o(1). Finally, we get

oo
> 3 l¢jn — &5l = o(1) almost surely.
=1

We complete the proof using Lemma B71. =
THEOREM 5.3. Let (LA) hold. Then

sup Wyn — || = O((log n/n)l/z) + O(p™") almost surely.
1<j<o0

Proof. We start from showing that
(5.1) 2~ 5 = Ogs ((logn/n)?) + O(p™").

To prove it, we use Theorem 2.1 from [If] and the Hannan and Deistler bound
([I5], Theorem 7.4.3). We get

(5.2) max [[9(j) — ()l = Ou.s.((logn/n)*/?),

0<j<oc0

where 7(j) = 0 for |j| > n. From the Yule-Walker equations for the models (Z2)
and (B3) we have

E:'y(O)iQSj’YT(j)a 2 =7(0 i

Therefore,
R R P
1% = 21 < ) =701+ | X (33770) = 67" D) + | > o)
j=1 Jj=p+1
< [y (0) —=~(0) |l
+ oax [ bjn — 63l (p max [5(7) = ()l + Z Iy
+ max [[5(j) —~(j)| Z 51l + | [EXZEXE)E il Z ;]
<G<p Jj=p+1

O (logn/m)") + 04

and we get ().
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Following the ideas of the proof of Theorem 3.2 from [8] for the one-dimen-

sional case, let {Y; };cz be a conditional process (given X7, ..., X,,) in the form
p .
(5.3) Y=Y ¢jnYij+ e,
j=1

where {;}+cz is a sequence of i.i.d. random vectors and En; = 0, Ennl = X.
Additionally, we assume that 7; and ¢, are independent. According to properties of
the Yule—Walker estimators, {Y; }+cz is a causal process

(5.4) Y= Pinni;.

J=0

Denote by EY and Cov? the conditional expectation and the autocovariance func-
tion of the process {Y; }+cz under the condition X1, ..., X,,. Thus, using (53) and
(B3) for Y;;, we have

EYY,,, Y = S VoL
t+277t - ¢1n ’}/Y Z Z+] ]n’

where vy (j) = Cov¥ (Yiy;,Y:) = >0 ?Zzﬂ,n&%{n. We get a similar equality
for ;:
oo

Y% = (i Z (i+ 7)o

Thus, forz =0,1,2,... we have

~ P fe's)
Wi — sl < IIZ7 ||| (2) Z i+ 7)dh, — (@) + X v+ 5)oT |
j=1 j=1
P AT T T
IS X G+ ) (), — 67 ) Z Yy (i + 7)) ||
J=1 J=p+1

I i (1 (i 4 3) =1+ )T |+ 1=y (6) —~ (D)

= =7 (S0 + Soi + S3,)-
We bound the components separately. We get

p (o)
S1i < ZHW G+ D Esm — 5l + X v G+ )l o5l

Jj=p+1

<12 max (¢ — <ij(lZHzﬁz,nH)QJrHEH(lZHlZz,nH)2 > gl
=0 =0

1<5<p j=pt+1

= Oa.s.((log n/n)l/Q) +O(p™") foreachi e N,
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where the last approximation is obtained by using Theorem 2.1 from [I6] and
Theorem B2. Further, using the convention Z;: ;@ = 0fori <[, we have

Sz,i<ng(w(ﬂrj)—v(ﬂrj))fbﬂ\+|| io: (W (i +5) =i +5))¢7 |

j=1 Jj=p—i+1
00 R o 9 X
< max [[(7) =y X o5l + 15 = 210X [1gall)” X 11l
ISP j=0 7=0 7=0

+IZI X ||d>j||(;)\l%,nll > Ml + X sl X Nl
=

j=0 j=p+1 J=0 " j=ptl

= Oa‘s.((log n/n)l/z) +O(p™") foreachi e N,

where the last approximation is due to (51), (52), Theorem B2 and the assumption
(A2). The component S3 ; can be bounded analogously to the component .S ; and
we get S3; = Og.s. ((logn/n)Y/2) + O(p~") for each i € N. Finally, we have

SUp || — Wil = Oa.s. ((logn/n)'?) + O(p™"). m

Y2

5.2. Consistency of sieve bootstrap. From the construction of the bootstrap
replications algorithm we have E*e; = 0. The following lemma gives us the con-
vergence of the bootstrap covariance matrix ¥* = E*¢fe;” to the covariance ma-
trix X of the white noise {¢; }4cz. In the one-dimensional case, this fact was proved
in [9] (see Lemma 5.3).

LEMMA 5.2. Let (Al), (A2) withr > 1 and (B) withp(n) = 0((n/ log n)1/2)
hold. Then
E*e;e;T = Eeel +op(1).

Proof. Although the proof of this lemma is similar to the proof of Lem-
ma 5.3 in [9] for the one-dimensional case, we will give it for completeness. Notice
the following equality holds:

b
(5.5 €n=Xt— > OjnXt—j =€+ Qun+ Rin,
j=1
where
p —~
Qin = D (djn — Djn) Xi—jy
j=1
o0
j=1
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The bootstrap covariance matrix has the form

1 LRSS _\ _
E*E:G;{T = Z (et,n - en) (Et,n - en)Ta
-p t=p+1

where €, = ﬁ Z?:pﬂ €, First, we show that €, = op(1). We have

1 n
€n Z €n=—"— > (e64+Qin+Rin)=51+5+Ss.
“Pi=pt1 =D t=pt1

From the assumption (A1) and the Markov inequality we get S; = O p(n_l/ 9.
Using the Cauchy—-Schwarz inequality and the Jensen inequality, we obtain

P

Z 2 ¢]n_¢ant -7

=P =pt1j=1

S 2> ooyief 1 KL A
(S Ioam = 3l (1 S S X))
j=1 p

t=p+1 j=1

152l =

By Theorem 2.1 from [I6] we have

* <p max [0 — Gjnll” = ous.((logn/n)"/?).

1<5<p

p ~
> N¢in = Pin
j=1

Under the assumption (A1) and using the Markov inequality, we have

S S X = 0p (o).

=D t=pt1j=1

and further
52 = Oq.s. ((10g n/n)1/4)OP (p(n>1/2) = OP(l)'

To bound S5, we use the Baxter inequality (see [I5], Theorem 6.6.12 and p. 271)
and get

o0 [e.9]
EIS3]l < X2 165 = @jnll B Xe—jll < const - E[Xe[| > [lgy]l-
j=1 j=p+1

Using Corollary B and the Markov inequality, we see that S5 = op(1). Thus, we
have €, = op(1). By formula (83) for & ,, we can write

1 " T T T T
Z ft net ,n = Z (etet + Qt,nQLn + Rt,nRt7n + etQt/rL
n—p,; p+1 n—p t=p+1

+ Gth:n + Qt,nﬁf + Qt,nRg:n + Rt,nez + Rt,an:n)
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Under the assumption (A1) we obtain ——— Zt —pt1 el = Eeel + Op(n=1/2).
Using the Cauchy—Schwarz inequality, we have

1

Z Qt thn

— Py =p+1

D . 1 n P )
<Y Mg = dinl?— X D I1Xe—llI* = 0p(1).
j=1 n=p

t=p+1 j=1

From the Baxter inequality we get

1 o0
E Z RinRE,|| < X M5 — Gjnll 6 = Gimll BN X 1 Xe—ll
=P =pt1 ij=1
2 — 2 2
<const- B X * (30 llg5l1)" = O0(™™).
Jj=p+1
Thus —— Z tept1 Ry nRt » = op(1). The remaining components can be bounded

analogously, by using the Cauchy—Schwarz inequality. Finally, we obtain

1

Z Emel, = Feel +op(1),
n- pt p+1 i

which completes the proof of the lemma. =

By similar arguments to those given above, we obtain

COROLLARY 5.2. Let us assume that (Al), (A2) with r > 1 and (B) with
p(n) = o((n/log n)1/2) hold. Then

B*(;¢7) = Eerel)? + op(L).

In the next lemma we prove the consistency of the bootstrap replications €} .
It is a multivariate version of Lemma 5.5 given by Biihlmann [9] for the one-
dimensional case.

LEMMA 5.3. Let (A1), (A2) withr > 1 and (B) withp(n) = o((n/ log n)l/Q)
hold. Then

D* . -
€; — € in probability.

Proof. Write F ,(z) = — > Zt bl 1{e; < z} and F.(z) = P (e < z).

Let ﬁﬁn be given by (Bl) and da(+,-) be the Mallows metric. Consequently, we
have (see [B])
da(Fen, Fe) = o(1) almost surely.

To complete the proof, we have to show that

do(Fp, Fep) = 0p(1).
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By the definition of the Mallows metric and (83) we obtain

~ 1 nooo 1 nooo B
d5(Fen, Fen) < S e —elP=—— 3 lén—e— el
=P t=pt+1 =P t=p+1

1 " _ 2
= Z ||Qt,n + Rt,n - EnH .
n=Pi=p+1

Using bounds from the proof of Lemma B2, we have dg(ﬁe’n, F.n)=op(1), and
as a consequence

dQ(ﬁE,TLa Fe) < d2 (Fs,n7 Fﬁ) + dZ(ﬁe,n, Fe,n) = Op(l),
which completes the proof of the lemma. =

The following lemma gives us asymptotic bounds for some sample bootstrap
estimators.

LEMMA 5.4. Let (A1), (A2) withr > 1 and (B) withp(n) = 0((n/ log n)1/2)
hold. Then

(5.6) — Z € = Op+(n"Y2) in probability,
n |
1 n
(5.7) — S el = Op- (n~Y2) in probability,
=1
(5.8) - Z ereT = $* + Op«(n"Y?) in probability,
t=1

where ¥* = E*¢fefT and s # 0.

Proof. Lete,n > 0. According to Lemma B2 we have

k k
2 2 P 2 2
E* |l =E"> ¢ — E) &, =Elel”
i—1 i=1
So, there exists some constant M, such that

P(E* [lef|[* > My) <1

Let d,, = \/ M, /€. Thus, (58) is a consequence of the following inequality:

E*|le* 2
>(567n) >e> <P<H26tH>e> <.
567"7

The bounds (577) and (B=X) can be shown analogously, by using Corollary 2. =

1 n
P<P* (n1/2 ~>

t=1
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In the next lemma we prove the convergence of the bootstrap replications gg;‘
of the Yule—Walker estimators. It is a multivariate version of the result given by
Alonso et al. [[].

LEMMA 5.5. Let (LA) hold. Then

pax H¢ — djnll 0 in probability.

Proof. We have the following bounds:
125~ @pnllinxpoo = IT5 735 = Ty pllipcpoc
= (T} - e e | [
LI e[ [ [
+ HF;l HkpxkppO”’Yp - /’?;Hkpo,om
where &% = (6%, 05)T. ®pn = (G1m, - - Gpon) T T = F* (i — )2, =

s N\ T o T
(), 7 (@) 5 Tp = 1@ = F)]F j=1, and v = (v(1),-..,¥(p))" . Hannan
and Deistler ([15], Theorem 6.6.11) proved that the norm of the matrix I‘Ij 1'is uni-
formly bounded with respect to p, i.e. Supgp<oo [Ty lkpxckp,o0 < C' < 0. Thus,
we get

T — T Mlpscipoo = 15T — Tp) Ty Ml kpxpio
< HrzilHkpxknoonrz - Pp”kpxkp,oo||F;1Hkpxkp,oo
<(CH T = Ty Hlkpxkp.o) CIT = Tpllkpxip.oo

Further, we have

||F;§_1 - PEIHk/pXkP,OO
(C+ T3 = Ty M lkpxhpo0)C

= ||F;; - Fp”’fpxkp,oo

So, we have to show that Hf; — I'p|lkpxkp,0o = 0p=(1) in probability.
Notice that ||I'y — T'p || xpxkp,00 < pmaxogigy [[7(7) — v(7)|]. We have

pIF (@) =@ < plI* (@) =¥ @I + plly* (@) =A@ = S1 + S2.

The component S; contains a sample bootstrap autocovariance function, thus we
are able to bound it only for |7| < p. We have

n—i

1 * * X [ -
S1 ZpHn > Xt-i—iXtT —y*(4)

Z w]n thJrz ]Et l ln ij—i-zn {p\jjjn

7,0=0

= op+(1) in probability,
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where the obtained bounds are a consequence of Theorem B2 and Lemma B4.
Notice that with p(n) = o((log n/n)~/(2+2)) in assumption (B) of Lemma 52
we get

(5.9) p(S—X%) =op(1).

We bound the component S for each ¢ € Z. We get

o ~ o0
Sy =p| X ¢j+z‘,n2*$jT,n — > Sy ||
=0 =0
o

A~ o0 o~
< D i — iwalllIE MYinll + 32 154llPIE" — Sl ¢)nl
7=0 =0
w o~
+ 2 1l Zlpll ¥ — o5
=0
= OP(1)7

where the bounds are obtained by Theorems B2 and B3 and formula (89). Finally,
we have

(5.10) p max [|[7*(i) —v(7)|| = op«(1) in probability,
0<isp

which completes the proof of the lemma. =

Moreover, from Lemma B3, Theorem 2.1 in [[6] and the Baxter inequality
([5], Theorem 6.6.12 and p. 271) we obtain

COROLLARY 5.3. Let (LA) hold. Then
N 0P .
11;1;2{}) 97 — @jll — 0 in probability.

In the next lemmas we present multivariate generalizations of the results given
by Rézanski and Zagdanski for the one-dimensional case (see [?4]) and concerning
the prediction error X,,+p — X, 4. Since the proofs of these lemmas are similar
to the proofs for the one-dimensional case, we omit them.

LEMMA 5.6. Let (LA) hold. Then for h € N

~

Xn+h - XnJrh = OP(l)
LEMMA 5.7. Let (LA) hold. Then for h € N

~

Xnin — Xpgh = D1p(Pr-1)ent1+ o+ Duoy n(Pro1)enin—1
+ €ntn +op(1),

where D1 (), ..., Dp_1(-) are some continuous functions and

1= (1, bn-1)".
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In the following, we prove analogous results for the bootstrap prediction error

X, — Xntn approximating the prediction error Xy, yp — Xpqp-

LEMMA 5.8. Let (LA) hold. Then for h € N
h — Xpin = Op+(1) in probability.

Proof. We give the proof by induction on h. For h = 1 we have

~ VN [N
Xf;+1 — Xnt1= Z ¢;Xn+1*j + 61*1+1 - Z ¢an+lfj
Jj=1 Jj=1
P
Z nt1—( ¢J)+€n+1

= €,,1 + op+(1) = Op+(1) in probability.

Let us assume that for all [ such that 1 <1< h — 1 we have X, — XnH =
Op~(1) in probability and we prove it for h. We have

p
= Xn = ( Z Xoinj+ 2 05 Xngn—j+€hin)

=1 j=h
h—1 __ D
— (X i Xnsn—j + > ¢ Xnin—j)
=1 j=h
h—1 _ h—1 N
= 21 ¢;( ;+hfj Xn+h ] + Zan-i-h j(d) ¢])
j= j

P o~
+ 3 Xninj(@F — d5) + € yn
h
= Op~(1) in probability,

where the last bounds are a consequence of Lemma 53, Corollary 573, the Baxter
inequality ([15], Theorem 6.6.12 and p. 271) and the induction assumption. =

LEMMA 5.9. Let (LA) hold. Then for h € N
min = Xntn = Din(@n1)ehiy + o+ Dy n(®no1)ensp s
+ €, 1, + op«(1) in probability,

where D1 p,(-),. .., Dn—11(-) are the same continuous functions as in Lemma 871

)
and ®p,_1 = (¢1,...,¢n—1)".
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Proof. We give the proof by induction on h. For h = 1 we have

~ [N p .
X;;+1 — Xny1 = Z ¢;Xn+lfj + G:H-l - Z i Xnt1-j
j=1 =1

~ ~

p
=2 Xnt1-5(8] — ¢5) + € pa
j=1
= €,,1 + op=(1) in probability.
Let us assume that for all [ such that 1 <! < h — 1 we have

MITED. SITE 151,1(‘1%—1)62“ +...+ 51—1,1@1—1)%%4
+ €5, + op+(1) in probability.

We prove the equality for h. We have

h—1 _ o
X;;,—‘rh n+h - ( Z n+h_j + Z ¢;Xn+h7_j + 6:+h)
j=1 ioh
h—1
(Z n-‘rh j"’ng] n+h— j)
=1 i
PN . h—1 L
- Z S (Xiney — Xntn—g) + > Xoyn—j(95 — ¢5)
= =
P
+ 2 Xngno j(¢ ¢])+en+h
j=h
h—1 N
= > 0i(Xnin—j — Xntn—j) +op=(1) + €, in probability,
7j=1

where the last bounds are obtained by Corollary B3, Lemma B® and the Baxter
inequality ([15], Theorem 6.6.12 and p. 271). We complete the proof of the lemma
using the induction assumption. =

In the same way as in the one-dimensional case (see [?4]) we can prove the
following useful lemma.

LEMMA 5.10. Assume that
IP*(X? <u)— P (X <u)| 250

for some continuity point u of the cumulative distribution function Fx, where <
means the relation of product order (partial order) in R,

v 0in probability,

n

v, 25 0.
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Then

IP*(X: + Y <u)— P(X+V, <u)| = 0.

The next theorem gives us consistency of the hybrid bootstrap. An analo-
gous result for the one-dimensional case was given by Roézanski and Zagdanski

(see [24]).
THEOREM 5.4. Let (LA) hold. Then for h € N we have
‘P*( n+h — Xn+h < U) - P(Xn+h Xn+h )’ = 0P<1)

for each u being a continuity point of the cumulative distribution function of the

random vector Dy j,(®p_1)e1 + ... + Dp_1 p(Pp_1)en—1 +€p, where ®p_1 =
T

(61, Pn—1)""

Proof. Let h € N. According to Lemmas B and B9 we can write

P (X = Xy <u) = P(Xngn — Xngn <u)

= P*(Dip(Bp1)eha + ..
— P(Dyp(®h—1)€ns1 + - -
= P*(D1p(®p-1)e] + -
— P(Dyp(®p—1)e1 + ..

A+ Dy n(Ph—r1)en i1+ €nn +ope(1)
A+ Dy n(Ph—1)engn—1 + 6n+h +op(1)

4 D1 w(Pr-1)€f, 1 + € +op<(1) < u)

D11 (Ph—1)en—1 + € + OP(l) < u).

u)

<
<u)

Using the independence of ¢, conditional independence of €; and Lemmas B3 and
BT0 we complete the proof of the theorem. =

By Theorem B4 and Remark BT we have

COROLLARY 5.4. Let (LA) hold. Then for h € N we have
|P*(X; o — Xugn <) — P(Xnin — Proj, Xpsn < u)| = op(1)

for each u being a continuity point of the cumulative distribution function of the
random vector D1y p(®p—1)er + ... + Dp_1p(Pp_1)€n—1 + €p, where ®p,_1 =

(61,...,¢n_1)T and Proj, X, .1, is the best linear h-step predictor (in the mean
square sense) of X 4.

COROLLARY 5.5. Let (LA) hold. Additionally, assume that the cumulative
distribution function of the distribution €; is continuous. Then for h € N we have

sup |P*(X1, = Xnin < 0) = P(Xngn = Ko < )| = op(1)
u€ER

and

Su% |P*(X n+h Xn+h <u) = P(Xnqn — Proj, Xpn <
ucR

u)| = op(1).
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To prove the consistency of bootstrap-t, we have to show the consistency of
the estimator X,, x (h) (estimator of the mean squared prediction error (&1)).

LEMMA 5.11. Let (LA) hold. Then

(5.11) Snx(h) 2 Sx(h),
(5.12) Sk () 5 S ().

Proof. We consider an estimator of the mean squared prediction error of the
form (E22):

h—1 - h—1 __
EX(h) = Z ijz/JjT, 2n,X(h) = Z zpijzij,n.
=0 =0

Thus

h—1 h—1 h—1 A
1Y dinEfn = 3 0 Z0f | < X i — 3115
§=0 5=0 §=0

h—1 h—1
+ 22 15I1% = 2l inll + 22 195IHE 15 — ¥5]]
=0 §=0

=op(1),

where the bounds are obtained by using (B1) and Theorems 52 and B3. From the
consistency of in,X(h) it follows that P(f)n,X(h) is invertible) — 1 as n — oo,
which together with the continuity of f&l (h) as a function of elements of 3y ()
imply (B12) (see [25], Theorem 5.18, p. 188). =

In the next lemma we prove the convergence of the bootstrap replication 12;
It is a multivariate version of the result given by Zagdariski [2Y].

LEMMA 5.12. Let (LA) hold. Then
sup W; — ;|| = op+(1) in probability.
0<y

Proof. We use a similar method to that given in the proof of Theorem B73.
We can write analogous equations:

0 N P —~
UE=90) = G+ D)o, T =) - XA+ i)
i=1 =1
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For j € N we have

135 — sl < 127 = 52 () - §_°: 2 + DT
IS () = 4G
+ = 1\\\\217J+z )o! — Zlv G+ 1)o7
514548

We treat the components S; individually. We have

=7 =2 = = E - D)=
< [I= s = 2=
<157+ BT = BT - (s

Further we get

[t =5
C+|[x-t =)o

(5.13) < [|B* = %) = 0p(1),

where ||71|| < C. Thus S; = 0p(1) by Lemma B2 and the assumption (A2). We
bound the components S2 and S3 using the same method. Thus, we present the
calculations only for Ss:

p Y e}
Sy =M S AG +i) e — o)+ X A+l
=1

i—p+l

+ Z (v(G +14) — " (j +z‘))$;*‘TH

<= s - Mzrw W+ [ EXEEXZ ] S el
\\ _p+1
+p max [() =7 ()| max [1671)
:OP*(l),

where the bounds are a consequence of (B10), (513) and Corollary BE3. =

LEMMA 5.13. Let (LA) hold. Then

(5.14) St (h) 25 Sx(h) in probability,
(5.15) SN (h) 25 £ (h) in probability.
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Proof. We consider the bootstrap estimator of the mean squared prediction
error in the form

Sx(h) = Y 47z
=0

Thus, using (B10) and Lemma 617, we obtain

h—1 h—1 h—1
|3 o= — 3 ¢Syl || < X w5 — willlI=* (Il |
j=0 j=0 =0
h—1 N h—1 N
+ 3 1 = = S+ X s IS — )
=0 j=0
= OP*(1)7

which proves (B14). And (B19), in the same way as (B12), follows from the con-
tinuity of X% *(h) as a function of elements of ¥% (%) (see [25], Theorem 5.18,
p. 188). m

REMARK 5.1. All proofs of the theorems and lemmas above remain valid for
p(n) chosen as in Step 1 of the sieve bootstrap algorithm.

The next theorem gives us consistency of bootstrap-t. An analogous result for
the one-dimensional case was given by Zagdanski (see [2Y]).

THEOREM 5.5. Let (LA) hold. Then for h € N we have
. rQx—1/2 " ~
‘P (ZX / (h)< n+h XnJrh) < 'LL)
- P(i)_(lﬂ(h)(XnJrh - )?n-i-h) < u)‘ =op(1)

for each u being a continuity point of the cumulative distribution function of the
random vector Z}l/Q(h) (DLh((I)h,l)el +...+ Dy b (Pp_1)ep—1 + eh), where
1= (f1,-.., 1)

Proof. We have the convergence
> D
Xoth = Xngnh — Dip(@p—1)er + ... 4+ Dpy j(Pr—1)en—1 + €n.

Using the multidimensional version of Slutsky’s theorem ([20], Proposition C,
p. 683) and Lemma BTT], we have

1 N
S22 (0) (X — Xoven)
2, 2}1/2(71) (D1p(®h-1)e1 + ... + Dp_1 p(Pr—1)en—1 + €n).
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Similarly, using the conditional independence of ¢; and Lemma we obtain
convergence for the bootstrap prediction error

XnJrh—XnJrh — Dl,h((phfl)el"i_- . -+Dh71,h<®h71>€h 1+ €y, in probability

By the Conditional Slutsky’s Theorem ([T9], p. 77) and Lemma 513 we get

3P W)X — Xan)
D—*> E)—(I/Q(h) (Dl,h(cbh—l)el +...+ Dh—l,h(q)h—l)eh—l + Eh) in probability

Finally, we show that

|P* (S5 2 () (X — Xnin) < )

— P(E(h)(Xsn — Xnsn) < )| = op(1)

for some u being a continuity point of the cumulative distribution function of the
random vector E}l/z(h) (D17h(<1>h_1)61 +.o .+ Dy p(Pr—1)en—1 + eh). n

From Corollary B4, Lemmas BT, 513 and Theorem 53 we deduce the fol-
lowing corollaries.

COROLLARY 5.6. Let (LA) hold. Then for h € N we have
- P(z Y2(0) (X — Proj, Xpin) < u)| = op(1)
for each u being a continuity point of the cumulative distribution function of the

random vector EXl/Q(h) (D1,h(‘1)h—1)€1 +.. 4+ Dy p(Pp1)en—1 + eh) where
®Bpo1=(¢1,..-,n-1)".

COROLLARY 5.7. Let (LA) hold. Additionally, assume that the cumulative
distribution function of the distribution €; is continuous. Then for h € N we have

* 12 * v
sup | P* (£ 2 (h) X}y — Xnsn) < w)
u€ERK

— P(E(0) (Xosn — Xn) <

u)| = or(1)

and

sup [P* (S5 2 (h)(Xpyp — Xn) < )
ucRk

— P(Sx"(h)(Xngn — Proj, Xp4n) < u)| = op(1).
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5.3. Consistency of extreme statistics. By LemmaB™7 and the continuous map-
ping theorem we conclude that Uy, , V4 and R, 4 given by formulas (BET7)—
(ET9) are convergent in distribution to some random variables.

LEMMA 5.14. Assume that (LA) hold and that ¢; has a continuous distribu-

. . D D D
tion function. Then,asn — oo, Upyp — U, Vi, — V and R, 1y, — R, where
U,V and R are random variables with continuous distribution functions.

In the next lemma we show that distributions of U}, ;. V7, ;, and R}, given
by formulas (E20)—(E22) are close to their corresponding non-bootstrap distribu-
tions.

LEMMA 5.15. Assuming that (LA) hold, we have U H U, h Dy
and R}, P Rin probability.

Proof. By LemmaB&™, Lemma 10 from [8], and Theorem B4 we conclude
that, as n — oo,

- D
Wiih=Xninh — Xneh — W=D 4(®p—1)e1 + ...+ Dp_1 n(Pr—1)en—1 + €n,

and the sequence of bootstrap distributions of W, weakly approaches in prob-

ability the sequence of distributions of W, .. In consequence, W7 —> W in

probability. Since the mappings defining U}, ,,, V', ., Ry, are contlnuous func-

. . . . D*
tions, the version of the continuous mapping theorem (see [4]) implies U} h— U

in probability, V¥, , 2%V in probability and R}, , P Rin probability, which
completes the proof. m

Using Lemmas BT, BT3, and Theorem B we can prove analogous results
for asymptotic distributions of U Sy +n, V Sp+hn, RS+ and their bootstrap ver-
sions US;, ., VS, RS}, in the same way as in the proofs of the lemmas

n+h’ n—+h’
above.

LEMMA 5.16. With (LA) we have, as n — oo,

USnin—5US, VSpin—2VS and RSnin—> RS.
LEMMA 5.17. With (LA)

D* D D*
USy,.,=2US, VS,.,=VS and RS; ., = RS inprobability.

In the construction of simultaneous confidence intervals we should replace un-
known quantiles with their bootstrap equivalences. Therefore, we show that boot-
strap quantiles of U ,,, V7, and R}, are approximations of the quantiles of U,
V and R. This fact has been proved in [24] (see Lemma 5.2). For the clearance let
us reformulate their lemma with notation stated in Lemma 5T3.
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LEMMA 5.18. With (LA)

u,*Hh,a =uq +op(1), v;;h’a = vy +op(1), r,thh’a =rq+op(1).

In practice, we also do not know the exact bootstrap distributions of U} ,,
V., and Ry, . Therefore, using the result by Shi et al. [?6], we apply the Monte
Carlo method to approximate corresponding quantiles. In consequence, we obtain

the following lemmas.

LEMMA 5.19. With (LA)

a:;—i—h,a = Uq + OP(l)v
5}\;+h,a = vy +op(1),

Ththa = Ta +op(1).
LEMMA 5.20. With (LA) and for a continuous distribution function of ¢;

U/\52+h7(.) =us.) + op(1),
6:9;_'_;17(.) =vs() + op(1),

T8pih () = T8() +op(1),

where sy, (.y, Uy 1y () and 75,y are Monte Carlo bootstrap estimators of
quantiles of US;, ,, V'S} s RS, |}, and thus the approximations of quantiles of
USTL+h7 VSn—Hu RSn+h-

6. CONSISTENCY OF BOOTSTRAP PREDICTION REGIONS

In this section we present results about the consistency of the bootstrap pre-
diction regions for the stationary time series models. Theorem Bl is a multivariate
version of the result given by Rézariski and Zagdanski (see [?4]), and Theorem
is a multivariate version of the result given by Zagdanski (see [29]).

To prove the consistency of the prediction regions we will use auxiliary results
about convergence of quantiles for a weakly convergent sequence of the cumula-
tive distribution function. The first lemma was given by Politis et al. [23] and the
second one, the modification for the conditional case, was given by Rézariski and
Zagdanski [24].

LEMMA 6.1 ([23], Lemma 1.2.1). Let {F,,} be a sequence of cumulative dis-
tribution functions which converges to I in a weak sense and assume that I is con-
tinuous and strictly increasing at y = F~'(a) (for x € (0,1), F~!(x) = inf{y :
x < F(y)}). Then

F Y (a) = FYa).

n
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LEMMA 6.2 ([24]). Let {F}} be a sequence of cumulative distribution func-
tions which converges to F in a weak sense (i.e. F)' = F in probability) and
assume that F is continuous and strictly increasing at y = F~'(a). Then

FyHa) = F~Y(a).

In Subsection 4.3 we have presented the hybrid bootstrap prediction cube
given by (EM). In practice we do not know the distribution of the random vec-
tor H;(h), and in consequence we are not able to compute its quantiles. Thus, we
define the modified hybrid bootstrap prediction cube in the form

©.1) Ip(h) = {Xnpn; € Knsng + 05 n.
Xn+h,j + alkfa/(zk),j]v .7 = 17 ceey k}v

where ¢, /(2k),57 T, /(2k),; &r€ Monte Carlo approximations of quantiles ¢, /(2k),5°

a_, /(2K), (computed by using B bootstrap replications).

REMARK 6.1. The replacement of the quantiles is made due to the result given
by Shi et al. [P6], i.e.

Qo — oy =o0r(l), j=1,....k a€(0,1).

THEOREM 6.1. Let (LA) hold. Additionally, assume that c, /(21 j» C1—a/(2k),j
are continuity points of the cumulative distribution function of the random vari-
ables H;, which are the jth coordinates of the random vector Dy p(®p_1)e1 +

oo+ Dy 1 n(Pr—1)en—1 + €y, . Then for h € N we have
P(Xn+h € fB(h)) >1—a asn— oo.
Proof. Using Theorem B4 we getfor 1 < j < k
S D

Xnthj = Xnyng — Hj.
By the result given by Rézanski and Zagdariski [24] we have for 1 < j < k
P(Xoinj € [Xnihg + Toyany o Xnthg + T_ayary,) = 1 — a/k.

Using the Bonferroni inequality, we obtain

P(Xn+h e Ip(h))

>1- Z P(Xnin € [Xnthj + @yony s Xnthg T Gajom ;1) — 1—a. =
7j=1
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In a similar way, we define £5(h) as an equivalent of E5(h) given by (EIT)
in the form

(6.2) ( ) - {( n+h n+h>T(Xn+h - )?n+h) S E]\’lkfa]ﬁ

where g;_, is the Monte Carlo approximation of quantile ¢;_, (computed by using
B bootstrap replications). The consistency of this hybrid prediction region is given
in the next theorem.

THEOREM 6.2. Let (LA) hold. Additionally, assume that c1_, is a continuity
point of the cumulative distribution function of the random variable || Dy ;,(®r—1)€e1
+ ...+ Dh—l,h(q)h—l)eh—l + 6h||2. Then for h € N

P(Xpin € Ep(h)) — 1 —a.

Proof. Using continuity of the function || - ||> and Theorem B4, we have

D
1Hn(R)I* == I D1p(@n-1)er + ..+ Dhorp(@n-1)en—1+enll”,
* D~ . ..
IH:(R)|)? == |D1p(®p1)er + ... + Dh_17h(<l>h_1)eh_1+eh\|2 in probability.

Let g1 be the 1 — « quantile of the distribution || H,,(h)||?. By Lemmas b1, B2
and the consistency of the bootstrap sample quantiles (Remark B1l) we have

dl—a — Cl—a = 0(1>7 QT—(X —ql—a = OP(1)7 Zflk—a - qr—a = OP(l)'

Notice that

~

P(Xp4n € Ep(h)) = P (| Ha(W)|* < G _)
P ([Hn(M)II* < (@ o = Q1-a) + (610 = @1-a) + (q1-a — ¢1-a) + C1-a)
—P(HH( )| +op(1) < c1-a).

We use the Slutsky theorem to complete the proof:

P ([|[Ha(R)|* + 0p(1) < ¢1-a)
— P(|D1p(®@h-1)er + -+ Dp—in(@p-t)en—1 +enll” < cia) =1—cv. =

We define the modified bootstrap-t prediction cube 1, B—¢(h) and the modified
bootstrap-t prediction ellipse Eg_;(h):

6.3) Ip-t(h) = {Xnsnj € [Xnsng + x5 ()8 an) 5o
Xnthj + &\X,j(h)?lla/(%),j]v j=1...,k},
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64)  Ep—e(h) = {(Xnth — Xnsn) Sy 5 () (X — Xnin) <o}

where t7, /(28).57 1o J(2k),; € the Monte Carlo approximations of the quantiles

t /(2k),5° 1, /(2k).5° and f’[_a is the Monte Carlo approximation of the quantile
1_q (all the approximations are computed by using 53 bootstrap replications).

THEOREM 6.3. Let (LA) hold. Additionally, assume that d, /(21 j» d1—a/(2k),j
are continuity points of the cumulative distribution functions of the random vari-
ables Tj = Hj/ox j(h). Then for h € N we have

P(Xn+h € TB_t(h)) >1—a asn— oo.

Proof. Using Theorem B4, Lemma BT and the Slutsky theorem, we get
forl<j<k

~

Xnani —X ;

»J n+h,j D

G (h — Tj.
JXJ( )

By the result given by Zagdanski [?9] we have for 1 < j < k

P(Xpinj € Xnsng + o) j0%,5(0): Xnsng + 1 _oony ;05,5 (W)]) = 1=a/k.
Using the Bonferroni inequality, we obtain
P(Xn+h S fB_t(h))

k
> 1= P( Xt € [Xntnj o ;05,5 (1), Xntni T8 o on) 0 x5 (B)]°)
j=1
—1—a. =

THEOREM 6.4. Let (LA) hold. Assume that dy_, is a continuity point of the
cumulative distribution function of the random variable

152 (h) (D1 a(®n-1)er + ...+ Doy a(@n-1)en—1 + )|

Then for h € N
P(XnJrh S SB_t(h)) —1—a.

Proof. The proof is analogous to the proof of Theorem B2. =
Now, we will prove the consistency of simultaneous bootstrap prediction in-

tervals. First, assume that we know the distribution of U, V' and R. By the Slutsky
lemma, we obtain the following theorem.
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THEOREM 6.5. With the assumptions from Lemma 514 we get

(6.5) nh_{glo P(Viz1,.. k Xn+thi € [)?nJrh,i + U2, )?n+h,i +v1_qp]) > 1—a,
(6.6) nlLI{DIOP(Vi:17__.7an+h7i € [)A(,H;m + Uq, +oo)) =1-a,
6.7) Jim P(Yict,. ;i Xnni € (=00, Xnini +v1-a]) =1 -0,
(6.8)  lim P(Vi=1, ,xXpthi € [)?n+h,i - Tl—aa)zn+h,i +ri-a)) =1—q,

n—oo

where w(.y, vy and vy are quantiles of corresponding distributions of U, V

and R.

Further, we can formulate the main theorem about consistency of bootstrap
prediction simultaneous intervals with theoretical quantiles in formulas (B3)—(BX)
replaced by their Monte Carlo approximations by using the result given by Shi
et al. [26]:

THEOREM 6.6. Assume that (LA) hold and that ¢; has a continuous distri-
bution. Then for each u being the continuity point of limited distribution we have
simultaneous prediction intervals satisfying the following:

(6.9) nh_{rolo P(Vic1,.. k. Xpthi € [)A(n+h,i + Uy pas2

Xothi + Upinioapl) 21— a

(6.10)  lim P(Vi1,.k Xnsni € (Xpthi + Woppas +00)) =1 - a,
6.11) lim P(Vici,p Xnsni € (—00, Xpthi + 0snial) =1 - a,
6.12) lim P(Vit.k Xutni € KXntni = Prghi-as

)A(n+h,i + ?ZJrh’l_a]) =1—-a.

Proof. For the formula (6.9) we have the following relations:

1= P(Viz1, .k Xnthi € [Xnthi + Urypa/or Xnthi T Onipni1-asal)

=1- P( 1I£ilgk(Xn+h7, Xothi) > U hoa/2

A max (X, — X ) < oF
léiék‘( n+h,i n+h,z) x n+h,1—a/2)

= P(Uptn < a;+h,a/2 V Vign > @\Z+h,1—a/2)
S P(Unyh <Upipaja) + PVarn > V1o 0)

P(U < Op(l) + ua/Q) + P(V > Op(l) + Ul—a/2)

a o«
— =4+ —=a asn — oo,
2 2

Q
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where the above approximation is a consequence of Lemma B9, and the last con-
vergence follows from the Slutsky lemma. For formulas (6.10)—(6.12) the reason-
ing is analogous. =

As in the case of hybrid intervals defined in Theorem Bl we can construct
studentized bootstrap intervals and prove the following theorem.

THEOREM 6.7. With the assumptions from Lemma BT4 we have the following
simultaneous prediction intervals:

(6.13)  lim P(Vict,.k Xntni € [Xntni + U pna/20nrhs
Xn+h,i + 15?92+h,17a/28n+h]) > 1-a
6.14)  lim P(Vimy, kXnin € [Xphi + WSy pa@nihs +00)) = 1 — @,
(6.15) 7}1_{20 P(Viz1,. k- Xn+hi € (—00, Xpthi + TS n1-aOnth]) =1—a,
6.16)  lim P(Viet,..kXnsni € [Kuthi = 75541 aBn+h,

)?mh,i =+ 7/1‘\9:1+h,17a8n+h]) =1-aq,
where Us, p, .y, U85, 1y, ) and 75,y ) are Monte Carlo estimators of quantiles
of bootstrap distributions of US;, ., V.S; ., and RS}, , respectively.

REMARK 6.2. It is worth noting that by Remark Bl and Corollaries E4-571
all the constructed bootstrap prediction intervals and regions are asymptotically
equivalent to corresponding prediction intervals and regions based on the best
linear mean squared prediction of X, p.

7. SIMULATIONS

In this section we investigate how the presented procedures work on simulated
data. We consider the following VARM A(5,4) model:

~0.91  0.01 ~0.37 012
Xt_[ 0.37 —0.90})(“*[ 0.42 —0.49}Xt2

[ —0.18 0.10 —0.12 0.08
0.30 0.18 } Xt—3+[ 0.14 0.24]Xt—4

[ 0.17  —0.02 —-0.91  0.01
Tlo1s 036 } Xes + [ 0.37 —0.90 } ‘i1

_'_

L[ 037 012 —0.18 0.10
042 049 |2 0.30 0.18 | “?
[ —0.12 0.08

T 014 0.24}“4*“‘
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In the model VARM A(5,4) we used the following distributions for the noise
process €;:
(N) normal distribution A/(0, %),
(T) t-Student distribution 7 (5),
(X% x-square distribution x2(5),
(M) mixture of the normal distributions 0.1A([9, 9]7, ¥) + 0.9N([-1, —1]T, %).

The observations of the noise process ¢; for each of these distributions have
been scaled (observations from y? have been centered). Thus for each considered
distribution we have the mean Ee¢; = [0,0]7 and the covariance matrix

B =2 =| 58 15 |

On the base of the simulation results, we compare sample coverage of the
prediction regions, which were computed by using the Box—Jenkins method (this
method assumes normality of €;), with the sample coverage of the bootstrap pre-
diction regions. We check performance of each method for different distributions
of ¢;. We use t-Student distribution (T) as a heavy tailed distribution, y-square
distribution (XZ) as a nonsymmetric distribution, and mixture (M) of the normal
distributions as a bimodal distribution.

In simulations we used parameters:

« confidence level 1 — a = 90%,

« forecast horizon h = 1,2, 3,4, 5,
« number of observations n = 50, 200,
« number of bootstrap replications B = 1000,

« number of Monte Carlo repetitions N = 1000.

We have constructed three types of the prediction regions. The first type of
the prediction regions is constructed by using the Bonferroni inequality and the
prediction regions have cubical shape. The Box—Jenkins prediction cube is given as
in equation (E4) and the bootstrap prediction cubes have forms of hybrid bootstrap
(B) and bootstrap-t (B3).

The prediction regions of the second type have elliptical shape. The Box—
Jenkins prediction ellipse is given by (E3) and the bootstrap prediction ellipses are
given by hybrid bootstrap (B2) and bootstrap-t (b-4).

The third type of prediction regions is constructed by using extreme statistics,
and the prediction regions have cubical shape. We have constructed the hybrid
bootstrap prediction cubes 15" (h) (see (B23)), IE(h) (see (B28)) and bootstrap-t
prediction cubes I g‘_/t(h) (see (EXD)), I g_t(h) (see (E30)).

In Tables [ and B, we present empirical coverage of the prediction cubes, and
in Table [, we present empirical coverage of the prediction ellipses for different
number of observations n = 50, 200. In the brackets, next to the empirical cover-
age, we present the mean area of the prediction regions.
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The area of the prediction ellipse, constructed by using the Box—Jenkins meth-
od, has been calculated via the formula (see [['Z])

k/2 1/2

(- (det (x (1)) .

™

(7.1) V(€p-j(h)) = —FF—
where Sy (h) is replaced by S x ().
The area of the bootstrap-t prediction ellipse has been calculated by using (IZ1)

~

with $x () replaced by ¥ x (h) and the quantile x3_, (k) replaced by ;..

It is worth noting the better performance of the bootstrap prediction regions
in comparison with the performance of the prediction regions constructed via the
Box-Jenkins method.

In all cases we observe that empirical coverage of bootstrap-t prediction re-
gions is larger than empirical coverage of hybrid bootstrap prediction regions but
bootstrap-t prediction regions have larger areas.

The empirical coverage of the bootstrap prediction cubes is similar to empir-
ical coverage of the bootstrap prediction ellipses. However, areas of the bootstrap
prediction ellipses are smaller than areas of the bootstrap prediction cubes.

The bootstrap prediction regions constructed with extreme statistics are more
stable than the bootstrap prediction regions constructed by using the Bonferroni
inequality.

TABLE 1. The empirical coverage of the bootstrap prediction cubes for the model VARM A(5,4).

Distribution | A n =30 n =200

Box-Jenkins | hybrid bootstrap | bootstrap-t | Box—Jenkins | hybrid bootstrap | bootstrap-t

1 77.2 (3.1) 83.1(3.8) 89.0 (4.7) 86.1 (3.1) 88.1(3.4) 90.3 (3.6)

2| 75.6(5.2) 80.1 (6.2) 86.6 (8.0) 85.2(5.5) 86.7 (5.8) 88.9 (6.4)

N 3 77.0 (6.0) 82.0 (7.1) 87.8 (9.1) 87.2(6.3) 88.1(6.7) 89.9 (7.4)
4| 79.3(6.7) 82.7(71.7) 87.4 (9.7) 87.7 (7.0) 89.1(7.4) 91.3(8.2)

5 79.3(7.2) 82.3(8.2) 87.5(10.3) | 87.7(7.7) 89.2 (8.1) 90.6 (8.9)

1 78.0 (3.1) 82.6 (3.9) 88.0 (4.9) 86.7 (3.1) 88.4 (3.4) 90.6 (3.8)

2| 77.0(5.2) 82.7 (6.4) 88.9 (8.3) 85.6 (5.6) 87.3 (6.0) 89.2 (6.7)

T 3 77.7 (6.1) 82.6 (7.3) 87.1(9.4) 85.8 (6.4) 87.6 (6.8) 89.4 (7.6)
4| 80.1(6.7) 83.4 (7.8) 89.0 (10.1) | 87.4(7.1) 88.4 (7.6) 90.4 (8.5)

5 80.1 (7.3) 83.7 (8.4) 89.1(10.7) | 87.4(7.8) 88.3(8.3) 90.6 (9.2)

1 75.6 (3.1) 81.7 (3.9) 86.6 (4.8) 85.4 (3.1) 86.5 (3.5) 88.7 (3.8)

2| 77752 80.7 (6.3) 87.3(8.2) 84.2(5.5) 85.5(5.9) 87.9 (6.6)

x? 3 76.0 (6.1) 81.3(7.2) 87.2(9.2) 84.3 (6.3) 85.2(6.8) 87.7 (1.5)
4| 769 (6.7) 81.7 (7.8) 86.9 (9.9) 85.9 (7.0) 86.9 (7.5) 88.3(8.3)

5 76.9 (7.3) 80.3 (8.3) 85.2(10.5) | 85.9(7.7) 86.4 (8.2) 88.2 (9.1)

1 74.7 (3.0) 80.8 (4.0) 85.6 (5.1) 81.1(3.1) 86.0 (4.0) 87.6 (4.4)

2| 734052 77.8 (6.5) 83.6 (8.6) 81.0 (5.5) 83.5(6.3) 85.2 (7.0)

M 3 72.8 (6.1) 77.1(7.4) 82.3(9.6) 80.2 (6.4) 83.4(7.1) 85.2(7.9)
41 762(6.7) 79.4 (8.0) 84.9(10.3) | 80.2(6.4) 83.4(7.1) 85.2(7.9)

5 76.2 (7.4) 78.2 (8.6) 83.6 (11.0) | 83.4(7.8) 85.6 (8.6) 86.5 (9.5)
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TABLE 2. The empirical coverage of the bootstrap

prediction ellipses for the model VARM A(5,4).

Distribution | A n =50 n =200
Box-Jenkins | hybrid bootstrap | bootstrap-t | Box—Jenkins | hybrid bootstrap | bootstrap-t
1 75.6 (2.8) 85.3(5.7) 88.7 (4.4) 84.6 (2.9) 87.6 (5.1) 88.9 (3.3)
2 75.0 (4.8) 84.5(8.8) 86.3 (7.6) 84.3 (5.1) 87.9 (7.7) 88.5(5.9)
N 3 74.0 (5.5) 83.9(9.4) 86.0 (8.5) 85.9(5.7) 89.4 (8.3) 89.1 (6.7)
4 78.6 (6.2) 85.0 (10.1) 87.6(9.2) 86.0 (6.5) 88.9(9.3) 89.6 (7.5)
5 78.6 (6.7) 84.8 (11.0) 88.2 (9.8) 86.0 (7.2) 89.7 (10.4) 90.0 (8.3)
1 77.2 (2.8) 86.6 (5.7) 88.1 (4.5) 86.7 (2.9) 89.4 (5.0) 90.1 (3.4)
2 75.7 (4.8) 85.6 (9.0) 88.6 (7.8) 85.8 (5.1) 87.8 (7.8) 89.0 (6.1)
T 3 76.9 (5.6) 85.3(9.7) 87.6 (8.8) 86.4 (5.8) 87.8 (8.4) 88.7 (6.8)
4 77.7(6.2) 85.5(10.3) 89.1 (9.4) 85.8 (6.6) 88.9(9.4) 89.4 (7.7)
5 77.7 (6.8) 85.4(11.3) 89.3 (10.1) 85.8(7.3) 88.8 (10.5) 88.8 (8.5)
1 74.4 (2.8) 83.1(5.7) 86.8 (4.5) 85.1(2.9) 87.1(5.1) 88.6 (3.4)
2 74.7 (4.8) 86.0 (8.9) 87.3(7.8) 83.9(5.1) 87.4 (7.8) 88.3 (6.0)
x? 3 75.7 (5.5) 84.6 (9.5) 87.6 (8.6) 84.0 (5.7) 88.2 (8.4) 87.8 (6.8)
4 75.1(6.2) 82.8 (10.2) 87.1(9.3) 85.4 (6.5) 86.7 (9.3) 89.0 (7.6)
5 75.1 (6.8) 83.4 (11.1) 85.5(9.9) 85.4(7.2) 86.3 (10.5) 88.7 (8.4)
1 73.3(2.8) 82.8 (5.8) 86.8 (4.8) 80.7 (2.9) 88.3(5.8) 88.3 (4.0)
2 71.5 (4.8) 81.7 (9.0) 83.9 (8.1) 81.1(5.1) 86.0 (8.3) 85.5 (6.6)
M 3 72.3 (5.6) 83.1(9.6) 83.8 (9.0) 79.8 (5.8) 84.0 (8.9) 85.2(7.3)
4 75.0 (6.2) 83.5(10.3) 84.1 (9.6) 82.7 (6.6) 88.1(9.8) 86.7 (8.1)
5 75.0 (6.8) 82.7(11.2) 84.6 (10.3) 82.7(7.3) 88.3 (10.9) 87.6 (8.8)
TABLE 3. The empirical coverage of the bootstrap prediction cubes
constructed by extreme statistics for the model VARM A(5,4).
Distri- A n =50 n =200
bution uv R UV-t R-t uv R UV-t R-t
1| 85.6(6.6) | 85.6(6.7) | 88.5(4.7) | 89.1(4.7) | 88.1(6.0) | 88.0(6.0) | 90.2(3.6) | 89.7 (3.5)
2| 85.1(10.0) | 85.1(10.3) | 86.3(7.9) | 87.6(8.0) | 88.2(8.9) | 88.8(9.0) | 88.5(6.3) | 88.8(6.3)
N 3| 83.7(10.6) | 84.5(10.8) | 87.6(8.9) | 88.3(9.0) | 89.0(9.5) | 89.6(9.6) | 89.8(7.2) | 89.4(7.2)
4 1849(11.4) | 86.0(11.7) | 87.0(9.6) | 87.6(9.6) | 88.4(10.7) | 88.7 (10.7) | 90.9 (8.0) | 90.7 (8.0)
5| 84.5(12.4) | 86.1 (12.7) | 87.7(10.2) | 88.8 (10.3) | 90.6 (12.0) | 90.6 (12.1) | 90.6 (8.7) | 90.5 (8.7)
1| 86.2(6.6) | 87.4(6.8) | 87.5(4.8) | 87.5(4.7) | 89.0(5.9) | 89.2(6.0) | 90.0(3.7) | 89.3 (3.6)
2| 84.6(10.3) | 85.6(10.5) | 87.4(8.1) | 88.1(8.2) | 87.9(9.0) | 88.1(9.0) | 88.5(6.4) | 88.6 (6.4)
T |3|84.7(10.9) | 85.4(11.2) | 86.8(9.2) | 87.7(9.2) | 87.7(9.5) | 87.7(9.6) | 88.8(7.3) | 89.1 (7.3)
4| 854(11.7) | 85.8(11.9) | 87.7(9.9) | 88.7(9.9) | 89.4(10.7) | 89.5(10.8) | 90.0 (8.2) | 89.8 (8.1)
5| 854 (12.8) | 85.6 (13.1) | 88.7(10.6) | 88.7 (10.6) | 89.0 (12.1) | 89.6 (12.1) | 89.8 (8.9) | 89.4 (8.9)
1| 82.7(6.6) | 83.7(6.7) | 86.2(4.8) | 87.1(4.8) | 87.6(6.0) | 87.9(6.0) | 88.6(3.7) | 88.4(3.6)
2| 85.0(10.1) | 86.4 (10.4) | 87.1(8.0) | 87.0(8.1) | 87.2(9.0) | 87.8(9.0) | 88.0(6.3) | 87.4(6.3)
x? 3| 83.5(10.7) | 85.1(10.9) | 86.7(9.0) | 87.4(9.0) | 87.8(9.5) | 88.2(9.5) | 87.6(7.2) | 87.6(7.2)
4| 825(11.5) | 842 (11.7) | 86.7(9.7) | 86.9(9.8) | 86.1(10.6) | 87.3(10.7) | 88.0 (8.1) | 88.3 (8.1)
5| 82.7(12.6) | 83.8(12.8) | 85.1(10.4) | 85.8(10.4) | 86.0 (12.0) | 86.5 (12.1) | 88.2(8.9) | 88.2(8.8)
1| 82.8(6.8) | 84.0(6.9) | 84.9(5.0) | 86.1(5.0) | 87.7(6.7) | 88.1(6.8) | 87.4(4.3) | 87.3(4.2)
2 | 82.5(10.3) | 83.0(10.5) | 83.8(8.4) | 85.0(8.4) | 86.8(9.5) | 86.5(9.5) | 84.6(6.7) | 85.0(6.7)
M 3| 83.7(10.9) | 84.4(11.1) | 82.3(9.4) | 82.8(9.4) | 84.2(10.0) | 84.2 (10.0) | 84.5(7.6) | 85.1(7.6)
4| 83.1(11.6) | 84.1(11.8) | 84.6(10.0) | 84.9 (10.1) | 88.5 (11.1) | 88.2(11.1) | 86.1 (8.5) | 86.3 (8.4)
5| 82.9(12.8) | 83.7(13.0) | 84.1(10.8) | 83.8 (10.8) | 88.4 (12.5) | 88.9 (12.6) | 86.4 (9.2) | 86.6 (9.2)
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Abstract. For fixed ! > 0and m > 1, let X%O), XS), ... ,ng) be in-
dependent random n X n matrices with independent entries, let FSP ) =
X%O)(X%I)Yl ... (XSP)*, and let F$}), ... ,Fﬁf”’ be independent ran-
dom matrices of the same form as FS}). ‘We show that as n — oo, the
matrices F510> and m_(l+1)/2(F§3) +...+ F;m)) have the same limiting
eigenvalue distribution.

To obtain our results, we apply the general framework recently intro-
duced in Gotze, Kosters, and Tikhomirov (2015) to sums of products of in-
dependent random matrices and their inverses. We establish the universality
of the limiting singular value and eigenvalue distributions, and we provide
a closer description of the limiting distributions in terms of free probability
theory.
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1. INTRODUCTION AND MAIN RESULTS

The investigation of the asymptotic spectral distributions of random matrices
is a major topic in random matrix theory. In recent years, sums and products of
independent non-Hermitian random matrices with independent entries have found
increasing attention; see e.g. [I], [B], [IT], [I3]-[0R], [20], [25], [27], [29], [371],
[B5]-[37] for results on global spectral distributions, and also the survey paper [Z]
and the references therein for results on local spectral distributions. In particular,
the paper [[[8] provides a general framework for the investigation of the limiting
(global) spectral distributions of products of independent random matrices with
independent entries. Furthermore, the paper [37] shows that this approach proves
useful for the investigation of sums of products as well. The aim of the present
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360 H. Kosters and A. Tikhomirov

paper is to show that certain products of independent random matrices give rise
to random matrices with stable limiting eigenvalue distributions, in the sense that
the sums of several independent copies of these products have the same limiting
eigenvalue distribution after appropriate rescaling.

Throughout this paper, for each n > 1, let X,(ll), X,(f), XS’), ... be indepen-
dent random matrices of size n X n with independent entries. More precisely,
we assume that

(@ — (L yv(@
(1.1) Xy (ﬁXﬂf )j,kzl,...,n’

where (Xj(.g)) j.k,qeN 1s a family of independent real or complex random variables

such that

(1.2) EX =0, E(X{?)? =1 in the real case,

and

(1.3) EX](.Z) =0, IE(XJ(,/Z))2 =0, E]XJ(Z)P =1 inthe complex case,
and we additionally assume that this family is uniformly square-integrable, i.e.

(1.4) lim sup E(|X[?1
N

400 jk,q€

] = 0.
{|X§k>|>a})

In this case we also say the matrices X%q) are independent Girko—Ginibre matrices.
In the special case where the entries have real or complex Gaussian distributions,

we usually write Y= (ﬁYj(,g) instead of X\ = (ﬁX;Z))j k=1,...,n

(@)

and call the matrices Y’ Gaussian random matrices or Ginibre matrices. Note
that the assumption (IC4) is clearly satisfied in this special case, the random vari-
ables Yj(,g) being independent and identically distributed (i.i.d.).

We will be interested in the limiting spectral distributions of random matrices
(q)
n

)j,k:l,...,n

F,, given by sums of products of the matrices X, and their inverses. Let F;, have
the singular values s1(F,,) > ... > s,(F,,) and eigenvalues A\ (F,), ..., A\, (Fy).
Then we write v, := v(F,,) := % Z?zl ) s;(F,,) for the (empirical) singular value
distribution of ¥, and p,, := pu(Fy,) = % Z?:l Oy, (F,,) for the (empirical) eigen-
value distribution of F,,. The corresponding weak limits in probability (if existent)
will be denoted by v := vg and u := uy, respectively. Note that p will in general
be a probability measure on the complex plane, the random matrices F,, being non-
Hermitian. The density of p (if existent) will be denoted by f(z), or by f(r) (with
r = |z|) in case it is rotation-invariant with respect to the origin.
Let us mention some relevant results from the literature.

EXAMPLES 1.1.
(@) (Circular law) Let F,, = X\, Then f(r) = L 15(r), i.e. u is the uni-
form distribution on the unit disk.
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Sums of products of non-Hermitian random matrices 361

(b) Let F,, = XS) + ...+ Xﬁ{”). Then F,, is a random matrix with inde-
pendent entries of mean zero and variance m/n, so, by simple rescaling, f(r) =
% Lo, m (r). In particular, for the rescaled matrices ﬁFn, the limiting eigen-
value distribution is again the uniform distribution on the unit disk.

(© Let F, = XPXP. Then flr) == 1(9,1)(r), i.e. p is the induced dis-
tribution of the uniform distribution on the unit disk under the mapping z — 2.
See e.g. [X], Section 8.2.2, for a “simple” derivation.

dLetF, = XWPxX® 1 £ x@m U@ ppen

1

10) = s Lol

see [37], Section 2.
(e) (Spherical law) Let F,, = XS)( 22))*1. Then

1
f(r)= m,

i.e. pu is the spherical distribution on the complex plane.

@ LetF, = XPXP)! + ..+ XE" (X))~ Then

m2

f(T):m;

see [B7], Section 3. Thus, for the rescaled matrices %Fn, the limiting eigenvalue
distribution is again the spherical distribution on the complex plane.

In view of examples (b) and (f), it seems natural to ask whether there exist
further examples of random matrices F7(10) such that for any m € N, the sums of
m independent matrices of the same form as F%O) have the same limiting eigen-

value distribution as the original random matrices F%O), after appropriate rescaling.

We will answer this question in the affirmative by proving the following result,
which contains examples (b) and (f) as special cases:

THEOREM 1.1. Fixm € Nandl € Ny, let
(1.5) FP = (X)X~ (X )

where Xﬁf’), Xg), .. ,Xg) are independent random matrices as in (L1)—(IC4),
and let F%l), o ,Fng) be independent matrices of the same form as Fq(mo). Then
the matrices m~(+1)/2 (FS) +...+ F;m)) and F;O) have the same limiting eigen-
value distribution u. More precisely, we have p = H(as(l_%l)), where as(l%)
is the symmetric B-stable distribution with parameter 14%1 (see Section I3) and
H (0‘3 (Hll)) is the associated rotation-invariant distribution on C (see Section IZ1).
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362 H. Kosters and A. Tikhomirov

Moreover, as we will see in Section 3, apart from a possible permutation of the
exponents 1, the matrices F%O) in Theorem [T are the only examples of products
of independent Girko—Ginibre matrices and their inverses such that for any m € N,
F%O) and Fg) + ...+ F&m) have the same limiting eigenvalue distribution after

appropriate rescaling. In particular, the matrices
(1.6) FO .= X xXE)(xk+))=1 - (x(k+))=1

with k£ > 1 do not share this property.
However, the same limiting eigenvalue distributions may arise for products
involving powers of random matrices:

THEOREM 1.2. Fixm e Nk € Nyandly,...,lp e N, letl =11+ ...+
and define

(1.7) FO .= (XOyxWy=h (xk))=t
where X7(10)’ ,(11), .. ,X%k) are independent random matrices as in (C1)—(I4),
and let FS), .. ,FSZ”) be independent matrices of the same form as FSLO). Then

the matrices m*(”l)/Z(Fg) +...+ Fglm)) and F%O) have the same limiting eigen-
value distribution |1, which is the same as in Theorem [l

Theorem [l will be deduced from a more general result about random matri-
ces of the form

m 1
(1.8) F,(X):=>) F Z H X( q-1) l+r))s ,

q=1

where m,l € Nand ey, ...,g; € {+1, —1} are fixed. (Thus, the matrices F(q)(X)
are independent random matrices of the same form as the matrix H X(r))gr )

Let us note that under the assumptions (I”1)—(4), each matrix X%) is invertible
with probability 1 + o(1) as n — oo (see e.g. Lemma B9), so that F,,(X) is de-
fined with probability 1 + o(1) as n — oo. Here we have the following result,
which establishes the existence of the limiting singular value and eigenvalue dis-
tributions and provides a closer description of them in terms of free probability
theory:

THEOREM 1.3. Let the matrices F,,(X) be defined as in (LR). Then there ex-
ist non-random probability measures v and p on (0,00) and C, respectively, such
that lim,, oo V(Fn(X)) = v and lim,_, M(Fn (X)) = u weakly in probability,
and the limiting distributions are the same as those for the matrices ¥, (Y) derived
from Gaussian random matrices. More precisely, the limiting measures v and . are
given by

Hm

(1.9) Sv=(Q (' K...K4%)) and = H(Sv),

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



Sums of products of non-Hermitian random matrices 363

where ~y is the Marchenko—Pastur distribution, Yy~ is the inverse Marchenko—

Pastur distribution, B and X denote the additive and multiplicative free convolu-
tion, and S, Q and 'H are the operators described in Section I below.

In particular, this result shows that the limiting spectral distributions are uni-
versal, i.e. they do not depend on the distributions of the matrix entries apart from
a few moment conditions as in ([C2)—(4).

REMARK 1.1. As will follow from the proof, Theorem extends to cer-
tain sums of products of powers of independent Girko—Ginibre matrices and their
inverses, namely to random matrices of the form

k
H ((X%(q—l)k—i-?’))er)lr’

q 1r=1

INE

1L10)  Fo(X) = 3 FO(X) =
q=1

where m,k € N ey,... e € {—1,+1} and ly,...,l; € N are fixed, and
(1.11) forsomer =1,... k, wehavel, = 1.

Here, with the notation as above, the limiting measures v and | are given by

Hm

12) Sv=(Q (MR HEHT)) T and = H(Sw).

This will be important for the proof of Theorem [,

To obtain the preceding results, we apply the general framework from [[I¥]
for the investigation of (global) limiting spectral distributions to sums of products
of independent Girko—Ginibre random matrices and their inverses (see Section B).
Related results for various special cases can be found e.g. in [[II], [B], [IT], [T3],
(4], [06], [PO], [25], [277], [29], [35], [BZ]. In particular, in the Gaussian case,
the limiting eigenvalue and singular value distributions of the products (ICH) were
recently obtained in [[II] and [I6], respectively.

To apply the framework from [IR], we need to verify certain technical condi-
tions, see Conditions A, B and C in Section B2 for details. This will be achieved
by means of a suitable induction argument, which forms the major part of Sec-
tion 4 and which represents the main contribution of this work. Furthermore, to
identify the limiting spectral distributions, we use tools from free probability the-
ory. Here it is worth emphasizing that for the matrices in Theorems [l and [ the
limiting spectral distributions may be described relatively explicitly. It seems that
comparable results are available only in a few special cases, see e.g. [I0], [21],
[22], [26]. Let us mention, however, the very recent work [B], [33], [[Z] which pro-
vides an algorithm for calculating the Brown measures of general polynomials in
free non-commutative random variables. This should yield many further examples
where the limiting spectral distributions may now be determined.
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364 H. Kosters and A. Tikhomirov

2. BACKGROUND

In this section we recall some well-known concepts and results from the liter-
ature which will be needed later.

2.1. Results from random matrix theory. The derivation of our results on
limiting eigenvalue distributions will be based on Girko’s Hermitization method
(see also [M]). Thus, we will first study the limiting eigenvalue distributions of the
Hermitian matrices

2.1 V, = { F(‘)* FO ] and W, :=F F,.
Note that if the singular values of F,, are given by s1, ..., s,, then the eigen-
values of V,, and W,, are given by +s1,...,+s, and s7,...,s2, respectively.

It is easy to see that knowledge of one of the distributions v(F,), u(V,), u(Wy,)
(or its convergence) implies knowledge of the other two (or their convergence).
More precisely, if S denotes the operator which associates with each distribution v
on (0, c0) its symmetrization on R*, and Q denotes the operator which associates
with each symmetric distribution £ on R* its induced distribution on (0, co) under
the mapping x — 2, the operators S and Q are one-to-one, and we have

2.2) #(Vn) = Sv(Fy) and  p(Wy) = Qu(Vy).
Furthermore, given a symmetric distribution py on R* such that
(2.3) Jlog™ [t] dpv (t) < oo,
we write Huv for the rotation-invariant distribution on C (if existent) such that

24) Uv(a):=—[log|z — a|d(Hpv)(z) = — [ log x| d(puv B B(a))(x)

for any a € C. Here, the function Uy () is the so-called logarithmic potential of
the measure Huvy, B(a) := %6_|a‘ + %5+‘a| denotes the Bernoulli distribution,
and H denotes free additive convolution. It follows from basic results in logarith-
mic potential theory that such a distribution Hpv, if it exists, is uniquely deter-
mined by (Z4), see e.g. [BZ], and also the comments at the end of Section D2

Girko’s Hermitization method (see also [I2]) now states that under appropriate
assumptions, the weak convergence of the eigenvalue distributions u(F,,) follows
from the weak convergence of the singular value distributions v(F,, — al,,) of the
shifted matrices F,, — o, for all o € C. We will only need the followmg special
case:

THEOREM 2.1 ([I8], Theorem 7.6). If the random matrices ¥, satisfy Con-
dition C in Section B below and there exists a non-random probability measure vg

on (0,00) such that for all « € C, Sv(F,, — al,) — (Svr) B B(«) weakly in
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Sums of products of non-Hermitian random matrices 365

probability, then u(F,,) — pg := H(Svr) weakly in probability. Moreover, with
the notation from [I8] and under regularity conditions, the measure pg has the
Lebesgue density

1 0 0
(2.5) f(u,v)—W<ua:f+v8f>,

where o = u + v and v is a continuous function on C* taking values in [0, 1] and
satisfying

@26 b(a)(1 (@) = —Jal(1 — (@)’ (sv( ~ (1 - v(@)))

Here, Sy denotes the S-transform of the symmetric probability measure v =
Svr (see [BU], [4], [IR]).

Furthermore, as the starting point for the proof of Theorem I3 (which will be
by induction on the number of factors and summands in (CR)), we will rely upon

the well-known Marchenko—Pastur theorem, which states that when F,, = Xg),

n € N, then u(W,,) — v weakly in probability, where

1 4 —
2.7 y(dzx) = o \/ T;E 10,4y (%) A(dzx)

is the Marchenko—Pastur distribution (with parameter one). Therefore, when F,, =
(XV)=1, n € N, we have u(W,,) — 7! weakly in probability, where 4~ is the
induced measure of  under the mapping x +— . We will call this measure the
inverse Marchenko—Pastur distribution. Finally, let us note that the S-transforms
of v and y~! are given by

(2.8) S,(z) =

o and S,-1(2) = —z,

respectively, see e.g. Section 8.1.1 in [IX].

2.2. Results from free probability theory. To describe the limiting singular
value distributions of the random matrices F,, in Theorem 3, we will use various
concepts and results from free probability theory. See e.g. [B8], [Z8] for a thorough
introduction to free probability theory, or Section 5 in [[I&] for a brief introduction
tailored to our purposes. In particular, we will use the free additive and multiplica-
tive convolutions B and X, the associated R and S transforms (also for probability
measures with unbounded support), and the asymptotic freeness of random matri-
ces. Furthermore, we will frequently use the following result:

PROPOSITION 2.1 (Asymptotic freeness). For each n € N, let A, and B,
be independent bi-unitary invariant random matrices of size n. X n such that

sup max {E(2 trace(AnA;;)k) E( trace(BnB;;)k) } < oo
neN
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366 H. Kosters and A. Tikhomirov

for all k € N, and suppose that there exist compactly supported (deterministic)
probability measures iaa~ and pupp= on (0,00) such that u(A,A}) — pLaA
and n(B,B}) — pupp+ weakly in probability. Then one has the following:

(a) The families {A,,, A} } and {B,,, B} } are asymptotically free, and

(A;,B,)(A.,B,)" — uaa+ X ugp+ in moments.

(b) For any k,l € N, the matrices (AE)*AL and Al,(AL)* are asymptoti-
cally free, and for any k € N,

ARARY = B8 L in moments.
(c) The matrices V,(Ay,) and V ,(B,,) are asymptotically free, and
Vi(An) + Vi(Br) — pva) B py () in moments.
(d) The matrices V,,(A,,) and J,,(«) are asymptotically free, and

Via(An) + Jn(a) — py(a) B B(a) in moments.

Here, V(A,,) and V (By,) are defined as in equation (I), jixy(a) and v (B)
denote the corresponding limiting distributions, and

(2.9) Jn(e) = [ —(E)In —%In ]

Parts (a) and (b) follow from the results in Section 4.3 in [23], part (d) is proved
in Section 5 in [[I8], and part (c) follows by similar arguments. Also, let us mention
that part (c) is already implicit in [B7].

REMARK 2.1. Observe that Proposition Il may be used to establish the weak
convergence of the mean singular value distributions of the matrices A,B,,, AF
and A, + B,. However, in most of the situations in which we will use Propo-
sition I later, this already implies the weak convergence in probability of the
singular value distributions of these matrices (see e.g. Section A.1 in [IR]).

It is worth mentioning that there is another description of the limiting density
f(u,v) in Theorem 211 due to Haagerup and Larsen [21] and Haagerup and Schultz
[22]. Actually, in these papers, the density f is shown to describe the Brown mea-
sure of a so-called R-diagonal element in a W*-probability space. Roughly speak-
ing, an R-diagonal element is a non-commutative random variable of the form uh,
where u is Haar unitary and h is a positive element *-free from w.

For our purposes, this description of the density f may be summarized as fol-
lows. In the situation of Theorem 1, let vg be the limiting singular value distri-
bution of the matrices F,, set uv = Svr and pw = Quv (which are the limiting
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Sums of products of non-Hermitian random matrices 367

eigenvalue distributions of the matrices V,, and W,, in (), respectively), and
suppose that pw is not a Dirac measure. Let Sw denote the S-transform of pvy,

and set
1

Vow(t—1)

Then F' is a smooth bijection from the interval (0, 1) to the interval

(a,b) := ((f:c_z dI/F(ZL’))ilm, (fx2 dVF($))1/2>

(where 1/00 := 0 and 1/0 := o00), and the limiting eigenvalue distribution pp =
Hpv of the matrices F,, has a rotation-invariant density f(r) given by

F(t) =

1
T o F (F‘l(r)) Lias)(7)

(2.10) flr)

(see [2T], Section 4, and [22], Section 4). Clearly, the connection to Theorem Tl
arises from the fact that ¢» = F~! on the interval (a, b). Moreover, equation (ZZ10)
shows that F'~1(r) = for 27s f(s) ds, which implies that pw, and hence v, is
uniquely determined by py. Thus, the mapping pv — ug is one-to-one.

Furthermore, it follows from the results in [2T], [22] that the measure H v
exists for any symmetric probability measure pyy on R* satisfying (Z3) and that
the operator H thus defined furnishes a one-to-one correspondence between the set
of these distributions on R* and a certain set H of rotation-invariant distributions
on C. Finally, it is easy to see that for any symmetric distribution p on R* satisfying
(3), we have

@.11) H(Deps) = DM (1)

for all ¢ > 0, where D, is the scaling operator which maps a probability measure
on R or C to its induced measure under the mapping = — czx.

2.3. Results on fB-stable distributions. Let us collect some results on H-stable
distributions which will be needed later. A distribution p on R is called (strictly)
H-stable if there exists a constant & > 0 such that =" = D, 1/ap for all m € N.
Here, D, is defined as in equation (ZZIl). We will often call the constant « the
stability index of p.

The (strictly) B-stable distributions have been investigated in [9], [R] and [2].
First of all, let us recall that for any E-stable distribution, « € |0, 2]. We will need
the following result, which is contained in Appendix A of [R] and in [&]:

PROPOSITION 2.2. Fix « € |0,2]. For a symmetric probability measure . on
R*, the following are equivalent:
(i) w is (strictly) EB-stable with stability index c.
(i) R,(z) = bz*"1, where b € C* with argb = —7 + ar/2.
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(i) Sy (2) = z1/=L/pl/ where b € C* with argb = —7 + ar/2.
Moreover, in this case, the constants b in parts (ii) and (iii) are the same.

Here, for the S-transform S,,(z), we make the convention that we take argu-
ments in |—, +7| to define powers of b and arguments in (—27, 0) to define pow-
ers of z. Then, with i the imaginary unit, we have S,,(z) € (0, 00)i for z € (—1,0),
in line with the convention in [IX].

Henceforward, we write os(«) for the (unique) symmetric H-stable distribu-
tion with parameters o € |0, 2] and b := e(~™+27/2)i Note that in the special cases
a = 2 and a = 1, we obtain the standard semicircle and Cauchy distribution, re-
spectively. Furthermore, let us recall from [R], Appendix A, that the distribution
os() has a continuous density f,, such that f,(z) = O(|z|7*1) as |z| — oo.
Thus, in particular, the distribution o («) satisfies condition (Z=3).

3. PROOF OF THEOREMS 1.1 AND 1.2

In this section, we prove Theorems I and 2 using Theorem and Re-
mark [T, respectively.

Proof of Theorem M. By Theorem I3, the limiting eigenvalue dis-
tributions of the matrices F,, := FS’) and F,, := m~(+1)/2 (Fg) 4+ 4+ FS”)) in
Theorem [Tl are given by

pe = H(Q 7 (v B (7))
and -
g = H<Dm7<z+1)/2 <Q71(’Y X (771)@)) >,
respectively, where D, is defined as in equation (Z_). To obtain the description

asserted in the theorem, we calculate the S-transform of Q! (y & (y~1)®!). Using
(ZR) and the relation Sy, &1, (2) = Sy, (2)Sy,(z), we find that

(—2)'
z+1

SW(Z) = S’y@(’yfl)ﬁl(z) =

b
and therefore

z+1 N R G Y
. Sw(z) = P .

Sv(z) = 5971(7@(771)&)(2) =
By Proposition D2, the corresponding distribution is Q~'(y X (7_1)@) =
0s(;27). the symmetric B-stable distribution of parameter ;2;. Thus, up =
H(O‘s (l%)) Also, using the defining property of a B5-stable distribution, we get

BHm Hm
Dm—(l+1)/2<<Q_1('Y|Z(7_1)&l)) ):Dm*(l+1)/2((gs(l+ll)) >:Us(l_%1)~
Thus, pug = H(aS (%)) as well, and the proof of Theorem [Tl is complete. m
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Sums of products of non-Hermitian random matrices 369

Proof of Theorem 2. By Theorem I3 and Remark [, the limiting
eigenvalue distributions of the matrices

F,=F" and F,:=m EV2ED 4  LFM)

n

in Theorem [ are given by
e =H(Q (YR (7R B (1)) )
and
pg = H(Dm_<z+1)/2 (Q_l(’y Xy HE K. K (fy_l)mk’))ﬁam),

respectively. But (7 "1)®0 K. K (77 1)®k = (y1)¥ 50 the assertion follows
in the same way as in the previous proof. m

REMARK 3.1. In principle, the density of the limiting distribution ug in The-
orems [ and L2 can be found by means of Theorem 7.6 in [1R]. In our situation,
it is easy to check that equation (Z28) reduces to

D) (1= (@) = |al? (1 - ()"

(Recall from Section that Sv(z) takes values in (0,00)i when z € (—1,0).)
Thus, since 1(«) is continuous with values in [0, 1] and () # 1 for a = 0 (see
Sections 6 and 7 in [IR]), we obtain, for | = 0,1,2, 3,

a2 o 2%
Vo) =1ATS i) = gy valn) = 1= e
3

and therefore

fo(r) :%1(0,1)(7"), fl(r):Ma
falr) = =
2 W\/mmzrum)
27 (v(r) +w(r))
fs(r) =

T4+ 272 (1 + v2(r) + wQ(r))?”

where we have set
o(r):=(2vV4+27r2 + %\/ﬁr)l/g and w(r)=(3v/4+27r2 — %\/ﬁr)l/?)

for abbreviation. m
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370 H. Kosters and A. Tikhomirov

REMARK 3.2. It seems natural to ask whether there exist further examples of

random matrices F%O) such that for any m € N, F%O) and Fg) + ...+ Fﬁ{”) have
the same limiting eigenvalue distributions after appropriate rescaling. However,
it turns out that within the class of products of independent Girko—Ginibre matri-
ces and their inverses, there exist no further examples beyond those mentioned in
Theorem [, apart from possible permutations of the exponents +£1. Indeed, sup-

pose that F%O) is a product of p factors Yff) and q factors (Yﬁf"))—l (all of them
independent, and in arbitrary order), and let V,, and W, be defined as in (Z).
Then, arguing as in the proof of Theorem [L1l, we find that the corresponding S-
transforms Sw and Sv are given by
_(—2)e i (a—1)/2
SW(Z) — (1 + Z*)p and SV(Z) - (1 + Z)(p_l)/27

respectively, and by Proposition 02, the latter is the S-transform of a symmetric
H-stable distribution if and only if p = 1 and q € Ng. Now use the observation
that, by equation (1), if u™™ is not a rescaled version of i, then H(u™™) is not
a rescaled version of H(). =

REMARK 3.3. The limiting eigenvalue distribution in Theorems L1l and T2
may be interpreted as a stable distribution with respect to an appropriately defined
convolution ®. To define this convolution, suppose that py and po are two prob-
ability measures which belong to the class H introduced above equation (ZZI1)
and that A, and B,, are independent bi-unitary invariant random matrices with
limiting eigenvalue distributions py and o, respectively. Also, suppose that these
matrices satisfy the assumptions of Theorem 1. Then, if vy and U, are the limiting
symmetrized singular value distributions of A, and B,,, we have py = H(v1) and
wa = H(v2) by Theorem 1. Furthermore, suppose that the matrix sums A, + B,
have the limiting symmetrized singular value distribution vy BB vy (which seems
natural in view of Proposition 1) and that they also satisfy the assumptions of
Theorem 1. Then, again by Theorem U1, the associated limiting eigenvalue dis-
tribution is given by H(vy B ). This motivates the following definition:

DEFINITION 3.1. Given two probability measures w1 and po of class H, set
pn @ prg = H(H ™ () BH™ (n2)).

This convolution ® may also be interpreted in terms of free probability. Indeed,
given 1 and s in H, pick R-diagonal elements x1 and x5 (in some W*-proba-
bility space) such that the Brown measure of x1 is 11, the Brown measure of x3 is
W2, and x1 and xo are x-free. Then py @ po is the Brown measure of x1 + T3, as
follows from the results in [21] and [272].

It is now natural to introduce the concept of a (strictly) @-stable distribution:
A probability measure i of class H is called (strictly) @-stable if there exists a con-
stant o > 0 such that p®™ = D, 1/apu for all m € N. Then, by equation (1), ¥
is B-stable if and only if H(V) is ®-stable. Therefore, the ®-stable distributions in
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H are in one-to-one correspondence with the symmetric B-stable distributions on
R* and the limiting spectral distributions occurring in Theorems [T and T2 are
special examples of this type. m

4. PROOF OF THEOREM 1.3

4.1. Overview. In this section we prove Theorem 3 using the general frame-
work from [IX]. In Subsection B2, we summarize the technical conditions and
the main universality results from [I8] to make the presentation reasonably self-
contained. Subsections B34 prepare for the proof of Theorem 3 by verifying
the technical conditions from [I8]. Subsection E- contains the core of the proof
of Theorem 3, and Subsection BE71 describes the necessary modifications for Re-
mark [Tl. Some auxiliary results from the literature are collected in Subsection E-8.

4.2. General framework. A major step in [IR] is to prove the universality
of the limiting singular value and eigenvalue distributions, i.e. to show that these
distributions (if existent) do not depend on the distributions of the matrix entries,
apart from a few moment conditions as in (IC2)—(I4). To state this more precisely,
we need two sets of random matrices.

To this end, it seems convenient to regard F,, in (LX) as a matrix function
(by slight abuse of notation) and to write

4.1) Fo(ZM, ... Z(m)) i ﬁ(z%q—l)””)&,
q=1 r=1

where m,l € Nand ¢y,...,e; € {—1,+1} are the same as in (I8), and z$?) =
(Z](.Z)) jk=1,..n is @ matrix in the indeterminates Z;Z)
may write F,,(X) := F (X(l) . Xﬁ{”l)) for the random matrices built from the
l
random matrices X9 := (\}Xj(k)>j,k:1,...,n’ and F,,(Y) ::Fn(YS), .. ,Y;m ))
for the corresponding random matrices built from the Gaussian random matrices

,q=1,...,ml. Then, we

YW = (ﬁYj(g))j 1 - Wealways assume that the families (XJ(Z))j,k,qEN and
(}/}(kq) )j.k.qeN are defined on the same probability space and independent. When the

W x

choice of the matrices X, is clear from the context, we also write F',

instead of F,,(X).

REMARK 4.1. More generally, using the arguments from this section, we
might deal with matrix functions of the form

Fn(zgwl)vz(Qn)v n) = Z l_q[ lqr 5q7

where m, 1y, ...,y € N, g4, € {+1, =1}, the indices i, € N are pairwise diffe-
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rent, and all parameters do not depend on n. That is to say, the numbers and the
types of the factors in the m summands need not be the same.

In our investigation of the limiting spectral distributions of the matrices F,,,
we will also consider the shifted matrices F, — al,,, with « € C, the regularized
matrices F,, ¢, with t > 0, and their combinations F,, ; — al,,. Here, the regularized
matrices F,, ; arise from the regularized matrix functions

m ]
4.2) Fo(ZV, ... Zm)) .= Y 1‘[1 —Dim)yer
g=1r=

where (Z,,)§ := Zy, for ¢ = +1 and (Z,,)§ := (Z} %, + t1,)"'Z} for ¢ = —1.
Note that, by definition, the regularization has no effect when ¢ = +1 and that
limg|o(Z,); b = (Z,)~! when Z,, is invertible.

Furthermore, fix a sequence (7, ),ecn of positive real numbers such that 7,, — 0
and 7,,4/n — 00, and for 0 < ¢ < /2, set
+(sin ) Y(q) 1

ZW(p):=(cos ) X1 (j: k,q€N),

{1X9 1< v/} {70 |<mvn}

Z(0):= (= 20(0)) 4. @EN), Fa(0):=Fn(Z(p), ..., 20" ().

Note that the matrices Zﬁﬁ) () provide an interpolation between truncated versions
of the matrices X'? (for ¢ = 0) and Y9 (for o =7/2).

With this notation, we have to check the following Conditions A, B and C.

CONDITION A. For F,, = F,,(X) and F,, = F,,(Y), the matrices F,, satisfy
the following condition:

For each a € C and z € C*, we have limy_o lim sup,,_, o, |$n.t(2) — sn(2)|=0
in probability, where s, (z) and s, +(z) are the Stieltjes transforms of the Hermitian
matrices (F,, — ol,,)(F,, — ol,)* and (F,; — al,,)(Fy: — al,,)*, respectively.

CONDITION B. Foreacht > 0, a € C, z € CT, we have

SUp Sup max HE{Dg ‘XJ(Z),Y](,;] }Hoo < A < o0,
pEel0;m/2] 4,3,k

where the maximum is over all partial derivatives D of orders zero, one and two in

the matrix entries Re Z (k) and Im Z (k) gj( k)(gp) may be either

(9) _ 9 C) -1
gj,k;(‘P) = (3Re Z(Z) trace (Vn,t(aa ©) ZIZn) )’ ]_k) ;Z)

or

@) — 9 . -1
9ik(¥) = <(91mZ(Z) trace (Vi ¢(as ) — 2Xan) )‘Z;'Z)—"’Z;ZV
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the V,, +(a; ¢) are the Hermitizations of the matrices F',,(¢), but with F, replaced

by F,,; — al,, and 0 (the rescaling parameter in the substitution Z](.qk) — QZJ(.(Q)
is a random variable which is uniformly distributed on [0, 1] and independent of

everything else.

ConDITION C. For F), = F,,(X) and F,, = F,,(Y), the matrices F,, satisfy
the following conditions:

(CO) There exists some p > 0 such that 2 57" | s?(F,,) is bounded in proba-
bility as n — oo.

(C1) For any fixed o € C, there exists some () > 0 such that

lim P(s,(F, —al,) <n %) =0.
n—oo
(C2) For any fixed o € C, there exists some 0 < v < 1 such that for any
sequence (0y, )nen With 6, — 0,

lim P(2 Y |logs;(F, —al,)|>¢) =0 foralle >0,

n—oo .
n1<J<n2

where n; = [n — nd,] + 1 and ng = [n — n7].

REMARK 4.2 (Condition Cgmpie). It will be convenient to consider Condi-
tion C for more general random matrices ¥y, (with ¥,, of dimension n x n) than
in (CR). If a sequence of random matrices ¥, satisfies Conditions (C0), (C1) and
(C2), we say that the matrices ¥, satisfy Condition C. Also, if a sequence of ran-
dom matrices ¥, satisfies Condition (CO) as well as Conditions (C1) and (C2) with
a = 0, we say that the matrices F, satisfy Condition Cgjpple.

The following universality result is implicitly contained in [IR]:

THEOREM 4.1 (Universality of singular value and eigenvalue distributions).
Let F,,(X), F,,(Y) be defined as above, and let v, (X), v, (Y) and i, (X), pin (Y)
denote the associated singular value and eigenvalue distributions, respectively.

(a) If Conditions A and B hold, v,(X) — v,(Y) — 0 weakly in probability.

(b) If Conditions A, B and C hold, j1,(X)— pun(Y) — 0 weakly in probability.

Proof. (a)Seta:=0.ForZ=Xand Z =, let m,(z;Z) and s,,(2; Z)
denote the Stieltjes transforms of the Hermitian matrices

_[ 0 F.2 _ :
and let my, +(2;Z) and s, (2;Z) denote the corresponding Stieltjes transforms
when F,(Z) is replaced with F',, ;(Z). Fix t > 0. By Condition B and Theorem 3.2
in [I8], we have, for each z € CT, my, 4(2; X) — my1(2;Y) — 0 in probability,
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and therefore s, ¢(z; X) — sp,+(2;Y) — 0 in probability. (Note that the Lindeberg
condition in [I¥] holds by our assumption (I4), while the rank condition in [I¥]
follows from basic inequalities for the rank of matrix sums and matrix products.) It
therefore follows from Condition A that, for each z € C*, s,,(2; X)—s,,(2;Y) —0
in probability, which implies the claim.

(b) By the same argument as in (a), the conclusion of (a) holds not only for
the singular value distributions of the matrices F',,, but also for the singular value
distributions of the shifted matrices F',, — al,, for any fixed o € C. Thus, the claim
follows from Condition C and Remark 4.2 in [I8]. =

REMARK 4.3. As follows from the proof, if one is only interested in the lim-
iting singular value distributions of the matrices ¥, it suffices to assume that
Conditions A and B hold with o = 0.

We will use Theorem Bl to establish Theorem 3. This requires verifying
Conditions A, B and C, of course. For this purpose, we provide some auxiliary
results in the next three subsections.

4.3. On Condition A. Let F,, = F,,(X) be defined as in (I8). To obtain a

matrix function which is smooth in the matrix entries (as needed for Condition B),
we replace all inverses (X%q))_1 with regularized inverses (X%q)); 1. We do this
in a step-by-step fashion. Hence, fix ¢ > 0, fix an index @) such that e = —1,
and for all the other indices ¢ with ¢, = —1, fix a choice between (X£{1>)—1 and

(X%’)); 1. Then it suffices to consider random matrices of the form

(43) Fn = An(Xn)_an + Cn7

where X,, = X%Q) (we omit the index () for simplicity) and A,, B,, and C,

depend only on the matrices Xﬁﬁ) with ¢ # Q.
Fix o € C, and for 0 < u < t, let

(44) Fo.:=A,(X,),'B,+C, = A, (XEX, +u) ' XEB, + C,
and
4.5) Spu(z) = %traee ((Fn,u —ol,)(Fpy —aly)" — zIn)_l.

Note that F',, o coincides with F,, if X, is invertible. Then, by way of induction, it
will suffice to prove the following lemma:

LEMMA 4.1. ForeachneN, let X, = (ﬁxjk)j’ ket be as in (CH~(TA).
Furthermore, for each n € N, let A, B,, and C,, be random matrices of dimen-
sion n X n such that the singular value distributions of the random matrices B,
and C,, converge weakly in probability to (non-random) probability measures on
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(0,00) and [0, 00), respectively, and let ¥, ,, and s,,,,(%) be defined as in (B2)
and (B3). Then, for any z = u + iv € CT, we have

(4.6) lim lim sup |$p ¢(2) — sn0(2)| = 0 in probability.
t—0 N0 ) )

REMARK 4.4. Let us emphasize that although the matrices A.,,, B,,, C,, and
X, in the decomposition (B3) are independent, this is not required in Lemma Bl

REMARK 4.5. Lemma 8.16 in [[IR] contains a similar result for the case
C,, = 0, although under additional assumptions and with a proof which does not
seem to extend to the case C,, # 0. The main difference in the proof of Lemma Bl
(as compared to that of Lemma 8.16 in [I8]) is that we control the auxiliary modifi-
cations of the matrices B,, and C,, via the matrix rank, and not via the resolvent.

REMARK 4.6. Let us illustrate the way Lemma Bl will be used later. Consider
an l-fold product F,(X) = (Xg))61 . (Xg))sl, where 1, ..., € {—1,+1},
and suppose by way of induction that we have weak convergence for any matrix
product with less than | factors, possibly regularized. Then, setting ¥, 4, . 4 =

(XM (Xt and

-1
Sp(t1,y ...t 2) = %trace ((Fn,tl,...,tl —aoly)(Fpgy,.. 1, —oly) — zIn)

and writing ty, := (t,...,t,0,...,0) for the vector consisting of k t’s and | — k
0’s, we have the estimate

!
4.7 |8n.t(2) = sn0(2)] < D |8n(tr; 2) — sn(tr—1;2)].
k=1

Now, for each k =1, ..., the kth summand on the right-hand side in (EZ1) satis-
fies (BR), either trivially (when ¢, = +1) or by Lemma Bl (when ¢, = —1). Thus,
the left-hand side in (BEZD) satisfies (B8) as well, and Condition A is proved for
the l-fold product F,,(X).

Proof of Lemma B For the sake of simplicity, we consider only the
case a = 0 here, the extension to the case o # 0 being straightforward. We have
to show that for any given ¢ > 0 and § > 0,

(4.8) lim sup lim sup P(|sp.¢(2) — sn,0(2)] > €) < .
t—0 n— 00
Hence, fix ¢ > 0 and § > 0. As in the proof of Lemma 8.16 in [I8], we introduce
auxiliary modifications of the matrices B,, and C,, before we regularize the inverse
matrices X, 1.
For an n x n matrix M, let s;(M) > ... > s,(M) denote the singular values.
Since the singular value distributions of B,, and C,, converge weakly in probability
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to (non-random) probability measures on (0, c0) and [0, 00), respectively, we may
find K > 1 and N € N such that for n > N, we have

12 eV 12 v )
Pl — 1 - > — — 1 > — | < -
<n kgl {sx(Bn)<K~Lorsy(By)>K} > 5y Of nk; (5(Cn)>K} 24> 5

Then, the modifications ]§n and én are defined as follows. For the matrix C,,,
take the singular value decomposition C,, = UAV™, let A be the diagonal matrix
obtained from A by replacing the diagonal elements Ay with Akk = A NK,
and set C,, := UAV*. For the matrix B,,, take the singular value decomposition
B, = UAV*, let A be the diagonal matrix obtained from A by replacing the
diagonal elements Ay with App = (Apr A K)V K1, and set B, := UAV*,
Then we have

49) IBull < K, IB;Y <K, [Cull <K,
and for n > N, with a probability of at least 1 — §/2, we also have

(4.10) i rank(B, — B,) < ev/24, L rank(C,, — Cn) < ev/24.
Furthermore, let f‘nu and 5, ,(z) be defined as in (24) and (B3), but with B,
and C,, replaced by B,, and C,,. It then follows from (BEI0) that for n > N, with
a probability of at least 1 — §/2, we have

L rank(F,,  Fp, — FnuF5,) < €v/6,
and therefore, by the rank inequality (compare e.g. [§], Lemma 6.9),
|$nu(2) — Snu(2)] < e/3.
Thus, we have reduced the proof of (B=R) to showing that

4.11) lim lim sup | Sy, +(2) — $,,0(2)| = 0 in probability.
=0 p—oo
Since we only deal with the modified matrices for the rest of the proof, we omit
the tildes and write B,,, C,,, F,, ,, and s,, ,,(2) instead of B,,, C,,, F,, ,, and s, . (2),
respectively. Moreover, for brevity, we usually omit the index n.

To establish (EIT), we may proceed as in the proof of Lemma 8.16 in [IX].
Setting R,, := (F,F — 2I)71, 0 < u < ¢, we have the estimates

Rl <o FIRGF <1+ 2o,

1/2

(4.12)
IRFL < (0 A+ [2l0h)) "7, IFsRuI< (v (1 +|2lv7))

1/2
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as well as the representation

L dR, L d(F,F)
4.13 R; —Ro = du = — [ Ry, — "R, du.
( ) t 0 { du “ { du “

Thus, it is straightforward to check that

|1 trace(R; — Ro)| < [ |2 trace (R, F, B~ (XX*+ul) " 'BF;R,)|du

O\:ﬂ-

_l_
3=

trace (R,CB ™ (XX*+ul) 'BF;R.,)|du

S|=

trace (R, F,B*(XX*+ul) "' (B*) 'F;R,)|du

_l’_

_l_
O%w O%H— O%H—

S=

trace (R, F,B*(XX* +ul)~! (B*)AC*RU) ’du.

Using the inequality [trace(IM;MaM3)| < ||[M;]|||M3]|| trace(Mz2) (which holds
for any n x n matrices M1, M, M3 such that M is positive definite) as well as
(E9) and (E12), we therefore obtain

—

t
“4.14) ‘%trace(Rt - R0)| < C’(}'{7 Z) f % trace(XX* + uI)_l du,
0

where C'(K, z) is some constant depending only on K and z. Thus, it remains
to show that

t
(4.15) lim lim sup [ % trace(X, X}, + ul,) " du = 0 in probability.

- n—oo ()
But this follows from the fact that the random matrices X,, satisfy Condition C;
see the proof of Lemma 8.14 in [I¥] for details. =

4.4. On Condition B. Here we have the following result:

LEMMA 4.2. With ¥, defined as in equation (IR), Condition B holds.

The proof follows from similar estimates to those in Section 8.1 in [I8]. Since
the required modifications are relatively straightforward, we omit the details.

4.5. On Condition C. Here we provide a number of lemmas which will be
helpful in verifying Conditions C and Cgjpple. Recall that Condition Cgjpyple Was
introduced in Remark B2,

LEMMA 4.3. For eachn € N, let F,, and G, be random matrices of dimen-
sion n X n. If the matrices ¥,, and G, satisfy Condition Cgnple, then the ma-
trix products F,, G, also satisfy Condition Cgipple.
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Since this result follows from similar arguments to those in the proof of The-
orem 8.22 in [[I¥] or to those for Lemma B8 below, we omit the proof.

LEMMA 4.4. For each n € N, let X,, = (%Xjk) o be as in the as-
n 7,k=1,...,n
sumptions (LN)—(4). Then the matrices X,, and X, L satisfy Condition C.

For the matrices X,,, Condition C is checked in [20] (in fact, it follows from
the relation E||X|2 = n and from Lemmas &9 and Z10), and for the matrices
X1, Condition C follows from the arguments given in the proof of Theorem 8.22

n [IR]. We therefore omit the details.

REMARK 4.7. A careful analysis of the proof of Theorem 8.22 in [[IR] shows

that if the matrices Gy, satisfy Condition Cginple, then the inverse matrices G, 1
satisfy Conditions (C1) and (C2) with o = 0.

LEMMA 4.5. Let F,, = (X))o (X)) where 1 € N, 4q,...,5; € N
(not necessarily different), and 1, . ..,&; € {—1,+1} are fixed. Then F,, satisfies
Condition Cgiyple.

Proof. By LemmaBd4, the claim is true (even with the stronger Condition C)
for [ = 1. By Lemma B3 and induction, the claim remains true for/ > 1. =

LEMMA 4.6. For eachn € N, let X,, = (ﬁXjk)j’k:me be as in the as-
sumptions (CI)—(IC4A). Furthermore, for eachn € N, let A,,, B,, and C,, be ran-
dom matrices of dimension n X n such that A.,,, B,,, C,, and X,, are independent.

(a) If the matrices A, and B,, satisfy Condition Cgmple and the matrices C,
satisfy Condition (CO), then the matrices A, X, B,, + C,, satisfy Condition C.

(b) If the matrices A, and B, satisfy Condition Cgimple and the matrices C,,
satisfy Condition C or C,, = 0 for all n € N, then the matrices AnXT_Lan + C,

satisfy Condition C.

Proof. To shorten the notation, we omit the index n throughout this proof.
First of all, let us note that if a sequence of random matrices G,, (with G,, of
dimension n x n) satisfies Condition (CO), there exists some Lg > 0 such that

(4.16) lim P(||Gy|| > n*¢) = 0.

In fact, if p > 0 is such that  >")'_| sP(G,,) is bounded in probability as n — oo
and € > 0 is arbitrary, it follows that

limsup P(s1(Gp) > n(1+5)/p) <limsupP(2 Y s8(Gy) > n®) =0,

n—00 n—o00 k=1

so that the assertion holds for any Lg > 1/p.
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(a) Condition (CO) follows from Lemmas BER and B4, Holder’s inequality,
and the fact that the matrices A, B, C and X satisfy Condition (C0). To prove
Conditions (C1) and (C2), we use the factorization

AXB+C-ol=A(X+A'(C-aol)B™")B.

Then it remains to check that for each of the three factors IM,, on the right-hand
side, we have, for some () > 0,

P(sn(M,) < n_Q) =o0(1) and 2 > log”s;(M,)=op(l).

n1<NLne

For A and B, this is true by assumption. For X + A~!(C — aI)B~1, this follows
from Lemmas B9 and BT0. More precisely, if the matrices A and B satisfy Con-
dition (C1) with o = 0 and ) > 0, and the matrices C satisfy (I8) with L¢ > 0,
we have P(s1(A71(C — oI)B™!) > 2p2@+Ec) — 0 by Lemma 2. Thus, we
may use Lemmas B9 and BET0 conditionally on A, B, C, and on the set of prob-
ability 1 4 o(1) where s1(A~1(C — oI)B™!) < 2n%@tlc,

(b) We consider only the case that the matrices C satisfy Condition C, leaving
the simpler case C = 0 to the reader. By reasoning as above, we see that Condition
(CO) follows from Lemmas B and B71, Holder’s inequality, and the fact that the
matrices A, B, C and X! satisfy Condition (C0). To prove Conditions (C1) and
(C2), we use the factorization

AXT'B+C—-al=AX"!(B(C—-al) 'A+X)A'(C - ol).

Then it remains to check that for each of the five factors M,, on the right-hand
side, we have, for some () > 0,

P(sp(M,) <n %) =o0(1) and 1 > log~s;(M,)=op(1).

n1<nNng

But this is true (i) by assumption, (ii) by Lemma B4, (iii) by Lemmas B9 and BET0
(applied conditionally on A, B, C), (iv) by Remark 4.7, and (v) again by assump-
tion. m

4.6. Proof of Theorem 1.3. After the preparations above, we may turn to the
proof of Theorem [3. Given a sequence of random matrices (G, )necn, We write
v(G,,) for the singular value distributions, u(G,G}) for the squared singular
value distributions, Sv(G,,) for the symmetrized singular value distributions, and
va, aa+ and Svg for the corresponding weak limits in probability (if existent).
Furthermore, for ¢ > 0, let fy;r b= vt :=~, and let Ve ! be the induced measure
of v under the mapping = +— (x + t)~!z(z + t)~L. These notions are motivated
by our regularization procedure in equation (E2).
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Let us start with the singular value distributions. We will first use induction
on [ to prove the claim for the case m = 1 and then use induction on m to prove
the claim for the case m > 1. More precisely, we will show the following:

The matrices F,,(X) from () satisfy Conditions A and B, and for any
t > 0, the singular value distributions of the matrices F,, ;(X) converge
weakly in probability to the probability measure 4 on (0, c0) with sym-

metrization Sv; = (Q_l(%fl X...X %El))EEm-

4.17)

Indeed, by Condition A, we may then let ¢ — 0 get the limiting singular value
distribution of the matrices F,,(X). Note that Condition B has already been estab-
lished in Lemma B, so that it remains to check Condition A as well as the claim
about the limiting distribution.

Products of independent random matrices. For F,(X) = X,,, Condition A
holds trivially, and for F,,(X) = X!, Condition A holds by Lemma &1.. Further-
more, the Marchenko—Pastur theorem implies that, forany ¢t > Oande € {—1,+1},
we have 11 (X5, (XS ;)*) — 5. Thus, (BEI3D) is true for [ = 1.

Now let [ > 1, let F,, be an [-fold product of independent random matri-
ces, and suppose that (E17) holds for any product G,, with less than [ factors.
It then follows from Lemma BT that the matrices F,,(X) satisfy Condition A;
see Remark B4 for details. Now consider the particular decomposition F,,(X) =
X: Gy (X), where ¢ = +1 ore = —1 and X, and G,,(X) are independent. Then,
for any ¢ > 0, the matrices Y7, ; and G, +(Y) are independent bi-unitary invariant
matrices with

(Y5 (Y5 )) =i and  p(Gni(Y)G; (YY) = tamacr

by the inductive hypothesis in the latter case. Therefore, by asymptotic freeness
(see Proposition Tl (a)),

1(Fn (), ((Y)) = % R ugwa:-

Thus, by Theorem Bl (a), (EI7) holds for the matrices F,,(X) as well.
Hence, by induction on [, we come to the conclusion that (B-T2) holds for any
product of independent matrices (i.e. for the case m = 1).

Sums of products of independent random matrices. We have just proved (B-11)
for m = 1. Now let m > 1, let F,, be an m-fold sum of products of independent
random matrices, and suppose that (BI7) holds for any such sum C,, with less
than m summands. It then follows by Lemma Bl and a similar argument to that in
Remark B4 that the matrices F,,(X) satisfy Condition A. Now consider the par-
ticular decomposition F,,(X) = G,,(X) + C,(X), where G,,(X) is a product,
C,(X) is an (m — 1)-fold sum of products, and G, (X) and C,(X) are inde-
pendent. Then, for any ¢ > 0, the matrices G, (Y ) and C,, ;(Y) are independent
bi-unitary invariant matrices with

SI/(Gmt(Y)) — SVG(t) and SI/(Cnyt(Y)) — SVC(t)

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



Sums of products of non-Hermitian random matrices 381

by the result for the case m = 1 and the inductive hypothesis, respectively. There-
fore, by asymptotic freeness (see Proposition P11 (c)),

Sl/(Fn’t(Y)) — SVC(t) H SVG(t)'

Thus, by Theorem Bl (a), (EI7) holds for the matrices F,,(X) as well.

Hence, by induction on m, we come to the conclusion that (E17) holds for
any sum of products of independent matrices (i.e. for the case m > 1).

Let us now consider the eigenvalue distributions. To begin with, by Lemma B,
we may check by induction on m that the matrices F,, (X) satisfy Condition C, too.
Therefore, we may use Theorem Bl (b), and it remains to determine the limiting
eigenvalue distributions in the Gaussian case, i.e. for the matrices F,,(Y). Here,
it follows by asymptotic freeness (see Proposition Z11(d)) that Sv (Fn,t (Y) — aIn)
— Svp o = (Sry) B B(«), with B(«) as in Theorem 1. Letting t — 0 and using
Condition A, it further follows that Sv(F,,(Y) — al,,) — Sv, := (Sv) B B(a),
where v is the probability measure described in the theorem. Now apply Theo-
rem 0. =

4.7. Proof of Remark 1.1. A slight variation of the preceding arguments shows
that Conditions A, B and C continue to hold for random matrices F,, of the form
(CI0), provided that the extra condition (II) holds:

Condition A. Here we can regularize the matrices (X !)! by means of

((Xn); 1)l (i.e. each factor in the power is regularized individually) and invoke
Lemma BT, For this, it is important that the matrices A,,, B,, and C,, in Lemma B
need not be independent of X,,; see Remark B4,

Condition B. Here we may extend Lemma B2 to products of powers of
independent Girko—Ginibre matrices, using similar arguments to those in Sections
8.1.3 and 8.1.4 in [IX].

Condition C. Under the extra condition (IIT), it follows from Lemma E-&
(applied with X = Xy and by induction on m that the matrices F, satisfy Con-
dition C. (Unfortunately, without the extra condition (1), Lemma B does not
allow us to draw this conclusion in general, even though we would expect that
Condition C continues to hold in this case.)

Now, the proof of Remark [T is quite similar to that of Theorem 3, which is
why we omit the details. m

4.8. Auxiliary results. In this subsection we collect several auxiliary results
from the literature which we have used to verify Condition C. Let A and B be
n x n matrices, and recall that s;(M) > ... > s, (M) denote the singular values
of the n X n matrix M.

LEMMA 4.7 ([24], Theorem 3.3.14). Forallp > Oandallk =1,...,n, we
k
have Z | (s;(AB))” <D (sj(A)s;(B))".
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LEMMA 4. 8 ([)4 Theorem3 3.16). Forall p>0, we have ZJ 15 P(A+B)

< Cp( ZJ 1 ] )+ Zj 1 j ) where Cy, is a constant depending only on p.
Since sj(M_l) = s 1. (M), j=1,...,n, it is clear that similar results

n—j+1
hold for the smallest singular values.

LEMMA 4.9 ([20], Section 5). Suppose that the conditions (LT)—(IC4) hold.
Then, for any fixed K > 0 and L > 0, there exist positive constants A and B such
that for any non-random matrices M,, with | M, ||z < Kn’, we have

]P’(sn(Xn -M,) < n_A) <n B.

LEMMA 4.10 ([20], Section 5). Suppose that the conditions (ILI)—(IC4A) hold.
Then, for any fixed K > 0 and L > 0, there exists a constant 0 < v < 1 such
that for any non-random matrices M,, with |M,,||o < Kn" and for any sequence
6n, — 0, we have

nll_%lo % > log” sj(X,, —M,,) = 0 almost surely,

n1<I<n2
where ny = [n — ndy] + 1 and ny = [n —n"].

Acknowledgments. We thank an anonymous referee for careful reading.
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Abstract. We construct a dependence structure for binomial, Poisson
and Gaussian random vectors, based on partially ordered binary trees and
sums of independent random variables. Using this construction, we char-
acterize the supermodular ordering of such random vectors via the compo-
nentwise ordering of their covariance matrices. For this, we apply Mobius
inversion techniques on partially ordered trees, which allow us to connect
the Lévy measures of Poisson random vectors on the discrete d-dimensional
hypercube to their covariance matrices.
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1. INTRODUCTION

A d-dimensional random vector X = (X,...,Xy) is said to be dominated
by another random vector Y = (Y7,...,Yy) in the supermodular order, and one
writes X <gp Y, if

E[0(X)] < E[®(Y)]

for all integrable supermodular functions, i.e., for all functions ® : R% — R such
that
O(z) + P(y) < P(xAy)+P(zVy), x,y€eRY

where the maximum V and the minimum A are defined with respect to the com-
ponentwise order of z,y € R?. The supermodular stochastic ordering is used in
particular to capture a preference for greater interdependence in economic vari-
ables. In other words, we have X <gn, Y if the (positive) dependence among the

* This research was supported by Singapore MOE Tier 1 Grant MOE2015-T1-2-130
RG122/15. We thank two anonymous referees for useful suggestions.
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components of Y is greater than the (positive) dependence among the components
of X. See, for example, [] and [3] for applications of supermodular ordering in
insurance, and [9] for applications to portfolio risk management, cf. also [8] and
references therein for applications in economics.

In the case where X and Y are multivariate Gaussian vectors, the supermodu-
lar ordering of X and Y has been characterized by the componentwise ordering of
their covariance matrices in [I{]. Sufficient conditions for the supermodular order-
ing of general random vectors have been given in [2] for general random vectors,
including Poisson and gamma vectors, cf. Section 4.2 therein. We note that our
recursive update of Bernoulli random vectors in (B8) below consists in an imple-
mentation on binary trees of the formulas in Section 4.2 of [4] for Poisson and
gamma vectors.

In this paper, we construct a tree-based covariance structure for binomial and
Poisson random vectors, under which the supermodular ordering can be charac-
terized by the ordering of covariance matrices, cf. Theorems Bl and B This
approach uses Mobius inversion techniques which allow us to connect partially or-
dered binary trees on the discrete unit hypercube {0, 1} to supermodular ordering.
We also show the necessity of dependence structure of this type in Counterexam-
ple 4.1. Other types of tree-based dependence structures in the setting of Bernoulli
random vectors have been developed in [5] and references therein.

We proceed as follows. In Section I we construct a general dependence struc-
ture based on independent variables arranged according to a binary tree on the
vertices of the d-dimensional hypercube. In Section B we describe the Mobius in-
version that allows one to recover the parameters of individual random variables
from the covariance matrix of the considered random vector. In Section B we deal
with the case of Poisson random vectors via the use of Lévy measures on the ver-
tices of the discrete unit hypercube {0, 1}¢, cf. Theorem E-T. In Section B we apply
this dependence structure to the characterization of the binomial supermodular or-
dering via the componentwise ordering of covariances, cf. Theorem Bl This result
naturally extends to the supermodular ordering of sums of binomial, multivariate
Gaussian and Poisson random vectors.

2. TREE-BASED CORRELATION STRUCTURES

In this section we introduce the general dependence structure used in this pa-
per. Let (ey, . . ., eq) denote the canonical basis of R?, and let

Cy:=1{0,1}" = {2 = (21,...,2q) : 2, €{0,1},i=1,...,d}

denote the discrete set of vertices of the d-dimensional unit hypercube.
Every z = (z1,...,7q) € {0,1}%is identified with its index set

Spe={ie{l,....d} : z; =1},
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and we endow C,; = {0, 1} with the partial inclusion ordering of index sets, i.e.,
we write

r=y whenO0<z; <y;<1,i=1,...,d,
and z < y when z = y and = # y; we also let = \ {a} denote (2;1(j+a})i=1,..d
for z € Cy.

2.1. Random vectors. Given (X ;)i<i<j<d @ family of independent random
variables and (ej, ;) 1<k<i<d C Cq Witheg , = eg, k = 1,...,d, we define the ran-
dom vector X = (X1,...,Xg) by

Xi = Z XkJ, Z:L,d
1<k<I<d

e;Reg,

In other words, we have

d d
(21) X = Z eiXi = Z €; Z Xk,l
i=1 i=1  1<k<I<d
€; 3¢k,
= > X Y e= Y  Xper,
1<k<I<d 1<i<d 1<k<iI<d
e; e,

which implies
EX;)= > EXi), i=1,...,d,

1<k<LI<d
e;3epq

and

(2.2) Cov(X;, X;) = > oh, 1<i<j<d,
1<k<LIL<d

e; ek 1,ej€k |

where a,%’l = Var[ X, 1 <k<I<d

EXAMPLE 2.1. If we take d = 5, the subset (ex;)1<k<i<5 of Cs given by

€12 = (1) 17070’ 1)7
€1,3 = (17 17 17 Oa 1)7
6174 = (1,0,0, 1,0),
6175 = (1,0,0,0, 1),
€23 = (O’ 17 170’ O)v
€24 = (07 1707 1’ 0)7
6275 (0, 1,0,0, 1),
6374 = (0, 1, 1, 1, 0),
€35 = (0) 17 17 O’ 1)7
6475 = (1,0,0, 1, 1)
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corresponds, under (Z1), to the random vector

X1 =X11 +X12 +X13 +X14 +X15 +X45
Xo=Xo2+X12+X13 +Xo3 +Xo4 +Xo5 +X34 +X35

(2.3) {X3=X33 +X13 +Xo3 +X34+X35
Xy =Xy4 +X14 +Xo4 +X34 +X45
X5 = X555 +X12 +X13 +X15 +Xo5 +X35 +X45.

2.2. Binary tree structure. From now on, we work under the following Hy-
pothesis (H) that builds a tree on the set (ey;)1<k<i<q- Note that not all random
vectors admit a tree-based representation according to Hypothesis (H), see Exam-
ples 3.4, 3.5 and Counterexample 4.1 below.

(H) The family (e ;)1<k<i<d C {0, 1}¢ forms an ordered binary tree for the
partial order <, in which every node ey, ;, k < [, has exactly two children e ;\{k}
and ekJ\{l}.

We note that the tree (e ;)1<k<i<q has size d(d + 1)/2 and height at most d.
The random vector (Z3) of Example 2.1 satisfies Hypothesis (H) with the

following tree structure:

11001 10011 01101

01001 10010 01100
/ /

LEMMA 2.1. Under Hypothesis (H) we have the equivalence

€i,j = €kl < (62' = €kl and €; = 6]6’1)

foralll<i<j<dandl <k <I<d.

Proof. (i) Assume thate; ; < ey ;. Since both children e; ;\{i} and e; ;\{j}
of €i.; satisfy 67;,]'\{7;} =< € and ei,j\{j} < €;,5, We have e; < €i,j and €; = €i,js
which implies e; = €kl and €; = €kl since €i,j = €kl

(i1) Assume that e; =< e;; and e; =< ey ;. We work by decreasing induction on
the height of nodes in the tree. If e} ; = e, is a leaf, i.e. k = [, then (e; = ey and
ej = exy)impliest = j = k = [, hence e; ; = e; = e}, = e} ;. Next, assuming that
the conclusion holds for all nodes of height at least 4 > 2, consider a node ey, ; of
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height h — 1, with k # 1. If (e; < ey and e; < e;) and {7,5} # {k,l}, we must
have either i # [ and j # [, or 7 # k and j # k. In the first case, (e; < ej; and
ej = ey, implies e; < e \{l} and e; < ey ;\{l}, where e ;\{l} has height h,
hence e; < e \{l{} < ex; and e; =< e ;\{l} =< ex,; by the induction hypothesis.

The conclusion is similar in the second case, by replacing [ with k. =

Based on Lemma 2, for all 1 < ¢ < j < d we can now rewrite (Z2) as the

sum
(2.4) Cov(X;, X;)= > op; 1<i<j<d,

1<k<I<d

€, €1
over all couples (k, [) with e; ; < ey, ;. In other words, (Cov (X;, Xj))1<z‘<j<d is the

Mébius transform of (a,% 1)1<k<i<d on the partially ordered set ((6k,l)1gk§lgd, = ),
cf. [I3] or Section 2.5 of [I2] for details.

3. MOBIUS INVERSION

By Mobius inversion (cf. Proposition 2.6.3 of [I2]), we can recover the coef-

ficients (07 ;)1<k<i<d in (Z2) using the covariances (Cov (X;, Xj))1<z‘<j<d as the
sum

(3.1) O'I%J = > (e er)Cov(X;, X;), 1<k<I<d,
1<i<j<d
€k, 13€; 5

over all couples (7,7) such that e ; < e; ;, 1 < i < j < d, where pu(x,y) is the
Mébius function defined recursively by p(z, x) := 1 and

(32) :u(xvy) = Z M(I‘,Z), T,y € {07 1}d7

y<z=3zx
cf. Proposition 2.6.1 of [I2].

PROPOSITION 3.1.The Mébius function p(x, y) on the tree ((ek,l)1<k<l<d7 =< )
is given by

(3.3a) ek, ext) = 1,
plerss ek \{k}) = —1,
plens e \{1}) = —1,

(3.3b) pleng, exg\{k,0}) =1, 1

N
Ea
VAN
VA
&

with pi(ex 1, e; ;) = 0 in all other cases.
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Proof. Giveney; € {0, 1}d, we clearly have

ek ens) =1, plexs e \{k}) =1, and plers e \{1}) = —1.

Next, since the two children ey, ;\{k} and ej ;\{l} of ej ; have themselves a unique
common child e ;\{k,1}, B2) yields y(ex s, ex \{k,1}) =1. =

The next graph, in which y ¢ {k, [}, summarizes the result of Proposition BIl.

wlew,ent) =1

(/L(ek,h e Mk) = — 1) (,u(ek,l, er M) = — 1)

p(er,tsery) =0 plepr, exMen) =1 p(ert,eyr) =0

Using formula (B), we can now solve (Z2) for (07 ,)1<k<i<d Starting from

(COV (XZ', Xj))lgz{jgd'
a positive solution (013 1)1<k<i<d» meaning that not all random vectors admit a
representation of the form (1), see Example 3.4 below.

However, not all these covariance matrices may lead to

EXAMPLE 3.1 (Comonotonic vectors). The comonotonic vector (Xp,;, X,
..., X)) can be represented by using a binary tree with a single node ej; =
111...111 and letting criz,j =0 for (7,7) # (k,1), since Cov(X;, X;) = U/%,z for
all (i, 7).

EXAMPLE 3.2 (Pairwise dependence). The binary tree is reduced to the d
leaves eq, . .., eq4, and to their parents (d — 1)d/2,

exs = (0,...,0,1,0,...,0,1,0,...,0), 1<k<I<d,
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Here, the vector (X;);—1,..q is given by
X1=X11+X12 +X13+X14

(3.4) Xo=Xoo +X12 +Xo3 +X24
’ X3 = X33 +X13 +Xo3 +X3.4
Xy =Xy, +X14 +Xo4 +X34,
and for any d > 1, by (Z22) we have
Cov(X;, X;) =07;, 1<i<j<d,
and
(3.5) Var [ X Zaﬂ—i—ZJH, i=1,...,d.

Here, the inversion of (B3) by the Mobius transform (B) reads

d
0,%7,6 =Var[X;] - > Cov(Xy, X;), k=1,....d
=1, I£k
EXAMPLE 3.3 (Recombining trees). In dimension d = 3, the only available
tree structure in addition to the pairwise dependence of Example 3.2 is the recom-
bining (or binomial) full tree

which is associated with the random vector

X1 =X11+X13 +X1,2
Xo = Xop +Xo3 +X12
X3 = X33+X13+Xo3+X1,

with the inversion formula (B1l) written as

01 1 = Cov (X1, X;) — Cov (X, X3),

035 = Cov(Xy, X3) — Cov (X1, X3) — Cov(Xa, X3) + Cov (X1, Xs),
(3.6) 0354 = Cov (X3, X3) — Cov (X2, X3),

o1 5 = Cov (X1, X3) — Cov (X1, Xa),

033 = COV(XQ,Xg) COV(Xl,XQ),

01 9 = Cov (X1, Xa).
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EXAMPLE 3.4 (Multivariate Gaussian vectors). If (X; ;)i1<i<j<d is a family
of independent Gaussian random variables, then X = (Xy,..., Xy) in (Z0) is a
multivariate Gaussian vector with matrix (Cov(Ui, Uj))1 <i<i<d of nonnegative
covariances given by (Z4). However, not all Gaussian vectors can fit into a tree-
based structure under Hypothesis (H) above. For example, when d = 3, consider
the multivariate Gaussian vector

X1=X11+X13 +Xi12 +2
3.7 Xy = X2’2 +X273 +X1,2 +Z
X3 = X33+X13+Xo3+X12,

where (X} 1)1<k<i<q are standard normal random variables and Z is an indepen-
dent Gaussian random variable with variance four. Here, (X7, X2, X3) has the
(positive definite) covariance matrix

COV(Xl,Xl) COV(Xl,XQ) COV(X17X3>

COV(Xl,XQ) COV(XQ,XQ) COV(XQ,X:),) =
COV(Xl,Xg) COV(XQ,Xg) COV(Xg,Xg)

[NCREGAREN |
N =3 Ot
=N DN

in which case (B) cannot yield a nonnegative solution (O’g}l)lgkglgg, e.g. when
(k,1) = (1,3). In this case, the multivariate Gaussian vector (X7, X9, X3) given
by (BZ) admits no binary tree-based representation as the inversion formula (B-f)
is based on a full tree.

EXAMPLE 3.5. As in Example 3.4 above, binomial, Poisson and gamma ran-
dom vectors having a given matrix of nonnegative covariances can be constructed
on a binary tree, provided that (Bl) admits a nonnegative solution (Ul%,l)lé k<I<3
since their marginals are characterized by their variance parameters and they are
stable by summation. However, in this case the construction may not be unique,
depending on the chosen binary tree structure, as their joint distribution is not char-
acterized by their covariance matrices.

EXAMPLE 3.6. The particular dependence structure considered in [[] for
Poisson random vectors corresponds to the binary tree built on the d(d — 1)/2
nodes

ei;=(1,...,1,1,0,...,0,1,0,...,0), 1<i<j<d,

T 1
i J
and on the d leaves eq, ..., eq.

4. POISSON RANDOM VECTORS

In this section we provide a characterization of the supermodular ordering of
Poisson random vectors, based on their covariance matrices in Theorem El. This
extends the results of [[7] (cf. Example 3.6 above) to more general dependence
structures.
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Recall that any d-dimensional infinitely divisible Poisson random vector X =
(Xq,...,Xy) is defined by its characteristic function

E[e""] = exp ([ (¢~ 1)u(dz)),
Rd

where = (t1,...,t3) € R%, (-,-) denotes the scalar product in R, and the Lévy
measure

plde) == 3 aydy(dr)
ye{ovl}d

is supported on Cy = {0, 1}%. Here 6, denotes the Dirac measure at the point
y € {0,1}4, and (ay)yec, is a family of nonnegative coefficients with a,....0) = 0.
Equivalently, X = (X7,..., Xy) can be represented as

“4.1) X, = Z 1{iey}Zy = Z Zy, 1=1,...,d,
ye{0,1}4 y€Cyq, e;=y

where (Zy)ycc,\ o0} 1s a family of 2¢ — 1 independent Poisson random variables
with respective intensities (a,)ycc,\ {0} f. also Example 4.3 of [4] and Theorem 3
of [A].

To characterize the ordering of Poisson random vectors based on the data of
their covariance matrices which contain only d(d + 1)/2 components, we consider
Lévy measures of the form

4.2) pldx) = >°  ayide, ,(dz),
1<k<I<d

on {0,1}%, where ap; € Ry, 1 <k <1< d.Inthis case, (B) rewrites as

(4.3) Xi= Y X,
1<k<LIi<d
e; ek,

where (X} )1<k<i<q is a family of independent Poisson random variables whose
respective intensities (a; j)1<i<j<a satisfy Var[ Xy ] = E[Xy] = ax;, 1 <k <
[ <d.

In the remaining of this section we assume that the family (ej;)1<r<i<d C
{0,1}? forms a binary tree according to Hypothesis (H). In this case, the Mobius
inversion formula (B) shows that

4.4) ag;= >, pleij,ery)Cov(X;, Xj), 1<k<I<d.
1<i<j<d
ek, 13¢€i;5
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4.1. Supermodular ordering of Poisson random vectors. Theorem BT below
is a direct consequence of the following Lemma Bl which yields the decomposi-
tion

d
p(dx) = ; Var [ X;]0e, (dx)

+ > Cov(Xi, X;)(de,; + 0e; (g} — Oei N} — Oei \(53)(d)
1<i<j<d

of a Lévy measure u(dz) of the form (B2) under Hypothesis (H).

LEMMA 4.1. Let (X1,...,Xy) be an infinitely divisible Poisson random vec-
tor written as in (B3) under Hypothesis (H), with Lévy measure ji(dx) on Cy. Then
we have

d
45 [ ¢(x)u(dr) = ZlE[Xi]qb(ei)
Rd 1=

+ > Cov(Xy, X;)(¢(eis) + e \{i, 5}) — dlei\i}) — dlei\{5})

1<i<j<d
for any function ¢ : {0,1}¢ — R such that ¢(0) = 0.

Proof. By the Mdbius inversion formula (B7) we have

[ o@pldz) = > ariglers)
R

1<k<I<d

= > olery) Y pleiy,eny)Cov(Xy, Xj)
1<k<I<d 1<i<j<d
€k, 13655

d
=3 Cov(Xi, Xi) > plei,exn)d(er)

=1 1<k
+ Y Cov(Xy, X5) > wuleig eni)plern)
1<i<j<d 1<k<i<d
d
= ;E[Xikﬁ(ez)
+ Cov (Xi, X;) (d(eij)+o(ei\{i, 1) —dleij\{i}) —d(ei;\{i})).
1<i<j<d

where we used (B34d), (B3H) and the fact that ¢, < ¢; ifand only if k =i. m
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EXAMPLE 4.1. For d = 4, the tree structure

is satisfied by the random vector

X1=X11+X12+X13+X14

Xo=Xoo +X12+X13+X14 +X03 +Xo4

X3 =X33 +X13+X14 +Xo3 +Xo4 + X34
Xy = X4y +X14 +Xo4 +X34,

and relation (E3) reads
f¢ p(d) = a149(1,1,1,1) + a1 36(1,1,1,0) + ag46(0,1,1,1)

+ a172¢>(1, 1,0, 0) + ag,g(ﬁ(o, 1,1, 0) + a3,4¢(0, 0,1, 1)

+ al’ltb(l, 0,0, 0) + ag,g(b(o, 1,0, O) + a3,3¢(0, 0,1, 0) + CL4’4(;5(0, 0,0, l)
= E[X1]#(1,0,0,0) + E[X2]¢(0,1,0,0)

+ E[X3]¢(0,0,1,0) + E[X4]¢(0,0,0,1)

+ Cov (X1, X2)(4(1,1,0,0) 4+ ¢(0,0,0,0) — ¢(1,0,0,0) — ¢(0,1,0,0))
+ Cov (X1, X3)(¢(1,1,1,0) + ¢(0,1,0,0) — ¢(1,1,0,0) — ¢(0,1,1,0))
+ Cov (X1, X4)(6(1,1,1,1) + ¢(0,1,1,0) — ¢(1,1,1,0) — $(0,1,1,1))
+ Cov (X2, X3)(¢(0,1,1,0) + ¢(0,0,0,0) — ¢(0,1,0,0) — ¢(0,0,1,0))
+ Cov (X2, X4)(¢(0,1,1,1) + ¢(0,0,1,0) — ¢(0,1,1,0) — ¢(0,0,1,1))
+ Cov (X3, X4)(¢(0,0,1,1) + ¢(0,0,0,0) — ¢(0,0,1,0) — ¢(0,0,0,1))

Consider now two Poisson random vectors X and Y whose respective Lévy mea-
sures 1 and v are represented as in (272), i.e.,

p(dr) = > aijde, (dz) and wv(dx)= >  b;jde,,(dz).

1<i<j<d 1<i<j<d
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If X; has the same distribution as Y; for all ¢ = 1,...,d, then E[X;] = E[Y}],
i =1,...,d, and Lemma E1 shows that

“.6) [ o(y)v(dy) — [ ¢(x)pu(dz)
Rd Rd

= Y (Cov(Y;,Y;) — Cov(Xy, X;)) (d(eis) + dleij\{i,5})

1<i<j<d
— d(ei\{i}) — o(eij\{4}))

under Hypothesis (H). Relation (E-8) implies in particular that the nonnegativity of
the coefficients

4.7) Cov(Y;,Y;) — Cov(X:, X;) >0, 1<i<j<d,

becomes a necessary and sufficient condition for the supermodular ordering of the
Lévy measures p and v.

The following Theorem Bl reformulates (E-7) as a necessary and sufficient
condition for supermodular ordering of infinitely divisible Poisson random vectors,
based on Theorem 4.5 of [[], which allows one to carry over the notion of super-
modularity from the setting of Lévy measures on the discrete cube Cy = {0,1}¢
to the setting of Poisson random variables.

THEOREM 4.1. Consider two Poisson random vectors X and Y both repre-
sented as in (B3) under Hypothesis (H). Then the conditions

(4.8) ElX;]=ElY], 1<i<d,
and
(4.9) Cov(X;, X;) < Cov(Y;,Y;), 1<i<j<d,

are necessary and sufficient for the supermodular ordering X <gn Y.

Proof. Itis well known (cf. e.g. Theorem 3.9.5 of [[1]) that for any couple
(X,Y) of d-dimensional random vectors, the condition X <g, Y implies (ER)
and (E3), therefore it suffices to show sufficiency. For this, by Theorem 4.5 in [[I]
it suffices to show that we have

(4.10) J o(@)u(dx) < [ o(y)v(dy)
R4 R4

for all supermodular functions ¢ : R? — R, where j(dz) and v(dy) denote the
Lévy measures of X and Y, respectively. By Lemma Bl we have the identity
(E8) under condition (E9), which allows us to conclude that (-I0) holds for all
supermodular functions ¢. =
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Next, we consider a situation where Hypothesis (H) is not satisfied and the
equivalence of Theorem Bl does not hold.

COUNTEREXAMPLE 4.1. If we take d = 4, the tree

does not satisfy Hypothesis (H), and for its corresponding random vector

X1 =X11+X12 +X13+X14 +Xo3

@.11) Xo = Xoo +X19 +Xo93 +Xo4 +X34
' X3 = +X13 +X23 +X3.4
Xy =Xy, +X14 +Xo4 +X34,

relation (El) reads
f¢ p(dr) = as36(1,1,1,0) + aza¢(0,1,1,1)

+ a172¢>(1, 1,0,0) + a1,34(1,0,1,0) + a24¢(0,1,0,1) + a1.4¢(1,0,0,1)
+a1,16(1,0,0,0) + a224(0,1,0,0) + as,44(0,0,0,1)

= E[X1]¢(1,0,0,0) + E[X2]¢(0,1,0,0)
+ E[X3]$(0,0,1,0) + E[X4]¢(0,0,0,1)

+ Cov (X1, X2)(4(1,1,0,0) 4+ ¢(0,0,0,0) — ¢(1,0,0,0) — ¢(0,1,0,0))
+ Cov (X1, X3)(¢(1,0,1,0) + ¢(0,0,0,0) — ¢(1,0,0,0) — ¢(0,0,1,0))
+ Cov (X1, X4)(¢(1,0,0,1) + ¢(0,0,0,0) — ¢(1,0,0,0) — ¢(0,0,0,1))
+ Cov (X2, X3)(¢(1,1,1,0) + ¢(1,0,0,0) — ¢(1,1,0,0) — ¢(1,0,1,0))
+ Cov (X2, X4)(¢(0,1,0,1) + ¢(0,0,0,0) — ¢(0,1,0,0) — ¢(0,0,0,1))
+ Cov (X3, X4)(¢(0,1,1,1) + ¢(0,0,0,0) — ¢(0,1,0,1) — ¢(0,0,1,0))
— Cov (X3, X4)(6(1,1,1,0) + ¢(1,0,0,0) — ¢(1,0,1,0) — ¢(1,1,0,0))

In this case, the conclusion of Theorem E1l cannot hold for vectors of the form
(BT) as the sum of the above two terms in factor of Cov (X3, X4) can become
negative, e.g. for the supermodular function ¢(x1, x9, x3, x4) = 12273 on the unit
cube.
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The next proposition replaces the equality of means in (E8) with an inequal-
ity, and is obtained as in Proposition 4.3 of [[] by extending Theorem 4.5 of [II]
to nondecreasing supermodular functions ¢ on R? satisfying ¢(0) = 0, using the
same approximation as in Lemma 4.4 therein.

PROPOSITION 4.1. Consider two Poisson random vectors X and'Y both rep-
resented as in (B3) under Hypothesis (H), and assume that

E[X;] < EY]], 1<i<d,
and
Cov(X;, X;) < Cov(Y;,Y)), 1<i<j<d.
Then we have
E[@(X)] < E[2(Y)]
for all nondecreasing supermodular functions ® : R* — R.

4.2. Convex ordering. The next result is a remark on the convex ordering of
Poisson random vectors represented as in (23).

PROPOSITION 4.2. Consider two Poisson random vectors X and'Y both rep-
resented as in (B3) under Hypothesis (H). Then we have X <. Y if and only if
X andY have the same distribution.

Proof. Weassume that X <. Y,i.e., we have E[®(X)] < E[®(Y)] for all
convex functions ® : R? — R. Clearly, this implies E[X}] = E[Y;].k=1,...,d,
and by the same argument as in part (b) of the proof of Theorem 4.5 in [[I] we also
have p1 <¢x v. Assume now that Cov (Yy,Y;) > Cov (X, X;) for some 1 < k <
[ < d. The function

(1, xq) = Ppi(T1,. .., 2q) =max (0,2 — xp — Y. q)
a¢€k,z

is convex on R? and satisfies ¢r,1(eij) = 1 when e; j is a (non-strict) descendant
of e;;\{k} that contains /, and ¢, ;(e; ;) = 0 in all other cases. This shows that

Ory(ery) + drilen \{k, 1}) — drg(er\{k}) — dralen\{1}) = —1,
and
br(eis) + drileij\i, 7)) — draleij\{i}) — draleis\{j}) =0

when (7, ) # (k,[). Therefore, since Cov (Yy,Y;) > Cov (X, X;), Lemma ET
shows that
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[ ¢y)v(dy) — [ ¢(z)p(dz)
R4 R4

= Y (Cov(Y;,Yj) — Cov(Xi, X)) (d(eiy) + ¢leij\{i,5})

1<i<j<d
= d(ei\i}) — dlei\{5}))

= (COV (Yk, }/l) — Cov (Xk, Xl)) (gf)(ek?l) + ¢(6k71\{k‘, l})
— dler \{k}) — dler\{1}))

<0,

which contradicts the fact that <. v, hence Cov(Yy,Y;) < Cov(Xy, X;). If
Cov (Y, Y;) < Cov (X, X;), we can proceed similarly with the convex function

(1‘1,. . .,.’L'd) = _¢k,l(x1; N ,xd),

and conclude that Cov (Y, Y;) = Cov (X, X)) for all 1 < k < [ < d, hence by
(E24) the vectors X and Y have the same distribution. m

S. BINOMIAL RANDOM VECTORS

In this section we provide a characterization of the supermodular ordering of
binomial random vectors, based on their covariance matrices, cf. Theorem Bl

Consider (Z1, ..., Z,) independent Bernoulli random variables with parame-
ter p € [0, 1] and (A(ek’l»lgkgzgd apartitionof {1, ... ,n}. Let (X ) i1<k<i<d =
(X A(ek’l))lgkglgd denote the family of independent binomial random variables
given by

XkJ = XA(ek,l) = Z ZZ', 1 < k? < l < d,
i€A(er,1)
with
E[XA(ek,l)] = p‘A(ek,l)ya 1<k<I< d7

where |A(ey, ;)| denotes the cardinality of A(ey;), and

oy = Var[X e, )] = palAlery)|, 1<k<I<d, q:=1-p.

Let now
A= U Alery), i=1,...,d,
1<k<I<d
e; e,
and consider the vector (X7, ..., X4) = (Xa,,...,X4,) of binomial random vari-
ables defined by
(51) Xz:XA, = Z Zk: Z XA(ek-,l)’ Z:L,d
keA; 1<k<I<d

e; ek,
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In general, we have

EXal=p > |Alew))l, i=1,....4d,
1<k<iI<d
e; ek,

and
Cov(Xa;, Xa,)=pq > |Alery)], 1<i<j<d.
1<k<ILd
€i,j €k,
Assuming that the family (ej;)i1<r<i<a C Cq forms a binary tree according to
Hypothesis (H), the Mobius inversion formula (B-) shows that we have

(5.2)  pglAlex)l = > mleij eny)Cov(Xa, Xa;), 1<k<I<d
1<k<d
€k,13€i,5

The following is the main result of this section.

THEOREM 5.1. Consider (Xa,,...,Xa,) and (Xp,,...,Xp,) two bino-
mial random vectors represented as in (&1) under Hypothesis (H). Then the con-
ditions

(5.3) E[Xa)=E[Xp], 1<i<d,
and
(5.4) Cov(Xa,, Xa,) < Cov(Xp,, Xp,), 1<i<j<d,

are necessary and sufficient for the supermodular ordering
(XAl,...,XAd) <sm (XBl,...,XBd).

Proof. By Theorem 3.9.5 of [IT], it suffices to show sufficiency. Using in-
duction, it is also sufficient to consider the case where

(5.5) Cov(Xp,,Xp,) = Cov(Xa,,Xa,) +pg
for some given 1 < k < [ < d, and
(5.6) Cov(Xp,,Xp;) = Cov(Xa,,Xa;), 1<i<j<d, (i,5)# (k1)

By the Mobius inversion formula (B2), there is a unique way (up to a permutation
of {1,...,n}) to choose (A(ei,j))1<i<j<d and (B(e;;)) satisfying (B3)
and (&), respectively. In this case, (B) shows that

pa|Bleij)l = > wlexy,ei;)Cov(Xap,,Xp,)
1<z<y<d
ei,jjer,y

1<i<j<d
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= pql{ei,j 56k,z}u(ek,l’ 6i7j) + Z M(ex,yv ei,j) Cov (XAI » XAy)
1<z<y<d
ei,jjez,y

= pqlic, ;<ey ekl €i) +palAlei;)],  1<i<j<d,

i.e.,

VA

(5.7 |Beij)| = 1e, j=epyilenis i) +1Aei )],  1<i<j<d

Given the children e ;\{k}, ex;\{l} € {0, 1}¢ and grandchild e;,;\{k, !} of ey, €
{0,1}4, by (B34d), (33H) and (57), we have

|B(er)| = |Aler,)| + 1,

|B(ex \{k})| = [Aer \{k})] — 1,

(5.8)
[ B(ex \{1})] = [Aler \{1})] — 1,
(B (e \{F, 1})] = [Aler \{F. IH)] + 1,
with |B(e; ;)| = |A(ei )|, since pu(eg, e; ;) = 0, in all other cases. We choose to

realize the above as

Alex) = Blewy) \ {F},
Bleri\{k}) = Aler\{k}) \ {£},
Bler\{1}) = Aler \{IH) \ {1},
Aler \{F; 1}) = Bler\{k, 1)\ {1}

for some given 1 < k <1 < d, with k,l ¢ B(e; j) = A(e;;) in all other cases.
Noting that

(5.9

l e B(ek,l\{k,l}), ke A(ek’l\{k}), l e A(em\{l}),

and
B(ew\{k, l}) N B = @, B(ek,l\{k, l}) NB; = @,

Aler,\{k}) N A =0,  Alery\{1}) N A; =0,

we find that
¢ By, €8, k¢A, [I¢&A
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Hence, using the symmetric difference operator A\ B := AN B¢ fori =1,...,d
we have

(5.10)
(Bk \ B(ek,l) \ B(ek,l\{k, l})) U A(ek,l) U {l}, i =k,
4= B\ Blewn) \ Bleri\{k,1})) U Aler) U {k} U Aleri\{k, 1} U AT,
Z i¢ (k. 1},
(Bi\ Blex) \ Bler, \{k,1})) U Aerg) ULk}, i=1,
and
(5.11)
(Bi \ Blegg) \ Bleg\{k,1})) U Blegy), i =k,
Bi = q (Bi\ Blex) \ Bleri\{k,1})) U B(ert) UB(er \{k,1}), i & {k,1},
(Bi\ Blexa) \ Blexa\{k,1})) U B(exy), i=1.

In other words, by (B59) we can write

XB(ek,z) = XA(ek,z) +U,

(5.12) Xaeetky) = Xpeentrn +U;
Xaee\ ) = XBew\p) TV
XBep \{k1}) = XAew Nk} TV

where U,V € {Z1,...,Z,} are two independent Bernoulli random variables, while
we have X, .y = Xa(e, ;) in all other cases, and from (B10) and (BTT) we get
(5.13)

XB\Bler)\Blew\ £ T X + Vi 1=k,
X = XB\Bler.)\Bler Nk T XAer) TU + Xaep\feap +Vs iE{E, 1,
X\ Blewa)\Bler\kth) T Xa(ery) + U i=1
and
(5.14)
XB\Blex)\Bler\ 1} T XB(eg1): 1=k,
Xb, =\ XBaBler\Blew\ k1) T XBlew)) T XBlep\hips R 1
XBABen)\Blew\ k1) T XBex)> i=1

Now, for any supermodular function ¢ : R¢ — R we have, using formulas (514)
and (B12),
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E[¢((XB,)1<i<d)]
Blo((Xpaneonsen o) + Xbenn + Xben o L ei)1<i<d)]
E

[¢((XBi\B(ek,l)\B(ek,l\{km + Xager) TU

+ (X \ (1)) + V)l{ieé{k,l}})lgigd)]

> E[6((XBAB(er.)\Blew\ k1)) T Xaer) T Ulgizny
+ Xa(ep\ ki) Higthayy + V 1y )1<icd) |

= E[¢((Xa,)1<i<a)],

where we used (B13)) for the last equality. As for the inequality above, it follows
from

E[p(U,U+V,..., U+ V,U)]
=p?0(1,2,...,2,1) + ¢*¢(0,0,...,0,0) + pgo (1,1,...,1,1)
+pq9 (0,1,...,1,0)
> p?9(1,2,...,2,1) +¢%¢(0,0,...,0,0) + pgo (1,1,...,1,0)
+pqp (0,1,...,1,1)
=E[pUU+V,...,U+V, V)]

for all supermodular functions ¢ : Rl¢stl — R, where lexi| denotes the cardinality
of ey, whose indices are arranged as {k, ...,[} for convenience of notation, and
we did not consider indices j ¢ ey, ;, as U and V' do not belong to X; in this case. =

5.1. Multivariate Gaussian vectors. From the central limit theorem, Theo-
rem Bl can be used to deal with centered multivariate Gaussian random vectors
(X1,...,Xg) and (Y1,...,Yy) represented as in Example 3.4 as

(5.15) X= > Xpews, Y= > Yiep,
1<k<i<d 1<k<i<d

where (ex1)1<k<i<d C {0, 1}d satisfies Hypothesis (H). In this case we can apply
the Mobius inversion (B-l) to determine the variance coefficients

(o) 1<k<ica= (Var [Xe])ick<i<a and  (mj )1<e<i<a = (Var [Yi))1<r<i<d

in the decomposition (5-13). Those coefficients can be obtained as the respective
limits of normalized variances (Var[X}';]/n)1<k<i<a and (Var[Y)]/n)1<k<i<d
of independent binomial random variables (X}';)1<r<i<d and (V) 1<k<i<a- In
this case, the sequences (X7, ..., X} )n>1 and (Y7",...,Y]")n>1 of independent
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random vectors defined by

1
Xit=— > (Xii—EIX)])
Y Vdidica ’
e; e,
and )
1 \/ﬁ lgkglgd 5 s ) b b )
e; ek,
converge in distribution to the multivariate Gaussian vectors (X1,...,Xy) and

(Y1,...,Yy), respectively. The condition Cov (X;, X;) < Cov(Y;,Y;) shows that
Cov (X7, X7') < Cov (Y;",Y]") for n sufficiently large, 1 <7< j<d, so by The-
orem B it becomes necessary and sufficient for (X1,..., Xy) <sm (Y1,...,Yy)
to hold. This is consistent with the general result proved for all multivariate Gaus-
sian random vectors in [I{], Theorem 4.2, cf. also Theorem 3.13.5 of [I1].

A similar limiting argument can be applied to recover Theorem B in the
Poisson case from Theorem B and the convergence in distribution of renormal-
ized binomial random variables to Poisson random variables.

5.2. Sums of binomial, Gaussian and Poisson vectors. By Theorem 4.2 of
[TJ] on Gaussian random vectors, Theorems B and B1l above, and the fact that
the supermodular ordering is closed under convolution, cf. Theorem 3.9.14-(C) of
[T], we deduce that the supermodular ordering of a sum of independent binomial,
Gaussian and Poisson vectors is implied by the componentwise ordering of their
respective covariances. Proposition B-1l admits an analog extension to sums of bi-
nomial, Gaussian and Poisson random vectors.

REFERENCES

[1] N. Biduerle, A. Blatter, and A. Miiller, Dependence properties and comparison results
for Lévy processes, Math. Methods Oper. Res. 67 (1) (2008), pp. 161-186.

[2] M. Denuit, E. Frostig, and B. Levikson, Supermodular comparison of time-to-ruin
random vectors, Methodol. Comput. Appl. Probab. 9 (1) (2007), pp. 41-54.

[3] E. Frostig, Ordering ruin probabilities for dependent claim streams, Insurance Math.
Econom. 32 (1) (2003), pp. 93-114.

[4] E. Frostig and F. Pellerey, Supermodular comparison of dependence models and multi-
variate processes, with applications, in: Recent Advances in Probability and Statistics, Lect.
Notes Semin. Interdiscip. Mat., Vol. 12, Potenza, 2015, pp 125-138.

[5] T. Hu, C. Xie, and L. Ruan, Dependence structures of multivariate Bernoulli random
vectors, J. Multivariate Anal. 94 (1) (2005), pp. 172-195.

[6] K. Kawamura, The structure of multivariate Poisson distribution, Kodai Math. J. 2 (3)
(1979), pp. 337-345.

[7] B. Kizildemir and N. Privault, Supermodular ordering of Poisson arrays, Statist. Probab.
Lett. 98 (2015), pp. 136-143.

[8] M. A. Meyer and B. Strulovici, The supermodular stochastic ordering, CEPR Discus-
sion Paper DP9486, May 2013. http://www.cepr.org/pubs/dps/DP9486.

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



Supermodular ordering of Poisson and binomial random vectors 405

[9]1 A. Miiller, Stop-loss order for portfolios of dependent risks, Insurance Math. Econom. 21 (3)
(1997), pp. 219-223.

[10] A. Miiller and M. Scarsini, Some remarks on the supermodular order, J. Multivariate
Anal. 73 (1) (2000), pp. 107-119.

[11] A. Miiller and D. Stoyan, Comparison Methods for Stochastic Models and Risks, Wiley,
Chichester 2002.

[12] G. Peccati and M. S. Taqqu, Wiener Chaos: Moments, Cumulants and Diagrams. A Sur-
vey with Computer Implementation. Supplementary Material Available Online, Springer, Milan
2011.

[13] G. Rota, On the foundations of combinatorial theory: 1. Theory of Mobius functions, Z.
Wabhrsch. Verw. Gebiete 2 (1964), pp. 340-368.

Biinyamin Kizildemir Nicolas Privault
Division of Mathematical Sciences Division of Mathematical Sciences
School of Physical and Mathematical Sciences School of Physical and Mathematical Sciences
Nanyang Technological University Nanyang Technological University
637371 Singapore 637371 Singapore
E-mail: bunyamin001 @e.ntu.edu.sg E-mail: nprivault@ntu.edu.sg

Received on 21.11.2016;
revised version on 5.5.2017

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



PROBABILITY
AND
MATHEMATICAL STATISTICS

Vol. 38, Fasc. 2 (2018), pp. 407-428
doi:10.19195/0208-4147.38.2.8

ON THE LONGEST RUNS IN MARKOV CHAINS
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Abstract. In the first n steps of a two-state (success and failure)
Markov chain, the longest success run L(n) has been attracting consider-
able attention due to its various applications. In this paper, we study L(n) in
terms of its two closely connected properties: moment generating function
and large deviations. This study generalizes several existing results in the
literature, and also finds an application in statistical inference. Our method
on the moment generating function is based on a global estimate of the cu-
mulative distribution function of L(n) proposed in this paper, and the proofs
of the large deviations include the Girtner—Ellis theorem and the moment
generating function.

2010 AMS Mathematics Subject Classification: Primary: 60F10,
44A1; Secondary: 60J10, 60G70.

Key words and phrases: Longest run, moment generating function,
large deviation principle, Markov chain.

1. INTRODUCTION

Let { X} }r>1 be a time-homogeneous two-state (success and failure) Markov
chain. We assume that the initial distribution is P(X; = 0) = ppand P(X; = 1) =
p1 = 1 — po, with ‘1’ and ‘0’ denoting the ‘success’ and ‘failure’, respectively. The
transition matrix of { X} }r>1 is written as

T— [poo P(n}
P10 P11

To avoid triviality, it is assumed throughout the paper that 0 < pg < 1 and 0 <
pij < 1 fori,j = 0,1, which indicates that the Markov chain is ergodic. In the
first n steps of the Markov chain, the longest success run L(n), namely the longest
stretch of consecutive successes, has been attracting considerable attention due to
its applications in various fields, such as reliability and statistics (cf. [[]). We refer
to [@] and [8] for the first few seminal works in the 1970s, and [R]-[I1] for the
latest progress.
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Among various studies on the longest success run L(n), the probability esti-
mating of L(n) for large n (such as large deviations) is an important topic. Part of
the reason is that the exact distribution of L(n) (cf. [[Z]) is intricate despite known
explicit formulas, which gives no information as n approaches infinity. Even in
the identically independent case (that is, { X} }x>; are independent and identically
distributed), there is much complexity of the exact distribution of L(n) which can
be seen (for instance cf. [K]) as follows:

(7]

B <) = 3 | ( ) e (U7,

where [-] denotes the integer part of a constant. One topic of this paper is to study
the large deviations of L(n) in a Markov chain { X}, };>; defined above. To appro-
priately propose such deviations, recall a law of large numbers (cf. e.g. [T4]):

L(n)

————— — 1 in probability as n — oo.
logl/pn n

Such a limit in independent trails is a well-known result (cf. [4], [8], [T]). This sug-
gests to study the large deviation probabilities in the form PP (L(n) /log; Jp1i ME A) ,
where the set A does not include the most probable point 1. Our first result is for-
mulated as follows.

THEOREM 1.1. For each x > 0, we have

L(n)

logl/p11 n

1
(1.1 lim ln]P(

>1+$) :—x-ln 1 P11)-
n—00 logl/pnn ( / )

For each 0 < x < 1, we have

(12) lim — 2 In [mp(L(”) <1 xﬂ — 2 In(1/pw).

n—o0 10g1/p11 n logl/p11 n

Theorem [T tells that the probability P(L(n)/logy/,,, n > 1+ x) decays
in a power rate, while the probability P(L(n)/10g; ,,, n < 1 — x) decays expo-
nentially fast. If { X} }r>1 is a sequence of identically independent trails, namely
Poo = P10 = Po and pg1 = p11 = p1, then the limits (1) and (I2) trivially hold
because of a well global estimate (cf. [[Z] and [9]): fork =1,...,n,

(1.3) (1 —ph)" ™ 1 < P(L(n) < k) < (1 — poph)"~F L.

Due to the lack of satisfactory estimates as above (namely (IT3)) for general Markov
chains { X} }x>1, the proof of Theorem [T will be based on a less precise global
estimate proposed below (see Lemma 1) in this paper. Here we note that essen-
tially the same large deviation probability as (ITl) was claimed to be proved in [T4]
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in the form: for all x > 0,
(1.4)

) 1
nh_}rgo m InP(L(n) — [log1 /p,, 1| = @ - logy sy, n) = —z-In(1/p11).
Unfortunately, the proof of (IC4)) therein contains a mistake stemming from the
employed (Stein—Chen) method, which seems to be impossible to be corrected in
principle. Section B includes detailed explanations on this aspect.

A natural generalization of the limit (1) (not (I2)) is a large deviation prin-
ciple for the family of random variables L(n)/log; /,,, n. For identically indepen-
dent trails { X} }1>1, large deviation principles were recently derived in [9] based
on (I3). There are also related discussions on the large deviations of L(n) in [7]
and [IT]. The second result of this paper is to establish a large deviation principle
for L(n), which includes (IT) (or (I4))) as a special case. To this end, we define a
function A*(z) as

oy oo, z<l,

THEOREM 1.2. The normalized longest success run L(n)/ log, ,,, | n satisfies
a large deviation principle with a good rate function N*(x) given by (I3) and a
speed 10g; ;,,, | n. Namely,

(1) for any open set O C R,

1 L
(1.6) liminf ———— 1nIP’<(n) € O> > — inf A*(2);
n—oo  logy/, N logy /p,, 1 z€0

(i) for any closed set F' C R,

1 L
(1.7) limsup —— 1nIP<(n) € F) < — inf A*(2).
n—0o0 logl/pu n logl/p11 n zeF

It is clear that the special case (1) (or (I”4)) comes from Theorem with
an open set O = (1 + x,00) and a closed set F' = [1 + x, 00). The proof of Theo-
rem [ is given in Section B2

The large deviation principle in Theorem [ is non-trivial since the rate func-
tion A*(x) is not always zero or infinity. Now an interesting question arises: besides
the family of random variables L(n)/log; /,,, n, are there other families which ad-
mit non-trivial large deviation principles? Note that large deviation principles have
very close connections with the corresponding Laplace transforms (or the moment
generating functions; see the Géartner—Ellis theorem [B3]), thus the above question
leads to the third result of this paper: precise logarithmic asymptotics for the mo-
ment generating function of L(n) as formulated in the following theorem, based on
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which there are (only) two families which admit non-trivial large deviation prin-
ciples: {L(n)/log; /,,, n} and {L(n)/n}. Throughout the paper, a(n) ~ b(n) as
n — oo stands for lim,,_,~ a(n)/b(n) = 1.

THEOREM 1.3. The moment generating function of L(n) has the following
logarithmic asymptotics:
() for X <In(1/p11),

In Eer ™) Alogy /p,, 1

(ii) for A =1n(1/p11),

InEe* ™ ~ 2Xlog, /. n;
(iii) for A > In(1/p11),

1 1
A —In(1/p11) < liminf = InEeM™ < limsup — In Ee* ()
n—oo N n

n—oo

1
< max{)\ —In(1/p11), A — ln},
[Poo — P10l

and, in particular, if p1o < poo + p11, then

InEer ™ ~ X —In(1/p11).

Similar results for the identically independent case have been recently proved
in [9], where the condition p1g < pgo + p11 is automatically fulfilled. Technically
speaking, the condition pip < poo + p11 is due to an extra error term e(n) in
Lemma 272 below. In terms of the structure of the Markov chain, this condition
means that the transition probability p;g from the state ‘1’ to the state ‘0’ should
not exceed the probability that the chain stays still, which is pgg + p11. Although
we think that such a condition can be removed by using a more precise estimate
than the one in Lemma 7, the current method in this paper cannot get rid of this
condition.

Several new difficulties arise in the proof of Theorem I3 due to the lack of sat-
isfactory global estimates of the cumulative distribution function of L(n), and we
overcome them using suitable non-global estimates included in Section I To see
how Theorem 3 yields non-trivial large deviation principles, we first consider the
logarithmic moment generating function of L(n)/log; /,,, n (according to (i) and
(ii) of Theorem [3) defined as A, (A) = InE exp{\ - L(n)/log, ,,, n} for A € R,
and the cumulant defined as A()) := limy, 0o An (A -logy /,,, n)/l0gy /p,, 1. Then
the Girtner—Ellis theorem (cf. [B], Section 2.3) suggests that there is a non-trivial
large deviation principle for the family L(n)/log; /, , n with a rate function A*
defined via the Fenchel-Legendre transform of A: A*(x) = supycr[A -z — A(N)].
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This is verified in detail in Theorem 2. Now, according to (iii) of Theorem I3,
we can also consider the logarithmic moment generating function of L(n)/n as
An(A) = InEexp {\- L(n)/n} for any A € R, and obtain the cumulant, under
the condition p1g < poo + P11, in the form

n—oo N

SPUII B _ JA=In(1/p11), A =>In(1/pn),
AQ) = B 2 An(A-m) = {0, A < In(1/p11).

The Gértner—Ellis theorem again suggests that there is a non-trivial large deviation
principle for the family L(n)/n with a rate function A*(z) defined as the Fenchel—
Legendre transform of A(\):

400, x <0,
(1.8) A (z) = < zIn(1/p11), 0<z <1,
+00, x> 1.

This large deviation principle for the family {L(n)/n} corresponds to the law of
large numbers L(n)/n — 0 which is directly from L(n)/log; /,,, n — 1. We for-
mulate this observation as our last result in the following theorem.

THEOREM 1.4. If p1o < poo + p11, then the normalized longest success run
L(n)/n satisfies a large deviation principle with a good rate function N*(x) given
by (CR) and a speed n. Namely,

(i) for any open set O C R,

(1.9) lim inf  InP (L(”) € O) > — inf A*(2);

n—oo M n zeO

(ii) for any closed set F' C R,

(1.10) hmsupllnﬂ» (L(") € F) < — inf A*(z).
n

n—oo N zeF

Here we draw the reader’s attention that the Gértner—Ellis theorem will be
used to prove the aforementioned two large deviation principles. It should be noted
that there are other methods to achieve such large deviation principles, such as the
Bryc’s Inverse Varadhan Lemma (cf. Section 4.4 in [3]). In [I0] the Bryc’s Inverse
Varadhan Lemma was used to obtain a large deviation principle for L(n) with a
general speed in the identically independent case.

The rest of the paper is organized as follows. Section [ includes global and
non-global estimates of the cumulative distribution function of L(n) which will
be used throughout the paper. In the first part of Section B, we give the proof of
the main result of the paper: the precise logarithmic asymptotics for the moment
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generating function (Theorem [3). Then we show that the two large deviation
principles (Theorems 2 and [4)) follow from Theorem I3 and the Girtner—Ellis
theorem, which is included in the second part of Section B. The last part of Sec-
tion B contains a very concise proof of Theorem [l The use of the Stein—Chen
method in estimating the large deviation probabilities of L(n) is briefly described
in Section B, where a mistake of proving (I4) in [I4] is pointed out. Finally, an
application of the derived results to statistical inference is presented in Section H.

2. ESTIMATES OF THE DISTRIBUTION FUNCTION

In this section, we first propose a global estimate for the cumulative distribu-
tion function of L(n) which will be used throughout the paper. Then we present
several special non-global estimates which have more explicit forms.

2.1. Global estimate.

LEMMA 2.1. Forallk =1,...,n, we have
2.1
1-plii! —k —c(n, k) <P(L k) < (1—cs-phpt)n
P11 le1-(n—k)+ca] —c(n, k) < ( (n) < )\( 3 Piy ) )
where
L= Po1P1o >0 _ p01(p0p01 —P1p10)
Po1 + P1o ’ (po1 + p10)?
¢5 = min {p1 c1 + (po1 + p1o) - min{0, c2, c2(pPoo — pP10), c2(Poo — p10)2}}
’ 1+ c1/po1 + |e2|(po1 + p10)/Po1
(c3 > 0), and
k—1
c(n, k) = C1P11 c2(po1 + p1o) (Poo — p1o)™~"
I—pn Po1
~ca(por +p10) (oo — pr0)™ — pi " (poo — pro)"F >0
p11 Poo — P10 — P11

Proof. We first note that the exact distribution of L(n) has been known (cf.
[[Z]), but it hardly helps to gain useful information on the asymptotics as n — oo.
The proof of Lemma 21 is based on a newly built Markov chain {7 }1<r<n, where
7y is defined as the length of success runs at the end of the k-th step, namely

{nrx =i} isequivalentto { X, =1,..., Xp_;41 =1, X3, = 0}.

In this setting, the longest success run L(n) = maxj<k<n k. This enables us to
estimate IP’(L(n) < k) a little more explicitly, using the probabilities involving 7.
This idea was introduced in [6], where the derived results are

n—1
(2.2) P(L(n) < k) >1—poapi; ' > b(i — k) — c(n, k)
i=k
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and

2.3)

k—1y:
B n Po1p b 1 — k
IP(L(n) < k:) <(1 —plplfl 1) ‘ I1 1- = 11371 ( ) )
i=h+1 bi=1)+por £ p1y b(i—j—1)
]:
with

. 1 pro(L = (poo — pro)™)
b(i) = po(poo — pro) ' + .
(@) ( ) 1 — poo + p1o

To achieve the upper bound in (Z1) from (Z3), we note that p; > c3, and

pglb(i—k‘) S Po1 minj b(])
k=l o - b(j)+ 1’
o=+ = - - T
j:

since po1 Zf;ll pi(i—j5—1)=P(n; =0,1,...,k—1) < 1. To estimate two
quantities min; b(j) and max; b(j), we rewrite b(j) as

P10 and § = Pbopo1 —p1p10_

b(j) = a+ B (poo —pr)’ ', wherea = ———
G) ( ) Po1 + P1o Po1 + P1o

It then follows that
max b(j) < o+ |B],
J

and
mjin b(j) > min{a, a + B, a + B(poo — P10), @ + B(Poo — p10)°}-
Therefore,

po1 min; b(3)

—_— >
max; b(j) +1 @

which implies the upper bound in ().
To obtain the lower bound in (Z1l) from (E2), we see that the sum in (Z2) is

nl 1 — (poo — p1o)™ "
bi—k)=n—-Kkla+73-
Ek ( )= Jo+ 1 — (poo — p10)
1
<(n—-ka+p ——,
( ) & Po1 + P1o

which gives the lower bound. To see the positivity of ¢(n, k), we note that

cn,k)=P(n, € {k,k+1,...,n})>0. =
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2.2. Non-global estimates. One might be interested in comparing the global
estimate () in Lemma 1 with the i.i.d. case (IC3). They actually look alike
under suitable conditions, which will be summarized as follows.

LEMMA 2.2. Ifn >k = k(n) > 1 +logy /p,,, <"(Cl/(1_§“)+‘62|)), then we
have

24)  (I—cs5 pf)" " —e(n) <P(L(n) < k) < (1 —cq-pfy)" !

for large n, where c4 and c5 are two (uniform) positive constants, and e(n) is a
term which converges to zero exponentially fast as n — oo (note that e(n) = 0

when pog = plo)-

Proof. In(@3) the claimed upper bound P(L(n) <k) < (1 — ¢4 - pilcl)”_k“

comes directly from the upper bound of (I by setting ¢4 = ¢3/p11, uniformly
in k. To achieve the lower bound of (Z4)), we first rewrite the lower bound of (2-T)
as follows:

P(L(n) < k) >1—pter- (n—k) + co] — c(n, k)

_ c1 c2(Po1 + P1o _

:1—p’f11[cl-(n—k‘)+62+1 ]—i— (p P )(poo—pm)nl
— D11 Po1
n ca(por + p10)  (Poo — p10)™ — pi " (poo — pro)" "
P11 Poo — P10 — P11
&
:21—p]f]__1|:01'(n—k)+02+ ! ]—Fe(n).
1 —pn

It is clear that the term e(n) converges to zero exponentially fast for all k, and
e(n) = 0if poo = p1o. If we define ¢, = ¢1/(1 — p11) + |c2|, then (with k < n)

C1
— P11

Lopf e ol bt ] S gl e

In order to estimate 1 —p]ffl - (n—k),weset N=n—k+1,a :p]ffl “ Cy,
and obtain

(1-—a)¥N <1—(N-1)a(l—a)N2 {N]\ilu —a)— Na/2|.

Since n > k(n) > 1 + logy/,,, (”(cl/(kgll”'@')) and n is large, a is small.
Therefore,

1-a)N "2 =[(1 - a)Y/° V2 > [(1 - g)Ve)=#1" > (¢/2)cPi1
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with ¢ =1 —logy s, (2/cx),

for some small § > 0, and
Na/2 < 1.

In summary, we have
(1-a)¥<1—(N-1)a- 5(6/2)6*'pi;1,
which gives
(L= Pl )" <1 (n— k) e plih - 8(e/2)0 70

Replacing ¢, by ¢, /d(e/ 2)5*‘PTI1 proves the lower bound of (Z4). =

In Lemma [, if k is exactly the size « - log; ,,,, n with & > 1, then we have
the following more explicit estimate.

LEMMA 2.3. Ifxz > 0 and k(n) = [(1 + x)logy s, , n], then
ce-n ) (n — k) < P(L(n) > k) <c7- n~ (4 (n — k)
for large n, where cg and c7 are two (uniform) positive constants.

Proof. To see the lower bound, we infer from Lemma P2 that

P(L(n) > k) =1—P(L(n) <k
>1—(1—cq-pifh)" "

= 1= [(1— g phfh)Y/ (Pl Djeapiy (k)
k+1

= —[(1 —cy4 - plfikl)l/(al.p}ff—l)]an .In ((1 — 4 pllcf»l)l/(c4.p11 ))
x ca - P (n — k)
> const - phy(n — k) > const-n=(49)(n — k),

where 6,, € [0, ¢4 - p’ffl(n — k)]. The upper bound can be similarly handled by

noticing that
1

H} <const-n ) (n— k). =
Poo — P10

e(n) ~ const - exp {—n -In

The next estimate is the case when k is of size a - log; /,,, n with v < 1.
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LEMMA 2.4. If0 <z < land k(n) = [(1 — z)log; /,,, 0], then
cg-n® <InP(L(n) < k) <cg-n®
for large n, where cg and cy are two (uniform) negative constants.
Proof. With k(n) = [(1 — z)log,,,, nl, it follows from Lemma T that
P(L(n) <k)>1 — " er - (n = k) + ¢a] — ¢(n, k)
> 1 —const; - p¥, (n — k) — const - [pog — pro|™ — consts - p¥1|poo — p1o|" .
If we apply the inequality In(1 — a) > —2a for 0 < a < 1/2, then
InP(L(n) < k)

—2 consty pf;(n — k) — 2 constz|poo — p1o|™ — 2 consts p;[poo — P10

const - n~ %,

> |n—k
>

The upper bound is similarly proved with the help of the arguments in the proof of
Lemmal3. =

3. MOMENT GENERATING FUNCTION AND LARGE DEVIATIONS

In this section, we first give a proof of Theorem regarding the precise
logarithmic asymptotics for the moment generating function, which is the main
result of the paper. Then, using this proved result, we derive two large deviation
principles (Theorems and [4) with the help of the Gértner—Ellis theorem. At
the end, a very concise proof of Theorem [Tl is included.

3.1. Proof of Theorem 1.3.
Step 1. The following estimate holds for all A € R:

1
liminf ———— InEexp{A-L(n)} > A
neo 1081/ M

The case when A = 0 is trivial. If A > 0, then

InEexp{\-L(n)}
logy /p,, n

1
> — lnE(exp{/\ - L(n)}, {
logy /p,, 1

logl/pnn

L(n)—1’<€>

logl/p11 n

L(n)—1’<s).

logl/p11 n

1
> ————Inexp{A- (1 —¢)logyp,, n}- IP’(

=N (1—-¢)+

et
logl/p11 n
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Since L(n)/ logy ,,, n converges to one almost surely, we have

o 1 :

If A < 0, a similar argument as above yields

1
lim liminf ————— InEexp{A-L(n)} > lim A-(1+4+¢) = A.

e—0+ n—oo 10g1/p11 n e—0+

Step 2. The following estimate holds for A < In(1/p11):

1
limsup ———— InEexp{A- L(n)} < A.
n—oo Ogl/pu n

To see this, we first rewrite

InEexp{\-L(n)}

- 1nE<exp{A.L(n)}7{ L(n)

logl/p11 n

N

E}u{

. '
Therefore,

1
(3.1) limsup—— InEexp{\- L(n)}
n—oo Ogl/pu n

1
= max { limsup ——— lnE<exp{)\ -L(n)}, {
n—oo 1081/p; T

L(")_ll < 5}>
logy /p,, 1 ’

%_1’>}>}

n—o0

1
limsup ———— InE( exp{\- L(n)},
081/p1 T

It is clear that the first limit satisfies

logl/Plln

o A14+¢€), A>0,
S lA1-¢), Ar<o.

1
3.2) limsuplnE(exp A-L(n ,{
mow AL}

The second limit is more complicated, and the assumption A < In(1/p;;) is needed.
We rewrite
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e ((expr- L), { lgLimn ~1|>})
e ewpr- L} {1 o),

10gy /p,, 7 logy /p,, ™

On the first part { Ln) 1> 5}, if A < 0, then similar things can be done as

log, Jp11 ™
above. But if A > 0, then we need to make the following separation:

limsupllnE<exp{)\ L)}, {L(”) s e}>

n—oo Ogl/pu n logl/pu n
= lim sup
n—oo Ogl/pll n
> L(n)
XInE( exp{A-L(n)}, J §1+ke < ——— <1+ (k+1)e
k=1 1Ogl/]?u n

. 1 — A1+(1+k)e] logy n L(TL)
<limsup————1In{ > e /P 1+k6<17
n—oo 1081/p,, k=1 081/p1 T

: 1 o Akelogy /. n L(n)
= A1+e)+limsup ——1In( D e Ve P 1+ke< e o))
n—00 1Ogl/pn n k=1 081/p11 T

It now follows from Lemma 23 that

L L
]P’(l + ke < (n)> =1 —P<(n) <1 —|—k5> < const-n_ka,
1ogy/p,, 1 logy /p,, 7

which gives

limsupllnE<exp{)\ L)}, {L(”) S e}>

n—oo Ogl/pll n logl/ml n
=A1+¢)

1 ad L
+ limsup ———— ln( > eMkelogyp IP’(I +ke < (n)))

Nn—00 logl/p11 n =1 logl/p11 n

1 oo
<A1 +¢) +limsup ————1In (3 eMe8p " L 7he)

n—00 logl/pun k=1
1 O (1
=A14¢)+limsup— In ( on @ 1n<1/p11))k5)
n—oo 1081 /p;, T k=1

< A1+¢),

where the last step follows from the fact that A < In(1/p;1). Namely, we have
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proved that
(3.3)
1 L
limsuplnE<exp{)\ -L(n)}, {(n) —-1> z—:}) <A1 +e).
n—oo 1081 /p;, T 1Ogl/l’ll n

L(n)
On the second part {IOgl/Pll -

handled. For the case A < 0, we can do a similar separation to that in the proof of
(B3), but the argument here is a little different. We have

—-1< —E}, the case when A > 0 can be similarly

1 L
limsup ——— InE|{ exp{\- L(n)}, L 1< —¢
n—oo 1081 /p, 1 logl/p11 n

= limsup ———
n—00 logl/p11 n
[1/e]-1 L(n)
xlnE(exp{)\'L(n)}, U {1—(k+1)€<<1—k5}>
k=1 1Ogl/pn n

< limsup ——
n—oo logl/pll n

[1/e]-1
X In ( > A=kt Dellogy/py, m P(l—(k+1)s< L) < 1—k5>>.
k=1 1081 /pyy 1

Since there are only finite terms in the summation, we can simplify the above
quantity, noticing that it is less than or equal to

1 L
max {A[l—(k—i—l)a]—i—lim sup lnIP< (n) < 1—k€)}
1<k /e]-1 n—oo 1081/, 1 logy/p,, 1

= 1— (k+1)e] — oo} = —
lgkgl[fli?;}fl{)\[ (k+ 1)e] — oo} = —o0,

where the ‘—oo’ appears because of Lemma 4. Therefore,

(3.4)
1 L
lim sup lnE<exp{)\ - L(n)}, {(n) —1< 5}) = —o0.
n—oo Ogl/PH n 10g1/p11 n

Now the proof is done by taking the estimates (B22), (33) and (B=4) back into (BI).
Step 3.If A =1In(1/p11), then

lim _t InEexp{A-L(n)} =2\
n—oo logy /1

On the one hand, it follows from Lemma 3 that, for every € > 0,
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InEexp{A-L(n)}

logy /p,, m
1 L

> —InEexp {)\ - L(n), {(n) >1 —1—5}}

logy /p,, 1 logy /p,, n
B 1

logl/pn n

¢ L(n)
xInEexp{A-L(n), | 1+ke < ——— <1+ (k+1)epp = K,
k=1 1Ogl/Pn n

where (and in the sequel) we put

Hermwil]
g=|-|—————-1]|.
€ logl/pnn
Now we have

1 q
K> 17111 > exp{(1+ ka)(logl/pu n)-In(1/p11)}
O81/p11 1 k=1

L L
X (]P’{W > 1—|—/~cs} —]P’{(n) > 1—1—(k‘—|—1)5}>
logy /p,, 1 logy /p,, ™

1 q
>In(1/p11)+ ——In ) nke <06 .~ (1Hke) (n — (1 + ke) logy /., n)

logl/ml noop

g QD) (n — (1+ (k+1)e) logy ”))
q

1 c
=In(l/pu) + ————In 3, <Tf(n = (1+ ke)logy 1)

1/p11 k=1
Ccr
— W (n — (]. + (k; + 1)5) 10g1/p11 n)
1 Cg n? cr n?
Nln(l/p11)+171n ['2 1 T oplte 97
081/p11 ™ noo2el08y/p, M N €l081/p1,

C n2
~ In(1/p11) + G ]

v [ _n

logy /p,, 1 n 2elogy, n
~ hl(]./pll) + 111(1/])11) = 2111(1/])11)

On the other hand,

1
limsup ——— InEexp{A- L(n)}
n—oo Ogl/pll n

= max{limsupllnEexp {)\ - L(n), {L(n) <1 +5}},
n

1Og1/1011 n

limsup —— InEexp {)\ L(n), {L(”) > 1 +5}}}.

logl/p11 n
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The first limit is estimated as

limsup#lnEexp {/\ - L(n), {L(n) <1+ 5}}
n—oo Ogl/pu n logl/pu n

L(n)

<1
logl/p11 no +E}

. 1
< hgs;}p m Inexp{(1+¢)log ,, n-ln(l/pn)}]P’{

= (1 + E) 111(1/])11).
The second limit is estimated as

lnEeXp{)\-L(n), {L(") > 1 +g}}

logy /p,, n logy /p,, 1

ln]Eexp{)\~L(n), U {1 ke Oy gy 1)5}}

N logy/p,, 1 k=1 logy /p,, 7

1 In i exp{(1+(k+1)€) logl/mln-ln(l/pn)}

10g1/p11 noop=
L
X ]P’{(n) > 14 ks}
logl/p11 n

< (1+¢)In(1/p11)

1 q
Y a0 (- (14 ke 1081 /p,, 1)

4
logl/]?u noopa

1 cr n?

I P S LN
logy/p,, - n elogy, n
~ (14+¢)In(1/p11) + In(1/p11).

Therefore,

~ (1+¢e)In(1/p11) +

1
limsup ———— InEexp{A- L(n)} < (1 +¢)In(1/p11) + In(1/p11),
n—oo 1081 /py, T

which completes the proof.

Step 4. In order to study the asymptotic behavior of E exp {\ - L(n)} when
A > In(1/p11), we need to consider a large deviation probability which may be of
independent interest.

LEMMA 3.1. Fora fixed 0 < z < 1, we have

1 L
liminf —InP ((n) > x) > —x1In(1/p11)
n—oo N n
and
1 1
limsup — InP <(n) > x> < max{—:vln(l/pn), —ln}.
n—oo M n |Poo — P10l
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In particular, if p19p < poo + p11, then

lim L InP <L(”) > x> — —en(1/p1).

n—oo n n

Proof of Lemma Bd. We apply Lemma 2 with k(n) = [nx] and ob-
tain the following:

L{n)

1_(1_04'p]f1)n_k+1 <P< -

z “””) <1—(1—c5pf)" ™ + e(n).
The lower bound can be handled as

1— (1 — ey phy)nrtt

=1—[(1—cq- phy) L/ (capii)]eaphy(n—h+t1)

=—[(1-c ‘plﬁ)l/(c‘l'plfl)]e" In ((1 —cy -p’fl)l/(%plﬁ)) ey ‘Plﬂ(n —k+1),

where 0,, € [0, ¢y - p¥;(n — k + 1)]. Therefore, for big enough 7, the lower bound
satisfies

L= (L—cq-py)" ™M > eq (L= 0)phy(n — k +1)

for some small § > 0, which proves the lower bound. The upper bound can be
handled similarly except for the extra term e(n). In this case,

1
limsup — In |e(n)]

n—oo
) 1 _
< lim sup - In[consty - [poo — pro|” + consty - Py [poo — p1ol™ "]
n—oo
1
<max{—In—— —xIn(1/pn1) ¢,
|P00 - pm\

from which the upper bound follows. =

Step 5.If A > In(1/p11), then

1 1
A —In(1/p11) < liminf = In EeM ™ < lim sup — In Ee* ()
n—oo n n

n—oo

1
< max{/\ —In(1/p11), A — ln}.
[poo — P10l

It follows from Lemma B that, for any 0 < z < 1,
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hmmf—lnEeXp{)\ L(n)}

L
hmlnflnE[exp{)\ L(n)}, {n) > x}]
n—oo n
> \x —I—IiminflnIP’<L(n) > CL’)
n—oo n n
=X —zIn(l/pn1) =A—In(1/p11) asz— 1L
Furthermore,

1
hmsup —InEexp{\-L(n)}

n—oo

= limsup — 111]E<exp{)\ L(n)}, {L(n)<£}U{L(n)>a}>

n—oo N

s [ s 1160, {52 <)
lim sup lnE(eXp{)\ L(n},{Ln) 5}>}

limsup%lnE <exp{)\ L)}, {(”) < 5}) <e.

n—00 n

The first limit is

The second limit is handled as follows:

hmsup—lnE (exp{)\ L(n)}, {LS” > s}>

n—oo

— Jimsup — lnE<exp{)\ L)), [1@_1 {k:e < ij) < (k+ 1)5}>

n—oo 1 k=1
1 L
= max {A(k—l—l)e—f—limsuplnﬂ”(ka < gln)>}

1<k<[1/e]-1 n—oo

< max {)\(lH-1)€+max{—k61n(1/p11): _lnl}}

1<kg[1/g]-1 !poo —Plo\

1
= max A-e+ke(A—In(1 ,)\k—l—le—ln}
1<k /e] -1 { ( ( /p11)) ( ) [Poo — P10

:max{ —In(1/p11)+A-g, A— }
|p00 — p1ol

The condition A > In(1/p;;) is used when the maximum is attained with k =
[1/€] — 1. The proof now follows by taking ¢ — 0.
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3.2. Proofs of Theorems 1.2 and 1.4. Using the proved Theorem 3, we are
now ready to prove Theorems [ and T4 with the help of the Gértner—Ellis the-
orem. The proofs of Theorems I and 4 are essentially the same, and here we
only show the details for the one of Theorem 4. Let us define the logarithmic
moment generating function of L(n)/n as

An(\) =InEexp{\- L(n)/n}, XeR,

and the cumulant as

n—oo n

Tn o e LR _JA=In(1/p11), A=>In(1/pn),
A(N) = lim —A,(A-n) = {07 A< In(1/py)).

where the last limit is from Theorem 3, under the condition p1g < poo + P11-
Then the large deviation upper bound (II0) follows directly from the Gértner—
Ellis theorem (cf. [3], Section 2.3) with the rate function A*in (IR) defined by the
Fenchel-Legendre transform of A as A*(z) = sup A€R[A - T — AN)].

For the large deviation lower bound (I9), it suffices to prove that for a fixed
point 0 <y < 1,

(3.5 lim lim inf — 1nIP’< Eln) € By,5> > —yln(1/p11),

d—0 n—oo M

where B, s is the open ball centered at y with a radius J. To achieve (B3), we write

P(X2 ) < (K)o (K5 ),

and apply an inequality in the form In(a — b) > In(a) — ﬁ fora > b > 0 to show
that

1 L
(3.6) limliminf —InP <(n) € By’5>
n

()
P(L(n)/n >y +9) >
P(L(n)/n >y —0) —P(L(n)/n >y +46)

Lemma BT implies that the first limit is, under the assumption p1g < pog + P11,
1 L
(3.7) limliminf —In [}P’ <(n) >y — 5)]
n

J—0 n—oo N
=lim —(y — 0) In(1/p11) = —yIn(1/p11).

6—0
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For the second ratio term, applying Lemma Bl twice gives

P(L(n)/n >y +9)
G BZmyn>y- 5) B(L(n)/n >y + )
1
P(L(n)/n>y—0)/P(L(n)/n>y+0d) —1
1
— 0,

< e(26In(1/p11)—e)n _ 1

as n — oo, for sufficiently small € > 0 with 261n(1/py1) — € > 0. Then (B3)
follows by taking (BZ2) and (BR) back into (BH).

3.3. Proof of Theorem 1.1. The limit (1) comes directly from Lemma 3.
For the limit (I2), we apply Lemma 74 for each 0 < « < 1 and obtain

L(n)
logl/p11 n

ln[—CQ-nx]<ln[—ln]P’< <1—m>] < In[—cg - n"].

Then the proof follows directly by taking the limit lim,, ., 1/log; L

4. THE STEIN-CHEN METHOD

The aim of this section is to introduce the use of the Stein—Chen method in es-
timating the large deviation probabilities of L(n) in [I4], and point out a mistake
in the proof of (IC4). It turns out that the employed Stein—Chen method is insuffi-
cient to prove such large deviation probabilities. Let us recall the limit (I"4): for all
x>0,

) 1
nlingo m InP(L(n) — [log1 /p,, | 2 @ - logy sy, n) = —z-In(1/p1).

The idea used in the proof of (I4) in [I4] is to approximate the large devi-
ation probabilities IP(L(n) — [log; /o ) = @ logy n) by the ones involving
Poisson random variables, and then to control the error term using the Stein—Chen
method.

By setting k = Hlogl/pu n| +x-logyp, n| + 1, it was proved on p. 1947
of [I4] that

@D [P(L(n) = [logy/,, ) > @ -logyp,, 1)
— (1 — exp{—nm (1 - p1)pi o(1)})|
< Error(VV(n),PO()\(”)))7
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where 7 is a constant, W (n) is a random variable depending on n, defined on
p. 1941, and Po(A(n)) is a Poisson random variable whose intensity A(n), also
depending on n, was defined on p. 1942. It was then proved that

(1 — exp{—nm (1 — )iyt + o(1)}) =O0(1)n"".

The error term was estimated via the Stein—Chen method as

Error (W (n), Po(A(n)) ) = o(ln(n”))

It is then obvious true that if 0 < x < 1, then the limit (I"4) holds since the error
term (which is of order O(%)) is smaller than n~*. But the problem occurs
when x > 1, since in this case the error term is much bigger than the target n=%,
and the limit in (IC4) is unclear. Therefore, while employing this method, the limit
(=4) is true only for 0 < < 1. Furthermore, the Stein—Chen method seems to
be impossible to remove the restriction 0 < x < 1 since it gives an error of power
orders, while the target term n~" is also of power order which can be any size
depending on .

5. AN APPLICATION IN CONFIDENCE INTERVALS
Given simulations of the Markov chain { X} }1 <<y, With the transition matrix

Poo DPo1
pio P11’

the aim of this section is to make statistical inferences on the transition probabilities
pij- Since our interest throughout the paper is the longest success run, we will apply
Theorem to study the confidence intervals of p;;.

Theorem 2 implies that for each x > 1,

lim 11nIP’<L(n) > :B) =—(x—1)-In(1/p11).
n—o0 logl/p11 n logl/p11 n

If =1 — In(«)/In(n) with a given small o > 0, then it holds true asymptoti-
cally that P(py; < e~ (In(m)=In(@))/L(n)y — o This suggests a 100(1 — o)% lower
confidence bound of p;; as follows:

where L(n) is a point estimate of L(n). A reasonable point estimate of L(n) is
the observed longest success run. We can also obtain a point estimate pi; of p1;
using the observed (state ‘1’ — state ‘1°) proportion. For estimating the transition
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probabilities in terms of confidence intervals, there are many existing (more com-
plicated) methods (cf. [2] and [3] for instance), but the advantage of our method
is that the lower confidence bound is very simple and neat involving only one ob-
servation L(n).

Below in Table I we have simulations for different transition matrices. Al-
though the point estimate p;; does not work well, the derived lower confidence
bound I;,,, works really good. We chose the p which is close to 1, since pqy is
only a lower confidence bound. As the other transition probabilities change (see
T5 and T3), the confidence interval I, does not change much. This is as expected
since the observed longest success run ﬁ(n) is not supposed to change when the
other transition probabilities change. Meanwhile, the point estimates p1; are quite
different due to the fact that the Markov chain with 73 will have more chance to
stay at the state ‘0’ when it is at ‘0’ now.

TABLE 1. 100(1 — «)% lower confidence bound of p11.

ro=|% 06 n = 1000 a = 0.05
0.05 0.95
P11 = 0.8810 P11 = 0.8650 P11 = 0.8780 P11 = 0.8900 P11 = 0.8630
L(n) =111 L(n) =102 L(n) = 190 L(n) =99 L(n) =127

Ip,, = (0.9146,1)

Ip,, = (0.9075,1)

Ipy, = (0.9492,1)

Ip;, = (0.9048,1)

Ip;, = (0.9250,1)

Ty = 0.4 0.6
0.02 0.98

n = 1000

a = 0.05

P11 = 0.9510
L(n) = 302
Ip,; = (0.9677,1)

p11 = 0.9450
L(n) =156
Ipy, = (0.9385,1)

p11 = 0.9530
L(n) =259
Iy, = (0.9625,1)

p11 = 0.9500
L(n) =212
Ipy, = (0.9544,1)

p11 = 0.9660
L(n) =319
Ip;; = (0.9694,1)

Ty = 0.9 0.1
0.02  0.98

n = 1000

a = 0.05

$11 = 0.8510
L(n) = 227
Ip,, = (0.9573,1)

P11 = 0.9250
L(n) = 396
Ip,, = (0.9753,1)

p11 = 0.9140
L(n) =203
Ip,, = (0.9524,1)

P11 = 0.8200
L(n) = 232
Ip,, = (0.9582,1)

p11 = 0.7680
L(n) =155
Ip,, = (0.9381,1)

We remark that the lower confidence bound presented above is very conser-
vative since Theorem 2 gives an equivalence up to logarithm. This can be seen
from the coverage probabilities. From simulations, the coverage probabilities with
the transition matrices 73,7 = 1,2, 3, are all near 100%, which are much higher
than the confidence coefficient 100(1 — 0.05)%.

It has been seen that Theorem I yields the lower confidence bound using
x > 1. In the same way, Theorem 1l can give a two-sided confidence interval
of p11. Furthermore, hypothesis testings on p1; can be done in a similar way.
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ENTROPIC UPPER BOUND FOR BAYES RISK IN THE QUANTUM CASE

BY

RAFAL WIECZOREK (L6pZ) AND HANNA PODSEDKOWSKA (£0DpZ)

Abstract. The entropic upper bound for Bayes risk in a general quan-
tum case is presented. We obtained generalization of the entropic lower
bound for probability of detection. Our result indicates upper bound for
Bayes risk (in a particular case of loss function — for probability of detec-
tion) in a pretty general setting of an arbitrary finite von Neumann algebra. It
is also shown under which condition the indicated upper bound is achieved.

2010 AMS Mathematics Subject Classification: Primary: 81P15;
Secondary: 81P50.

Key words and phrases: Bayes risk, probability of detection, quan-
tum measurement, entropy.

1. INTRODUCTION

One of the branches of quantum information is the theory of statistics deci-
sions and optimal measurement. It motivates to study the Bayes risk and proba-
bility of detection of states of the physical system. Many results in the mentioned
field were obtained for the quantum dynamical system represented by algebra of
all bounded operators with canonical trace (sometimes even on a finite-dimensional
Hilbert space) by [M]-[3], [IT], and [T2].

In this paper we present more general results received for an arbitrary von
Neumann algebra with finite faithful normal trace 7. We employ the definition of
the Segal entropy of states from a predual of algebra.

2. BASIC NOTIONS

2.1. Concept of entropy. Let 2 be a semi-finite von Neumann algebra of
operators acting on a Hilbert space H with a normal semi-finite faithful trace 7,
identity 1, and predual 91,. By 9t} we shall denote the set of positive functionals
in 9M1... These functionals will sometimes be referred to as (non-normalized) states.
The set of normalized states, i.e. the elements p € 9, such that p(1) = ||p|| = 1,
will be denoted by &.
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The algebra of measurable operators 9 is defined as a topological *-algebra
of densely defined closed operators on H affiliated with 91 with strong addition
and strong multiplication.

For each p € 901, there is a measurable operator h such that

p(x) = 7(zh) = 7(hz), x € M.

The space of all such operators is denoted by L(9),7) and the correspondence
above is one-to-one and isometric, where the norm of L!(901, ), denoted by || -
is defined as

1,

Ihllv = 7(IR]), e L (M, 7).

Moreover, self-adjoint operators in L' (91, 7) correspond to Hermitian functionals
in M., and positive operators in L' (9, 7) to the states in M.

For a state p the corresponding element in L (90, 7) will be denoted by p and
called the density matrix of p, thus

p(x) =7(xp) = 7(px), =€ M.
In particular,
7(p) = p(1).
Observe that for a finite 7, we have 9t C L1(901, 7).

In the case of the full algebra B(H), a well-established concept of entropy
goes back to J. von Neumann who defined the entropy of a state p as

S(p) = —trplog p,

where p is a positive trace operator of the trace one.

Unfortunately, when we deal with an arbitrary von Neumann algebra, a satis-
factory general definition of entropy is lacking. Thus we employ the Segal entropy
(up to the minus sign) of p € 9., denoted by H (p) and defined as

H(p) = 7(plog p),

i.e. for the spectral representation of p,
oo
p= [ e(d),
0

we have
H(p) = {)\log)n'(e(d)\)).

Although for a semi-finite algebra 90 this definition is a straightforward gener-
alization of the von Neumann idea, the reasoning which substantiates Segal entropy
properties needs a different setup from the one used in the case of 9t = B(H).
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REMARK 2.1. Despite being a seemingly straightforward generalization of
von Neumann entropy, the Segal definition exhibits fundamental differences in
many respects from that of von Neumann. For example, while the density oper-
ator in the von Neumann definition is a trace-class operator, and thus has a discrete
spectrum with the eigenvalues summing up to one, this is not the case in the Segal
definition. Furthermore, the von Neumann entropy of a state is nonnegative (which
is a consequence of the above property of the density operator), while the Segal
entropy of a state need not be such. In addition, there are also some technical prob-
lems while dealing with a semi-finite trace. For these reasons, we shall consider
the case of a finite von Neumann algebra and adopt a definition of entropy more in
the spirit of the classical Boltzmann—Gibbs notion, where for a density function f
on a probability space (€2, F, u1), its entropy is defined as

= [ f(log f)dp.
Q

As will be seen, our definition, which is just that of Segal up to a minus sign,
assigns a finite nonnegative entropy to a state, and more generally, for each non-
normalized state in 90, with bounded density, its entropy is finite.

It should be noted that some fundamental investigations concerning entropy
and related notions in the above setup were carried out in [9].

REMARK 2.2 (see [6]). For a finite algebra 9 (this is the case of our interest)
with faithful finite normal trace T, 7(1) = 1, for each p € &, H(p) > 0, and for
p € M, H(p) is also bounded from above.

Indeed, since Alog A > A — 1, we have

@.1) H(p) (f)dog)\ed)\) f)\log)m-( N) > ZO )7 (e(dN))

- { Ar(e(dA) — ?r(e(d&) = () — (1) = p(1) — 1.

showing that the entropy is bounded from below, and in particular, it is nonnegative
for states. Moreover, since p is bounded, its spectrum is a bounded set; thus, the
function A — Alog A is bounded on the spectrum, which implies that the entropy
is bounded from above.

REMARK 2.3. In the classical quantum case, that is, for Mt = B(H), the
practical Klein’s inequality holds (see [[1] and [I(]). The analogue of this inequal-
ity is given by the formula
(2.2)

T(aloga—alogb) >0 fora,b e My, 7(a) =7(b) =1 andsupp a < supp b,

and it was proved by Umegaki [9] in the case of an arbitrary von Neumann algebra
N with finite faithful normal trace T. In addition, it was proved (see [8], Theo-
rem 2.1.2(i)) that the equality in (Z2) holds if and only if a = b for M = B(C?).
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REMARK 2.4. Moreover, apart from the very practical Klein’s inequality,
which holds for the Segal entropy, we have also the following inequality (see [H],
Proposition 1). Let a,b € 9 be such that 0 < a < b. Then

(2.3) T(alogb —aloga) > 0,

with equality ifand only if ab = ba = a®. Moreover, a log a and a log b are bounded
(belong to M), and the numbers 7(alogb) and T(alog a) are finite.

(This remark is presented and proved with details in [B], but we remind its
main idea to make our reasoning clearer.)

Proof. Since
0<a<hb,

we have
0 < (logb)a(logb) < (logb)b(logb) = blog?b.

The operator on the right-hand side of the inequality above is bounded (belongs to
M), hence (log b)a(log b) is also bounded (belongs to 91). Moreover,

(log b)a(log b) = (a'/?logb)*a'/?log b,

thus a'/2 log b is bounded (belongs to 9). Consequently, a'/2 (logb — loga) and

a'/? belong to 91, so from the properties of trace we obtain
2.4)
7(a(logb—loga)) =7 (a1/2 (al/Q(log b— log a))) :T(al/Q(log b— log a)al/Q) :

Since the logarithm is an operator monotone function, we have
logb —loga > 0,

yielding
al/Q(log b — log a)a1/2 >0,

and finally, by equation (Z4),
0< T(al/Q(logb —log a)al/Q) = 7(a(logb —loga)).
The assumption
(2.5) T(alogb —aloga) =0

gives
al/Q(logb — log a)1/2 =0,
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yielding
a(loga —logb) =0,

1.e.,
aloga = alogh.

Taking adjoints, we get
aloga = (logb)a.

In particular, log b commutes with a, leaves the range of a invariant and coincides
with log a on the range of a. Thus, on the range of a we have

a| Range a = €'°2?%| Range a = ¢'°¢°| Range a = b| Range a,

which is equivalent to the equalities

ab = ba = a*.
Conversely, assume that the equality above holds true. Then, a and b commute,
so after taking logarithms of both sides, we get

2loga = loga + logb,

that is
log a = log b,

which implies the equality
aloga = aloghb,

and thus equation (Z3). =

2.2. Bayes risk in the quantum case. We are given a von Neumann algebra
I describing the (bounded) observables of a physical system. Let py, p2,... be
normal states from 91,.. We assume that the physical system can be in state p;
with a priori probability 7;,7 = 1,2, ..., where m = (7, m2,...) is a probability
distribution. On the system we perform a measurement (called also a strategy) M
by which we mean a sequence (M, Mo, . ..) of positive operators from 9t such
that

Z M’L = ]]-7
=1

where the series is convergent in the weak operator topology on 1.

We want to find, in an optimal way, the state in which the system really is.

If we receive an outcome M;, we choose the state p;. The probability that the
true state is p; when the measurement gives the result M/, is determined by p; (M;).
Thus p; (M) is the probability of guessing the state p; correctly. If our guess is p;
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while the true one is p;, then we pay a penalty L(4, 7). The function L : N x N — R
is called a loss function. The risk function is defined by the formula

o0

Z Z]pz )

The expectation of the risk function is called the Bayes risk and denoted by
r(M,r),ie

ZZm (i, 4) pi(M;).

i=1j5=1

Consider the concrete loss function of the form
L(i,j) =1 — 6.

Then we have
[c ol o)
r(M,n) = Z Zﬂi(l_ém)pz —1—Z7szz
In this case, minimizing the Bayes risk is equivalent to maximizing the expression
o
> mipi( M.
i=1

which is the probability of the correct guess while performing the measurement
M, and is called the probability of detection. We shall denote this probability by
Pp(M).

3. ENTROPIC BOUND

For an arbitrary loss function we have no guarantee of the existence of an
optimal measurement, e.g. the one which minimizes the Bayes risk. However. un-
der the assumptions presented in the following theorem, we can consider such an
optimal measurement.

THEOREM 3.1 ([8], Theorem 8). Let L be a loss function that satisfies the
following conditions:

(i) there are a; > 0 such that for each i we have |L(i, j)| < a;,j = 1,2,.
and Y2 | mia; < 00;

(ii) for each i there exists lim;_.o L(%, j) = b; such that for some jo we have
L(i,jo) < bjforalli=1,2,...

Then, there exists an optimal measurement.
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In [B] we can find more information on the existence of an optimal measure-
ment. From now on, we will assume that the loss function satisfies the conditions
(i) and (ii) of Theorem B1l. The following theorem will be very helpful for further
consideration.

THEOREM 3.2 ([?], Theorem I1.2.2). We have the relation

3.1 mj\}nr(M, ) =max{(1) :¢p € M, < pj,j =1,2,...},

where p; =Y o2 miL(i,)pi,j = 1,2,... Then the following assertions are equi-
valent:

(i) The measurement M = (M) is optimal for r, and 1) € I, maximizes the
right-hand side of (B1I).

(i) ¥ < ¢j,j = 1,2,...,and¢:Zj‘11¢jM~ zzj‘ilewj.

Let ¢ = (¢;) be a sequence such that L(7,j) < ¢; for all 4,j and the sum
> oo, mic; is convergent. Define the functional

Z 90] Z TiCi — )

where ¢f = Zzl T (ci — L(i,j))pi,j = 1,2, ... Minimizing the Bayes risk is
equivalent to maximizing the functional r. with positive functionals ¢f.
The next result is a simple consequence of Theorem B.

THEOREM 3.3. We have the relation

(3.2) mﬁxrc(M,ﬂ) =min{p(l) : p € M, 0 > ¢f,5 =1,2,...}.

Then the following assertions are equivalent:
(i) The measurement M = (M;) is optimal for r., and ¢ € M, minimizes
the right-hand side of (B2).

(i) > ¢57=1,2,...,and p =37 | @§M; = 377 | M.

Proof. From (B) we obtain
(3.3) m]\/i[nr(M, 7) = max {¢(1) : ¥ Zm i, j)pij =1,2,... }.
Denote by ¢ the functional ) . m;c;p; — 1. Then the above equality takes the form
m]\}[nr (M, ) Zcm min{p(1) : ¢f <, 7 =1,2,...}.
Consequently,

(3.4) m]‘a}xrc(M, m) = min{p(1) : ¢j < p,j =1,2,...}.
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(1)=-(ii). Let ¢ be an optimal functional in (B22). Then ¢ > <p;?, j=12 ...
The functional ¢ = ZZ m;ic;p; — @ maximizes the right-hand side of (Bl). Then
from Theorem B2(ii) we have

=2 ¢;M
J

where ; = > . m;L(i,j)p; and (M;) is an optimal measurement. Therefore, the
optimal functional ¢ in (B3) is of the form ) gofM
(i)=(). Let ¢ be such that ¢ > ¢%,7 = 1,2,..., and ¢ = Z] 1 P5M;

Z;’;l M. The functional ¢ = ), micip; — ¢ satlsﬁes the conditions ¢ < ;,
j=1,2,...,and ¥ = Z;’il oiM; = Z;’il Mjj. Then, by Theorem B2, the
measurement M = (M;) is optimal for r (also for 7.) and ¢ € 9, maximizes the
right-hand side of (Bl). Therefore, ¢ € 901, and ¢ minimizes the right-hand side
of (B2). m

In the rest of this article we assume that 9J7 is a finite von Neumann algebra
with faithful finite normal trace 7, 7(1) = 1, and p1, p2, ... € 9. Denote by || - ||o
the operator norm in 1.

THEOREM 3.4 (Main theorem). Let the series Y, mi(c; — L(4, 7)) || pil oo be

convergent and let us put a, = Z T (cZ L(i,j )) Then we have the estimate

]

(3.5) mj\}[nr (M, ) ch — 2ac i HgH)~ (é(z“pf)).

Proof. Note that the convergence of the series Z 7i(ci — L(i, ) )| il
implies that ¢, $5,... € M, . ¢¢ € M and also the convergence of the series
> ;™ (ci — L(1, ])) Let ' be an optimal functional from the right-hand side
of (B322). Then

)= Z b7 M;

where M = (M;) is an optimal measurement. The series Z i (ci— L4, 5))ll pilloo
is convergent, so the series ) | ¢fM; is the Cauchy series for the norm || - [|.
PGS M; € M, therefore @' € M. Observe that a. = 7'( > gpl). By Remark 74, the
operator (¢ log ¢’ is bounded because ¢’ > ¢5. The operator (Y. ¢¢) log ¢’ is the
pointwise limit of the sequence of operators (Z?:l @f) log ¢, so it is bounded.
On the other hand, using the inequality (Z3), we obtain

7(p5 log §') = (5 log &5).

In summary, we have the convergence of the series » . 7($¢ log ¢') and

(3.6) Y (¢ (log ¢’ —log ¢5)) > 0.

i
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Thus there are two cases. First, the series ) . T(gbf(log ¢ —log gbf)) is diver-
gent, so

Yo 7(@5(log ¢ —log ¢f)) = oc.

i
Then ), 7(5 log ¢f) = —oo and the inequality (B3) is true because it takes the
form
(M,
m]\}[n r(M, ) Z 5.

Second, since the series ZZ T(gbf(log ¢ —log g?)f)) is convergent, so is the series
> T(¢5 log ¢f). Using the inequality (B8), we have the estimate

(3.7) logmﬁxrc(M, ) = logT(¢') — —Z (@5 (log @" — log &5))

With our notation, it is obvious that the assumptions of Klein’s inequality (Z2)
hold and

. AC CAC _5C At
(3.8) T(ZZ i log LZ 90’) > T<zz L log 14 >,

ac ac ac T(P')

therefore

e e 1
logmﬁxrc(M, ) = —T(m log m) + — > 7(¢flog @f) =: A.

Qc 2% c
Consequently, we obtain the inequality

m]\}[n'r(M, ™ <Y mie; -2 m
i

In the proof of Theorem B4 we used the idea of the proof of Lemma 2 in [R].

COROLLARY 3.1. Assume that the series .- | ;|| pi||o is convergent. Then
for the probability of detection we obtain

(3.9) max Pp (M) > 9% milog mi—H (% mipi )+ mi H (pi)
M

Proof. In Theorem B4, let us consider the concrete loss function of the form
L(i,j) =1 —0;; and ¢ = (1,1,...). Then we have r.(M,m) = > . mp;(M;).

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



438 R. Wieczorek and H. Podsedkowska

This expression is the probability of detection. From the inequality (33) we ob-
tain
max Pp (M) > 2% H(mipi) = H(Eimipi)
M

‘We have

i i

ZH(mm) =Y 7(mpilogmip;) =Y _[miT(pilog pi) + m; log ;).

By Remark D2, the inequality 7(p; log p;) = 0 holds. On the other hand, from the
inequality log x < x — 1 we obtain

llpilloo

T(pilogpi) = [ Alog At (ei(dN)) <logllpillos < |lpilloo — 1.
0

Therefore, 0 < m;7(p;log p;) < 7il|pillcoc — mi- By the assumption, the series
ZZ(mH pilloo — i) is convergent, so the series ZZ m;7(pilog p;) is also conver-
gent. Consequently,

S [mit(pilog pi) + milogmi] = > mir(pilog pi) + > milogm;
7 7

)

and
ZH(Wi,Oi) — H(Zﬂzpl) = ZTF@H(M) + Z?Tilogﬂ'i — H(Zﬂ’@pz) n

In the case of a finite-dimensional Hilbert space and a finite number of states,
Corollary BTl is the main result in [T2].

In the next theorem and corollary we assume that 90t = B(C?) and consider a
finite number of states p1, p2, ..., Pn-

THEOREM 3.5. Let ¢§ = Z;.lzl )\g |vf> <UZ| be a spectral decomposition of the
operator ¢5,i =1,2,...,n. Write E = {vf cj=12,...,d,i=1,2,...,n}.
Assume thatLin E = Cand E # AU B, where A, B # 0 and ¥ ye AV wep v L w.
We have the equality in (B3) if and only if ¢§ = aP;,i = 1,2,...,n, where a is

Gc

some positive number, P; is a projection and ZZ P = 1.

Proof. Sufficiency. If the equality holds in (B3), then it must hold also
in (B72). Thus, we have

S (6 (log ¢’ —log ¢5)) =0

i

and, by Remark 24,
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The commutation ¢'@¢ = $¢¢’ means that all eigenvectors from the set E are
eigenvectors of ¢'. By the assumption on the set E the operator ¢’ has only one
eigenvalue. Denote it by a. Applying Theorem B3, we have the inequalities ¢’ >
¢5,J =1,2,..., so the operator ¢’ is invertible, therefore it is equal to al. From
the equality $§¢' = (@f)Q we have ap; = (¢§)2, so all eigenvalues of the operator
@5 are equal to a. Therefore,

¢; = aP; for some projection F;.

The equality must also be in formula (B=X), that is,

e . (HC 4
T<Zl% logzl(’pl>:T<Zl%l 80/ >
Qe Qe Qe T(cp)
So, by Remark 73, %@’ = - >, &%. This gives the condition ), P; = 1.
Necessity. Let M = (My, My, ..., M,), M; = 2 P;. We have

S piM: = Z P—aﬂ aP; = ¢f,

so Theorem B3 implies that M is an optimal measurement and max s r.(M, ) =
7(al) = a. On the other hand,

i(ZH(wﬁ)) —H<1(Z<p§)> = i(ZH(CLP,»)) — H(1)

%

—72 (P;log(aP;) )— Z Pi)loga = loga,

therefore
1 c 1 c
e (M, ) = 22 1 HED A (G 00 g

For the probability of detection we obtain

COROLLARY 3.2. Let p; = 2?21 )\g \vf ) (v!| be a spectral decomposition of
the operator p;,i = 1,2,...,n. Write E = {vf j=12,...,d,i=1,2,...,n}.
Assume thatLin E = Cand E # AU B, where A, B # () andV ye AV wep v L w.
We have the equality in (39) if and only if p; = m%Pi,i =1,2,...,n, where m; =
7(P;), Pjis a projection,y . P; = ml,m =Y. m; and m; = m;/m.

Proof. InTheorem B3 consider the loss function of the form L(i, j) = 1—0d;;
andc = (1,1,...). Then we have 7;p; = aP; for some a > 0 and the projection P;.

Therefore, 7; = am; and a = % Consequently, 7m; = m;/m and Z ;Pi=ml. =
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PRESERVATION PROPERTIES OF STOCHASTIC ORDERS
BY TRANSFORMATION TO HARRIS FAMILY

BY
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AND MOHAMMAD HOSSEIN ALAMATSAZ (ISFAHAN)

Abstract. Stochastic comparisons of lifetime characteristics of relia-
bility systems and their components are of common use in lifetime analysis.
In this paper, using Harris family distributions, we compare lifetimes of two
series systems with random number of components, with respect to several
types of stochastic orders. Our results happen to enfold several previous
findings in this connection. We shall also show that several stochastic or-
ders and ageing characteristics, such as IHRA, DHRA, NBU, and NWU,
are inherited by transformation to Harris family. Finally, some refinements
are made concerning related existing results in the literature.

2010 AMS Mathematics Subject Classification: Primary: 60E15;
Secondary: 60E0S.

Key words and phrases: Ageing intensity order, Marshall-Olkin dis-
tribution, proportional stochastic order, shifted stochastic order, shifted pro-
portional stochastic order, usual stochastic order.

1. INTRODUCTION

Clearly, the lifetime of any reliability system depends on the lifetime of its
components. Thus, in practice, to compare stochastically the lifetime of two sys-
tems, we need to compare the lifetimes of their components. The Harris family of
distributions is a known family for the lifetime of a series system. It was introduced
by Aly and Benkherouf [H] as a generalization of the Marshall-Olkin family. The
Marshall-Olkin family of distributions is better known as the family with a tilt
parameter. It was introduced by Marshall and Olkin [25] and was obtained as the
proportional odds family (proportional odds model) by Kirmani and Gupta [Z3].
However, it was first proposed by Clayton [I5].

* The work was supported by the University of Isfahan.
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The aim of this paper is to focus on the Harris family and stochastically com-
pare such lifetime systems with each other. We recall that the Harris family is con-
structed by combining the Harris probability generating function (pgf) introduced
by Harris [21] and a baseline distribution function. More precisely, a survival func-
tion of the family is defined as

OFk(z) \V*
1 — 0Fk(x) ’
—o<r<o00, 0<f<o00, §=1—-6, k>0,

(1.1) H(x;0,k) = <

where F'(x) is called the baseline distribution function (df) and 0 is called the tilt
parameter. It is easily seen that hazard rates corresponding to F'(x) and H (z; 0, k),

namely, 7r(-) = f(:)/F(-) and rz(-;0,k) = h(-;0,k)/H(-; 0, k), are related by

(1.2) v (a0, k) = I_Tg%%,

—oo< <00, 0<h<oo, §=1-6,k>0.

Clearly, rg(z; 0, k) is shifted below (6 > 1) or above (0 < 8 < 1) rp(z). When
k = 1, a Harris family distribution reduces to a Marshall-Olkin distribution.

In reliability terms, a random variable (rv) X, with Harris family distribution,
can be considered as the lifetime of a series system with independent and iden-
tical (iid) component lifetimes Y7, Ys, ..., Yy, with df’s F', when the number of
components, [V, is itself a Harris rv independent of Y;’s.

Recently, Batsidis and Lemonte [[T] discussed another method of construct-
ing the Harris family of distributions. They revealed that the Harris family of dis-
tributions is a proportional failure rate model which is obtained from a modified
Marshall-Olkin distribution. Then, they provided several results in connection with
behavior of the failure rate function for the Harris family and discussed their cer-
tain stochastic orders. Al-Jarallah et al. [7] presented a proportional hazard version
of the Marshall-Olkin family of distributions as [H (-; #,1)]" and investigated like-
lihood ratio order in this model.

Our aim is to compare a Harris family distribution with its baseline distribu-
tion, with respect to several stochastic orders. Stochastic orders are important tools
for comparing probability distributions and play a great role in statistical inference
and applied probability. Frequently, they are applied in contexts of risk theory,
reliability, survival analysis, economic and insurance. For instance, recently, Bar-
toszewicz and Skolimowska [I0U], Btazej [[4] and Misra et al. [27] studied preser-
vation of stochastic orders under weighting. Benduch-Fraszczak [[3] investigated
preservation of stochastic orders and the class of life distributions in the propor-
tional odds family. Then, Maiti and Dey [24] applied the result of stochastic orders
of [3] to the tilted normal distribution. Nanda and Das [29] studied stochastic
orders in the Marshall-Olkin family. Aghababaei and Alamatsaz [B], Aghababaei
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et al. [4] and Alamatsaz and Abbasi [H] were concerned with stochastic compar-
isons of different distributions with their mixtures.

There is no theoretical basis for choosing the baseline distribution and its tilt
parameter in a Harris family distribution. Therefore, it is important to see how a
Harris family rv responds to the change of the baseline distribution and tilt pa-
rameter. This paper mainly investigates how the relations between tilt parameters
or baseline distributions affect stochastic orders between two given Harris fam-
ily distributions. Considering the utility desired, we are able to choose a baseline
distribution and the tilt parameter.

Abbasi et al. [[1]] compared two Harris families with different tilt parameters
using stochastic orders. In this paper, we are concerned with four types of stochas-
tic orders: simple stochastic orders, shifted stochastic orders, proportional stochas-
tic orders and shifted proportional stochastic orders. In Section &, we shall sum-
marize some useful relations among stochastic orders to be used in the sequel. In
Section B, we consider a baseline distribution and compare the two corresponding
Harris family distributions, with different tilt parameters, with respect to several
stochastic orders. In Section B, it is observed that certain stochastic orders of the
baseline distribution are preserved by transformation to the Harris family with the
same tilt parameter and vice versa. Finally, in Section B we prove that certain age-
ing characteristics, such as increasing failure rate average (IFRA), decreasing fail-
ure rate average (DFRA), new better than used (NBU) and new worse than used
(NWU), are preserved by transformation to the Harris family. Thus, our results en-
fold all findings on stochastic orders of [19], [200], and [3] as special cases. In our
investigations, we also reveal that Theorem 2.2 of [20] is valid only if the support
of the tilt parameter is corrected. Hence, their result in Theorem 2.3 is not true as
it is.

2. STOCHASTIC ORDERS AND CLASSES OF LIFE DISTRIBUTIONS

Let X and Y be rv’s with df’s F' and G, survival functions (sf) F' and G,
probability density functions (pdf) f and g, hazard rate functions rr and rg, re-
versed hazard rate functions 7 (= f(-)/F(-)) and 7¢ and supports Sx and Sy,
respectively. The lower and upper bounds of supports are denoted by [, and u._. In
this paper, we consider F~!(u) = inf{x : F(z) < u}, which is called the quan-
tile function. Also, throughout the paper, “increasing” is used in place of “non-
decreasing” and “decreasing” is used in place of “non-increasing”. In what follows,
some known stochastic orders and classes of life distributions, used in this article,
are recalled and their important properties are stated. For more details, we refer to
[’R] and [3T].

A. Usual stochastic orders

(a) X is statistically smaller than Y (X <4 Y) if F'(z) < G(z) for all x €
(—00,0).
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(b) X is smaller than Y in the likelihood ratio order, denoted by X <, Y, if
g(x)/ f(x) increases in x over the Sx U Sy.

(¢) X is smaller than Y in the hazard rate order, denoted by X <, Y, if
rp(x) = rg(x) forall z € (—oo, 00).

(d) X is smaller than Y in the reversed hazard rate order, denoted by X <,
Y,if rp(z) < 7e(z) forall z € (—o0, 00).

(e) X is smaller than Y in the expectation order, denoted by X <g Y, if
E(X) < E(Y), where expectations are assumed to exist.

(f) The mean residual life (mrl) function of X is defined as m(t) = E(X — t|
X >t) fort < t*, where t* = sup{t : F(t) > 0}. If m and m* are mrl functions
of X and Y, respectively, then X is smaller than Y in the mrl order, denoted by
X < Y, ifm(t) < m*(t) for all ¢ or, equivalently, if ftoo F(u)du/ ftoo G (u)du
decreases in t, when defined.

(g) X is smaller than Y in the convex order, denoted by X <., Y, if for every
real-valued convex function ¢(+) defined on the real line, E(4(X)) < E(¢(Y)).

(h) For non-negative rv’s, X is smaller than Y in the Lorenz order, denoted by
X <poren: Y, if Lx(p) = Ly (p) for all p € [0, 1], where

Lx(p):M 0<]9<1
féF*l(u)du’ ’

is the Lorenz curve of X.
(1) Zimmer et al. [32] defined the log-odds function of an rv X by

Fx
LOx(t) =In =
x () nE

and introduced a new time-to-failure model based on the log-odds ratio (LOR)
function. The LOR function of an rv X is defined by

_d _f@) _rx(t)
LORx(t) = gLOx(t) = F(t)F(t) = a0 .

We say that X is smaller than Y in the LOR order, denoted by X <por Y, if
Ix <ly,ux < uy and LORx(t) > LORy(t) forallt € (ly,uX).

(j) X is smaller than Y in the dispersive order, denoted by X <gi5p Y, if
F~YB) — F1(a) < GYB) — G (a) whenever 0 < o < 3 < 1, or, equiva-
lently, if G~'F () — x increases in x.

(k) X is smaller than Y in the convex transform order, denoted by X <. Y, if
G~ 'F(x)is convexinz € Sy.

(1) For non-negative rv’s, X is smaller than Y in the star order, denoted by
X <, Y,if G1F(z)/x increases in x > 0.

(m) For non-negative rv’s, X is smaller than Y in the super-additive order,
denoted by X <4, Y,if G'F(t +u) > G 1F(t) + G~ 1F(u) fort > 0,u > 0.
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(n) X is smaller than Y in the ageing intensity order, denoted by X <47 Y,
if forall z > 0,

B. Shifted stochastic orders

(0) X is smaller than Y in the up likelihood ratio order, denoted by X <;1 Y,
if [X —t] X >t] <, Yforallt > 0 or, equivalently, if g(z)/f(t + z) increases
inz € [ly,ux —t].

(p) X is smaller than Y in the down likelihood ratio order, denoted by X <;,|
YV,if X < [Y —t|Y >t for all z > 0 or, equivalently, if g(t + x)/f(z) in-
creases in x € [lx,uy — t].

(@) X is smaller than Y in the up hazard rate order (up reversed hazard
rate order), denoted by X <ppq (Sppp) YV, ifforallt > 0, [X —t | X > t] <pr
(<) Y or, equivalently, if G(x)/F(t + x) (G(x)/F(t + x)) increases in = €
(—oo,uy) forall t > 0.

(r) X is smaller than Y in the down hazard rate order (down reversed hazard
rate order), denoted by X <p,| (<pp)) Y, ifforallt > 0, X <p, (<pp) [Y — 1]
Y > t] or, equivalently, if G(t + x)/F(z) (G(t + x)/F(x)) increases in z > 0 for
allt > 0.

C. Proportional stochastic orders. Belzunce et al. [T2] and Ramos Romero
and Sordo Diaz [BU] have introduced the proportional likelihood ratio, proportional
hazard rate and proportional reversed hazard rate orders as follows. Let X and Y
be continuous and non-negative rv’s. Then

(s) X is smaller than Y in the proportional likelihood ratio order (plr) (pro-
portional hazard rate order (phr), proportional reversed hazard rate order (prh)),
denoted by X <pir (Sphr, <prp) Y, if forall 0 < XA < 1, AX <jp (Spp, $pp) YV
or, equivalently, if g(Az)/f(z) (G(\z)/F(x), G(A\x)/F(x)) increases in z for all
0< AL

D. Shifted proportional stochastic orders. Jarrahiferiz et al. [27] have intro-
duced the shifted proportional likelihood ratio order and shifted proportional haz-
ard rate order for continuous and non-negative rv’s as follows:

(t) X is smaller than Y in the up proportional likelihood ratio order, denoted
by X <pipp Y, if [X —t | X > t] <, Y or, equivalently, g(Ax)/f(t + z) is in-
creasinginz € (Ix —t,ux —t) U (ly /A, uy/\) forallt > 0and 0 < A < 1.

(u) X is smaller than Y in the down proportional likelihood ratio order, de-
noted by X <, Y, if X <y [Y —t|Y > t] or, equivalently, if g(Az +t) f(x)
is increasingin z > Oforallt > 0and 0 < A < 1.

(v) X is smaller than Y in the up proportional hazard rate order, denoted by
X <pnry YL if [X —t | X > t] <pnr Y or, equivalently, if G(Az)/F(t + z) is
increasing in z € (0, uy /A) forallt > 0and 0 < A < 1.
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(w) X is smaller than Y in the down proportional hazard rate order, denoted
by X <ppry Y, if X <ppp [Y —t| Y > t] or, equivalently, if G(A\x + t)/F'(z) is
increasing inx > Oforall¢ > 0Oand 0 < A < 1.

E. Classes of life distributions

(a) X has the increasing likelihood ratio (I L R) (increasing failure rate (I F'R),
increasing reversed failure rate (I RF' R)) property, denoted by X € ILR (IFR,
IRFR), if

X <t (Shrts Senp) X

or, equivalently, if f(z)/f(z +t) (F(x)/F(z +t), F(x)/F(x + t)) increases in
x for any ¢t > 0 and X has the decreasing likelihood ratio (DLR) (decreasing
failure rate (DF'R), decreasing reversed failure rate (D RF' R)) property, denoted
by X € DLR (DFR,DRFR), if X <jp| (<pr,<pp)) X or, equivalently, if
fx+1t)/f(x) (F(x+1t)/F(z), F(x +t)/F(z)) increases in x for any t > 0.

(b) X has the increasing proportional likelihood ratio (I PLR) (increasing
proportional failure rate (I PF'R), increasing proportional reversed failure rate
(IPRF)) property, denoted by X € IPLR (IPFR,IPRF), if X <p (<phr,
<prn) X or, equivalently, if f(Az)/f(z) (F(A\z)/F(z), F(Ax)/F(x)) increases
inzforall0 < A < 1.

(c) X has the up increasing proportional likelihood ratio (UI PLR) (up in-
creasing proportional failure rate (U1 PF R)) property, denoted by

X € UIPLR (UIPFR),

if X <pirt (Spret) X or, equivalently, if f(Az)/f(z +t) (F(A\z)/F(z +t)) in-
creases in z for all 0 < A < 1 and ¢t > 0 and X has the down increasing pro-
portional likelihood ratio (DIPLR) (down increasing proportional failure rate
(DIPFR)) property, denoted by X € DIPLR (DIPFR), if X <pip| (Sphr)) X
or, equivalently, if f(Ax +t)/f(z) (F(Ax + t)/F(x)) increases in x for all 0 <
A<landt > 0.

TABLE 1. Some useful relations among various types of stochastic orders.

Sir = Spr = St Shrf = Shr = St
f f
Spirt = Spral = Srhp S S S Spir) = S$phrl = Shr
) (2 NS J I g I
Spir = Sprh = Srh & S & Spir = Sphr = Shr
f f f f f f f
Spir| Sprhl = Srhl Sir] < Spir] = Sphr] = Shr)
U J
Sst < <ph Shr|
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(d) A non-negative rv X has IFRA (DFRA) if ( — %) In F'(t) is increasing
(decreasing) int > 0.

(e) A non-negative rv X is NBU (NWU) if F(t +u) < (>) F(t)F(u) for
t>0andu > 0.

In Table 1, we summarize some useful relationships among several stochastic
orders to be used in the sequel.

3. STOCHASTIC COMPARISON

Assume that the baseline df F'(z) in () is absolutely continuous with pdf
f(z). Then, the pdf and df associated with H (z; 6, k) in (IT) are given by

0V/k f ()
(1 _ G_Fk<$))l+l/k’

—oco< <00, 0<fh <00, 0=1-6, k>0,

(3.1) h(z;0,k) =

and
OF%(z) V*
32 H(z;0,k)=1— | ——=—"— ,
—oco< <00, 0<fh <00, 0=1-6, k>0,
respectively.

Batsidis and Lemonte [IT] in their Proposition 2 compared a Harris family
distribution with its corresponding baseline distribution with respect to several
stochastic and shifted stochastic orders. In the following theorem, we compare two
Harris families with respect to their tilt parameter 6.

THEOREM 3.1. Let X, Y1 and Yo be continuous and non-negative rv’s cor-
responding to survival functions F(-), H(-;01,k1) and H(-; 02, ko), respectively.
Moreover, let {0 < 01 < 1,02 > 1}. Then:

(i) [fX € UIPLR (IPLR, ILR), then Y1 <per (<pl,,, <er) Yg.

(i) If X € DIPLR (DLR), then Y1 Splr (glrl) Yo.

(iii) If X e UIPFR (IPFR,IFR), then Y1 <phri (Sphr, <nri) Y2.

(iv) If X € DIPFR (DFR), then Y1 gphrl (ghﬂ“l) Yo.

Proof. We give the proof for the first part. Proofs of other parts are similar
and thus omitted. Let {0 < ¢; < 1,0 > 1} and X € UIPLR. For Y1 <pjrq Y2,
it is sufficient to show that

h(}\l’, 927 kQ) _ 0;/1”62 f()\CC) (1 _ 9_1Fk1 (l' + t))l/kl+1

hz 400 k) gl fz+1) | (1 - 6,7k () /Pt
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is increasing in « forany 0 < A < 1,¢ > 0 and k1, k2 > 0. Since X € UIPLR,
f(Az)/f(x +t) is increasing in = for any 0 < A < 1 and ¢ > 0. Also the term in
the brackets is increasing in = because

d (1 —0_1F’f1(x+t))1/k1“ _ (1 _glpkl(x+t))1/k1+l
Ao | (1= BpFP () (1= o b2 (A)) /o2

O1(ki + 1) f(z+ ) F*R =Dz 41) Aok + l)f(Ax)F(kQU()\x)}
% [ 1—0,F* (x4 t) - 1 — 0, FF2(\x)

is non-negative provided that {0 < #; < 1,6, > 1}. Thus, we have the assertion.
Our proof above also yields Y7 <, Y2, by putting ¢ = 0, and Y7 <4 Y2, by
letting A =1. m

THEOREM 3.2. Let Y1 and Ys be rv’s corresponding to the df’s H(-;01, k1)
and H(-;09,ks), respectively. If {0 < 61 < 1,09 > 1} or {0 < 01 < 02,k =
ko = k}v then Y1 <y Yo.

Proof. Y7 < Yaisequivalentto h(z; 01, k1)/h(z; 02, k2) being decreasing
in z. But, by equation (B), we have

w01, k) (OFN [1 = k2 ()] /T
h(z; 02, k2)

0" ) [y ()] R

Thus, for any k7 > 0 and k3 > 0 we obtain

d [h(m; Gl,kl)]

dx | h(w: 02, k2)
_ @i 0, k1) (@ [("72 + D)6 FR () (ki + D)6 FF ()
 h(w; 02, k2) 1 — Oy Fk2(x) 1— 6, Fk ()

which is non-positive if {0 < 6 < 1,6, > 1}.
For k1 = ko = k, by equation (B), we have

hz;01,k)  (00\Y*[1— k()]
h(m;@g,k) 92 1-— élpk(l‘) ’

Thus, for all & > 0 we obtain

d [h(:z:;el,k)

o 1 F%@) 1" 86,
iz }W} —C(l’,kﬁl,@z)[ (

T 0FN@)| (1= 6, @)

where C(z;k,601,602) = (61/62)Y*(1 + k) f(z)F*~(x) > 0 is non-positive if
01 < 5. This completes the proof. m
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By Theorem B2 and Table 1, we immediately obtain

COROLLARY 3.1. Let Y1 and Yy be rv’s corresponding to df’s H(-;01, k1)
and H(-;09,ks), respectively. If {0 < 61 < 1,09 > 1} or {0 < 01 < 02,k =
k2 = k}v then Yl <h’r‘ (<7‘h7 <St? <E) Y2‘

REMARK 3.1. It is worth mentioning that, in view of our Theorem B2, Theo-
rem 2.3 of [20] concerning the Marshall-Olkin family is not valid unless 61 > 65
is replaced by 0 > 0.

REMARK 3.2. Our results in Theorem can be viewed as extensions of
those of Theorem 3 of [13], Theorem 4 of [16] and Proposition 1 of [I'l], where they
consider the special case of k = 1, i.e., the Marshall-Olkin family. Furthermore,
our result in Corollary B for k = 1 was proved by Benduch-Frqszczak [3] in
Corollary 2.

In the following theorem we study ageing intensity orders between rv’s Y7 and
Y5 corresponding to df’s H(+; 01, k) and H(+; 62, k), respectively.

THEOREM 3.3. Let Y| and Ys be rv’s corresponding to Harris family df’s
H(-;01,k) and H(-;02, k), respectively. Then Y1 <y Y2 provided that 61 > 0.

Proof. Y7 <47 Yo if and only if, for all x > 0, we have

1 z 1 z
- 01, k) du < —————— 09, k)du, k>0,
ri(x; 61, k) {rH(lL’ 1, k)du ra(z; 02, k) {TH(U 2, k)du >

or, by equation (),

LN e 1 BFN@) p el
rr(z) 0 1 0! | |

which is equivalent to

z 1—0,FFx) 1—0.F%(x)
‘({TF(U) [1 — 01 FF(u)  1- 92Fk(u)] =0 k=0

But this is true if 61 > 65 because

d (1-0F @)\  FMz) - Ffw)
df (1 - 9_F’“(u)> (1 —0Fk ) <Y

orif (1 —60F"(z))/(1 — 0F*(u)) is decreasing in 6 when 0 < u < . Thus, we
have the result. =
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4. PRESERVATION OF STOCHASTIC ORDERS
BY HARRIS FAMILY WITH THE SAME TILT PARAMETERS

Let X7 and X5 be two rv’s with df’s F} and F5 and pdf’s f; and fo, respec-
tively. Suppose that Y; and Y5 are their corresponding Harris family rv’s, i.e., the
df’s F and F5 with baseline, respectively. In this section, we shall study several
stochastic order preservations of the baseline distribution by its corresponding Har-
ris family.

Kirmani and Gupta [23] have shown that usual stochastic, hazard rate, con-
vex transform, super-additive and star orders are preserved by transformation to
proportional odds ratio (Marshall-Olkin) family. In what follows, their results are
generalized to Harris family, i.e., for any £ > 0 in equation (). In fact, more
generally, we have the following necessary and sufficient property.

THEOREM 4.1. X <y Xy ifand only if Y1 <4 Yo.
Proof. Itis true by Theorem 3.1 of [I] whena = 3. =

Since the Harris family of distributions coincides with weighted distributions,
with weight w(z) = 0/% /(1 — éFk(x))l/kH, by Theorem 9(a) of [9] we con-
clude that the hazard rate order is preserved by transformation to the Harris family.
The following theorem also provides a both-sided preservation for different types
of hazard rate orders. That is, by comparing lifetimes of two given systems, we
can detect which one is made of better quality components. But, in these cases, the
range of the tilt parameter values plays a restrictive role.

THEOREM 4.2. (i) Assume that 0 > 1. If X1 <phrt (Sphrs <hrt, <hr) X2,
then Y1 <phrt (Sphrs <hrts <hr) Yo

(ii) Assumethat0 < 6 < LIfY1 <phrt (Sphrs <hrt, <nr) Yo, then X1 <pprp
(Sphr> <hrt, <hr) Xo.

Proof. (i) Itis true by Theorem 3.2(i) of [I] when oo = 8 > 1.

(i1) For the up proportional hazard rate order, let Y1 <pp, Y2. So, for all z,
t>0and 0 < A < 1wehave rg, (x+1t;0,k) > Arp,(Az; 0, k). So, by equation
(), we have

re (z+ 1) - 1—0Ff(x+t)

“.D Arp, (M) T 1—0FFOx)

Since the hazard rate order is implied by the up proportional hazard rate order
(Table 1) and the simple stochastic order is implied by the hazard rate order, for any
randall k > 0 we have H(x) < HY(x). Also, by Theorem &1, Ff(z) < F¥ ().
Further, the survival function is decreasing, so forall0 < A < 1, > 0, k£ > O and
x, we get

Ff(z + 1) < Ff(2) < Ff(z) < F3 ().
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Thus, when 0 < 6 < 1, we have
—OFf(x+1t) > —0Ff(\z) = 1 —0FF(z +1t) > 1 — 0FF(\x).

Consequently, the right-hand side of inequality (&) is greater than one, which
implies g, (x +t) > A\rp, (Ax), i.e., X1 <pprp Xo, as required.

With proper choices of t or A, i.e. t = 0 or A = 1, or both, proofs for the other
parts are immediate. =

By using the counterexample 3.2 of [[I], the following counterexample shows
that the up hazard rate order is not preserved by transformation to the Harris family,
when 0 < 6 < 1.

COUNTEREXAMPLE 4.1. Let X; and X5 be two rv’s having the Erlang dis-
tributions with survival functions Fi (z) = (1 + 2z)e™%*, [y (x) = (2 +1)e~* and
hazard rates rp, (x) = 4z /(1 + 2z), rp,(z) = z/(x + 1), for x > 0, respectively.
So, X1 <prt Xo. However, Figure 1 shows that for some 0 < ¢ < 1,¢ > 0 and
some z > 0, 7y, (z +t;0,k) # ru,(w;0, k) or, equivalently, Ho(x; 0, k)/Hy (v +
t;0,k) is not increasing in z, i.e., the up hazard rate order is not preserved by
transformation to the Harris family when 0 < 6 < 1.

(a (b)

0 1 UL UL
0 0 0 02 04 06 0.8 1
X x

0=0.01,t=0.7and k=2 0=0.01,7=0.7and k=2 6=0.01 and k=2

FIGURE 1. (a) showing that 7, (z + t;60,k) # rm,(x;0,k), and (b)
and (c) showing that Hz(x; 0, k)/H1(xz + t;0, k) is not increasing in x.

COROLLARY 4.1. Let X and Xo be two rv’s with mean residual life (mrl)
Sfunctions my and mq and Harris family rv’s Y1 and Yo having mrl functions m}
and m3, respectively, such that my(t)/ma(t) increases in t. If X1 <y X2, then
Y1 <t Ya provided that 0 > 1. The orders are reversed if m; (t) /m5(t) increases
intand 0 < 6 < 1.

Proof. By Theorem 2.A.2 of [B1], the assertion holds because if X <;,,; X2
and mq (t) /mo(t) increases in ¢, then Xy <p, Xo. Thus, by Theorem EZX(i) we can
conclude that Y7 <p, Y2. But by the sufficiency of the hazard rate order for mrl
order (Theorem 1.D.1 of [31]]), this implies that Y7 <,y Yo. =
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REMARK 4.1. Note that for the special case when k = 1, the log-odds func-
tion of an rv X is equal to the log-odds function of the corresponding Harris family
rv' Y. Consequently, the log-odds ratio order is also preserved by transformation
to the Marshall-Olkin family.

For the ageing intensity order, we have the following

THEOREM 4.3. Assume that X1 and Xo are non-negative rv’s. For all k > 0,
if X1 <ar Xo and X1 <p, Xo, then Y1 <y Yo provided that 6 > 1.

Proof. Letk > 0and 8 > 1. Y] <4y Ys if and only if

1 1

_ 0,k)du < —————
@ k) T w0 R <

frHQ(u;Q, k)du
0
) it
1—-0F7(x)
———= [ rg, (u;0,k)du <
T A

But we have

1—0Ff(z) ©
Rl 4G 0, k)d
i) 4 (0 k)

I _ Ak
fmmﬁmmz_mﬁ@am:—mﬂ@+imc%W@)
0

So, we should show that

—In Fy () lln((l—éFlk(x))/G)}

%D(Lﬁﬁ@»[

TFy (ZL‘) k TRy (.7})
e [~ Fs()  1in (1= 0F () /6)
< (18R | .
Since X7 <a7 Xo, we also have
1 * 1z
TRy (:E) %‘TFl (U)du < er(m) {TFQ(U)du

or

Equivalently, we have
—InFi(z) _ —InFy(x)
< .
e () rry ()

On the other hand, if X; <p, Xo, forall z we have 1/rp, (z) < 1/rp,(z) and also
X1 <g Xa. Thus, FF(z) < F¥(x). So, since > 1, we have

(4.3)

1—0Ff(2) < 1 —0F%(2)
0 D 0 ‘
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Hence, we can conclude that

o (L= 6FF()/6) _ In (1~ 0FE(2)) /0

4.4
@4 e (@) (@)

Now, adding up inequalities (E3) and (2.4) and multiplying the left-hand side by
(1 —0Ff(x)) and the right-hand side by (1 — 6F}(z)), we obtain inequality (Z2).
This completes the proof. m

In the next lemma we need inverses of the df and survival function of a Harris
family distribution. It is easy to verify that equations (1) and (B=2) lead to

k 1/k
4.5) H ' (p;0,k) = F~1 <9f9pk> , 0<p<l,

and

- - (L-pF

Equation (E6) was observed by Batsidis and Lemonte [ T].

LEMMA 4.1. If Hi(x) = Hy(x;0, k) and Hy(z) = Ha(x; 0, k) are two Har-
ris family df’s with baseline df’s I and F5, respectively, then H;l (H1 (m)) =
Fy Y (Fi(x)) for all z.

Proof. Thisresultcanbe obtained by using the assumed form of H; together
with Hy ! which follows from equation (&8). For any k& > 0 and 6 > 0, we have

(- ()" ]/>
)k

0+6(1— Hi(z)

4.7) Hy'(Hyi(z)) = Fyt ( 1—

Thus, substituting H1(z) of equation (B2) into (8-1), we obtain the lemma. m

Without any restriction on the tilt parameter 6, we have

THEOREM 4.4. The following orders are preserved by transformation from a
baseline distribution to its corresponding Harris family and vice versa.
(i) convex transform order,

(i1) star order,
(ii1) supper-additive order,

(iv) dispersive order.
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Proof. (i) X1 <. X5 holds if FQ*lFl(x) is convex in x € Sx,. Thus, by
Lemma B0, H; ' (Hi()) is also convex in z € Sy,. So Y} <. Ya.

(ii) X1 <4 X5 holds if F2_1F1(ac) /x increases in x > 0. Thus, by Lemma BT,
Hy! (Hi(z))/x also increases in z > 0. So Y7 <, Ya.

(i) X1 <gu Xo if Fy 'Fy(t +u) > Fy 'R (t) + Fy ' Fy(u) for t > 0 and
u > 0. Thus, by Lemma &1, H, 'Hy (t +u) > Hy *Hy(t) + Hy ' Hy(u) fort > 0
and u > 0. So Y7 <4 Yo.

(iv)X1 <gisp X2 if Fy 'Fi(x) — z increases in x. Thus, by Lemma B, it
follows that H{l (H1 (x)) — x also increases in x. So Y7 <g;sp Y2.

Proofs of converse transformations are similar. m

COROLLARY 4.2. If X1 <porensz X2, then Y1 <porenz Yo provided that the
function Fy ' (x)/F () is increasing for all x > 0.

Proof. If Fy *(x)/F ! (x) is increasing for all x > 0, then, clearly, it fol-
lows that Fi; ' Fy(z)/x is also increasing for all z > 0. Thus, X; <, X3 and the
Lorenz order is implied by the star order (cf. [H], p. 90), i.e., X1 <Lorenr X2-
Since, by Theorem B4, the star order is preserved by transformation to the Harris
family, we have Y1 <. Ya, which yields the Lorenz order, as required. m

REMARK 4.2. The usual stochastic, hazard rate, convex transform and star
orders are preserved by transformation to the frailty family (proportional hazard
family, cf. [26], p. 240) and to Marshall-Olkin family (cf. [23]). By combining
these facts with Remark 1 of [I1], it follows that such orders are also preserved
under transformation to the Harris family.

5. AGEING PROPERTIES

In the investigations pertaining to ageing concepts, the problem is to examine
how a component or system improves or deteriorates with age. In the reliability
context, life distributions are classified into different classes based on the mono-
tonic behavior of the failure rate and mean residual life functions. The works [Z],
[5] and [IR] proceed in this direction. Batsidis and Lemonte [I1] showed that IFR
and DFR properties are preserved by transformation to the Harris family. In what
follows, we shall show that the ageing characteristics, i.e., [IFRA, DFRA, NBU and
NWU, are also preserved by transformation to the Harris family. First, we need to
recall some results.

PROPOSITION 5.1 ([26], p. 182). The following two statements are equivalent:
(i) X has IFRA (DFRA),

(il) X <. (>«) X1, where X1 has an exponential distribution.
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PROPOSITION 5.2 ([26], p. 182). The following two statements are equivalent:
(i) X is NBU (NWU),
(1) X <sy (>su) X1, where X1 has an exponential distribution.

In the following corollary we shall investigate preservation of the IFRA, DFRA,
NBU and NWU characteristics by transformation to the Harris family.

COROLLARY 5.1. Letf >1(0 <6 < 1).

(i) The IFRA (DFRA) characteristic is preserved by transformation to the
Harris family.

(ii) The NBU (NWU) characteristic is preserved by transformation to the
Harris family.

Proof. (i) Assume that an rv X has the IFRA (DFRA) property and that X
is an rv with survival function Fy(x) = e~* for z > 0. We transform F(-) to the
Harris family as follows:

_ pL/ko—=
. - - - > 0.

Hl(x767k) (1_9€—k’x)1/k’ T =z 0
Let Y and Y; be the corresponding Harris family rv’s with survival functions
H(-;0,k)and Hy(-; 0, k), respectively. By Proposition BT, we get X <, (>.) X.
But, by Theorem B-4(ii), the star order is preserved by transformation to the Har-
ris family, so we have Y <, (>.) Y1. Thus, by [I0], for 6 > 1 (0 <6 < 1), Y]
has the IFR (DFR) property. Moreover, the IFR (DFR) property implies the IFRA
(DFRA) property (cf. [26], p. 181). Thus, Y7 has IFRA (DFRA), and so, by Propo-
sition B, Y7 < (>4) X;. From the transitivity property of partial order, we obtain
Y <, (>4) Xj. Thus, by Proposition B, Y has the IFRA (DFRA) property.

(ii) Let an rv X with survival function F'(-) be NBU (NWU) and X be an rv
with survival function Fy(z) = e~ for x > 0. We transform F(-) to the Harris
family as follows:

Hl/ke—x

Hy(2:0,k) = (1= G Fey1/k"

x> 0.

Let Y and Y7 be rv’s with survival functions defined in (1) and H:(-;6, k),
respectively. By Proposition B2, X <y, (>s,) X1, but by Theorem BA4(iii), the
super-additive order is preserved by transformation to the Harris family. Thus, we
have Y <y (Zsu) Y1. For 6 > 1 (0 < 6 < 1), it can be easily shown that Y7 is
NBU (NWU). Then, by Proposition B2, Y] <, (>s,)X1. Due to the transitivity
property of partial order, this implies that Y <, (>s,) X1. Thus, by Proposition 2,
Y is NBU (NWU). =
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REMARK 5.1. Since the Harris family of distributions coincides with weighted
distributions with weight

01/k
(1 . éFk(x))l/k+1 )

w(z) =

the above corollary is a consequence of Theorem 3 of [IU] and Theorem 3 of [14].
Note that, by Theorem 3 of [IU], for the IFRA and NBU characteristics we should
let w(x)F(z) be increasing in x, but in our Corollary 51 we have a larger class
of 0 values with no restriction on k and x.

6. DISCUSSION AND CONCLUSION

The hazard and lifetime in a series system with variable number of compo-
nents, model (), are functions of a tilt parameter. So, a proper choice of the range
of values of this parameter plays an important role in optimization of the systems
lifetime. In Section 3, we indicated how a lower risk (hazard rate order), longer
lifetime (usual stochastic order), higher likelihood ratio (likelihood ratio order),
etc. can be achieved by a system comparing to its components by a proper choice
of the tilt parameter values. In Section 3, we also discussed how one can distinct
the optimum case of two systems using their tilt parameters. Section 4 determined
when a stochastic order between components is preserved by their corresponding
systems and, more interestingly, vice versa for the cases in which components are
not observable. Finally, in Section 5, we revealed when the ageing properties IFRA,
DFRA, NBU and NWU of components are transferred to their corresponding sys-
tems.
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BELLMAN FUNCTIONS AND Z? ESTIMATES FOR PARAPRODUCTS*

BY

VJEKOSLAV KOVAC (ZAGREB) AND KRISTINA ANA SKREB (ZAGREB)

Abstract. We give an explicit formula for one possible Bellman func-
tion associated with the LP boundedness of dyadic paraproducts regarded
as bilinear operators or trilinear forms. Then we apply the same Bellman
function in various other settings, to give self-contained alternative proofs
of the estimates for several classical operators. These include the martingale
paraproducts of Baifiuelos and Bennett and the paraproducts with respect to
the heat flows.

2010 AMS Mathematics Subject Classification: Primary: 60G46;
Secondary: 42B15.

Key words and phrases: Bellman function, martingale, paraproduct.

1. INTRODUCTION

According to Janson and Peetre [14] the name “paraproduct” denotes an idea
rather than a unique object. Various types of paraproducts appear in the literature
on analysis or probability and in each case certain boundedness properties (i.e. con-
tinuity) are crucial for their applications. An interested reader can find the historical
overview and further references in the short expository paper [2]. In this paper we
will focus mostly on martingale paraproducts and revisit the LP estimates, which
they are well known to satisfy.

We start with the dyadic paraproduct as a motivation for the forthcoming Bell-
man function that we construct. For two functions f and ¢g from an appropriate
space of real-valued test functions on R we can define the dyadic paraproduct as a
bilinear operator in the following way:

(1.1) Ic(f.9) ==Y erlI|7(f, Lr){g, )by
IeD

Here D denotes the family of dyadic intervals in R, 1 is the indicator function

of an interval I, hy := 15, — 1z, is the L>-normalized Haar function, while

* This work has been supported by the Croatian Science Foundation under the project 3526.
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Tiefe and Iyign are respectively the left half and the right half of /. Moreover, ()
denotes the standard inner product with respect to the Lebesgue measure and € =
(er)1ep is a collection of real numbers such that |e;| < 1 for each I € D. (If we
choose €7 € {—1,1}, then they simply represent — and + signs.) A convenient
choice for the test functions are the so-called dyadic step functions, i.e. finite linear
combinations of the indicator functions of dyadic intervals.

Typically, such an object is viewed as a linear operator in g with f fixed, when
it becomes a particular instance of Burkholder’s martingale transform [8]. Alter-
natively, one can fix g and consider it as a linear operator in f, in which case it
is known as the linear paraproduct. In this text we prefer to look at II. symmetri-
cally and discuss its properties as a bilinear operator. This is partly motivated by
the multilinear harmonic analysis, where more singular operators of this type are
studied; see the book [24].

Equivalently, we can define the dyadic paraproduct as a trilinear form. We take
the third test function /, and dualize (1) to get

(L.2) Ae(fagah) = fHE(fag)h = Z EI‘I‘_2<fa ]lf><g7]hf><h71h1>
R 1€D

— 9l (P15 — [Pz
= Z €I|I|[ﬂ[[9]heﬂ 2[g]lnght [ ]Ilett 2[ ]Irlght.

1eD

Here [f]; denotes the average of a function f on a dyadic interval I.
It is well known that (I2) satisfies certain L estimates, i.e. there exists a finite
constant Cp 4 » > 0 depending only on three exponents p, g, r such that

(1.3) |Ae(f,9, )| < Cparll flle@) 9l Loy 1P] - (w)

holds whenever 1 < p,q,7 < ooand 1/p+1/q+1/r = L. By || - || 1»(r) We have
denoted the LP norm on R with respect to the Lebesgue measure.

The easiest proof of (I'3) when ¢, < co uses boundedness of the dyadic
maximal function and the dyadic square function. We simply apply the Cauchy-
Schwarz and Holder inequalities to get

Ac(f g, D) < [(MF)(Sg)(Sh) < 1M flLocellSgll oy ISPl L r),
R

where

M= sup I AL and SFi= (5 (A0 RL) M
1eD I1eD

are the dyadic maximal function and the dyadic square function. Now the well-
known L? estimates for M f and S f give us the desired estimate (I3).

On the side p = oo of the triangle in Figure [, without loss of generality we
can assume that f = 1. The sharp constant in (I3) was found by Burkholder in [6]
and it equals Co g = max{q — 1,7 — 1}.
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(1,0,0)

(0,1,0) p—wo (0,0,1)
FIGURE 1. The Banach triangle with barycentric coordinates (, ¢, 1 )-

On the other hand, on the sides ¢ = oo and r = oo, instead of the LP estimates
it is more natural to consider the BMO estimates, which will not be discussed in
this paper. On the altitude ¢ = r of the triangle in Figure [, the LP estimates for
the trilinear form () reduce to the LP estimates for the dyadic square function,
since

ff(Sg)Qer(f,g,g) ife;f = 1foreach I € D.
R

This implies ||S|| far)—re®r) < v/Cp,q,q- Actually, if the constant Cy 4 4 is sharp,
the last inequality turns into an equality. That sharp constant was found by Davis
in [ILI] and it equals Cp, 4 4 = (22)_2, where z7 is the smallest positive zero of the
confluent hypergeometric function (see [I]).

The special cases listed above are well studied and even the appropriate Bell-
man functions are found. For p = oo one can find them in the papers by Burkholder
[6], Nazarov and Treil [T7], Vasyunin and Volberg [?5], Bafiuelos and Osgkowski
[B], while for ¢ = r the reader can consult the book by Osekowski [200]. There-
fore, because of the symmetry, throughout this paper we restrict our attention to
the triples of exponents (p, ¢, ) satisfying

1.4 1<p,qgr<oo, gq>r, l—i-l-kl:l,
p q T
which correspond to the right half of the Banach triangle depicted in Figure .

Our goal is to give a direct proof of (I3) using the Bellman function method.
Such proofs typically give a better quantitative control and the same Bellman func-
tion can often be applied in various other settings.

First, we may assume that f, g, h are non-negative, as otherwise we split them
into positive and negative parts. Furthermore, we observe that it turns out to be
more practical to apply Young’s inequality on the right-hand side of (I3), but
the newly obtained inequality is actually equivalent to the old one, because of
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the homogeneity of the left-hand side. Therefore, it is enough to prove a non-
homogeneous estimate

> A

1€D

s ’ [g][left - [g]frigm

' (M 1 = [P Lign
2

2

1 T
< Coar (H1 Ve + Sl + H1le )

If we want to recover (IT3), we just have to homogenize the above inequality and
use the assumed bound on €;.
For an arbitrary dyadic interval I we define a scale-invariant expression

H ]Jl f [g]J'um‘ |[h}Jl fo [h]J'vm‘
(f’ g, . Z |J’ C! ngl C! rigl ,
m 2 2
it

so that we can normalize the desired estimate and rewrite it as
L., Lo, 1.
(1-5) (f’ga ) pqr ];[f ]I"‘g[g ]I"‘;[h }I .

This is easily seen multiplying (I3) by |/| and letting I exhaust the positive and
the negative half-axis. Splitting > ;, into > ;-, . > ;¢ L @nd J =T gives
us the following scaling identity:

1 1
(16) QI(fa g, h) = iélleft(fvga h) + §(I)Iright(fa g, h’)

|[g]11eﬁ - I:g][right’ |[h]I]eft - [h]lrighl‘
2 2 .

+ [fIr
We can define the abstract Bellman function

B(uv v,w,U,V, W) ‘= sup (I)I(fv g, h)7
f.g:h

where the supremum is taken over all non—negative functions f, g, h such that
[f][ = u, [g][ =, [ ]] = w, [fp]] =U, [gq}] =V, [hr][ = W. Note that the
above supremum does not depend on the choice of the “base” interval I.

Now we list some properties of that function.

(B1) Domain: The function B is defined on the set
D = {(u,v,w, U, V,\W) € [0,00) : P < U,v? < V,w" < W}.

The upper bounds simply follow from Jensen’s inequality.
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(B2) Range:
1 1 1
0 < B(u,v,w, U, V,W) < Cpgr (pU + 51/ + TW),

where on the right-hand side we assume that the estimate (I-3) holds.

(B3) The main inequality:

1 1 |’U1—U2||U)1—U)2|
B(x) > =B ~B )
(w) > SB(@a) + 1Blws) +ul b 2
whenever the six-tuples x = (u,v,w,U,V,W) and x; = (u;,v;,w;, U;

Vi, W;), i = 1,2, belong to the domain and satisfy x = %azl + %l‘z. This can
be easily seen by taking the supremum in the scaling identity (') over all non-
negative functions f, g, h such that [f];., = u1, [f?]1,, = Ui, etc.

Conversely, suppose that we have already found a function I3 with properties
(BI)—(53). We will show how its existence implies the estimate (I3). Applying
(B3) n times with a fixed choice of the functions f,g,h > 0 and a fixed base
interval I gives us

11| B([f11, [9]z, (A1, [fP)rs [9% 1, [P

> JZC:I [ T1B((£17, [9ls [B s, [£7)0: (9], [R"]5)

[J[=27"1]

+ 2 VA

JCI
[J]>27"1]

Hg] Jieft — [g] Jright‘ Hh] Jiet — [h] Jrighl‘
2 2 '

Since, by (B2), the first sum is non-negative and

(U1 ol 10 71 971 I10) < o (S 1771+ 210+ 107 ),

letting n — oo leads us to the estimate (I3) and then in turn also to (I=3).
It will be convenient to find a function B that also satisfies the following con-
dition:

2
B4 B(=)+ (dB)(x)(z1 — ®) > B(@1) + gulvr — vfjwr —w],
whenever the six-tuples = (u, v, w, U, V,W) and &1 = (uy, v1, w1, Uy, Vi, W)
belong to the domain (I31). Here dB denotes the differential of 3, which is a linear
form, and we consider it at the point & and apply it to the vector 1 — . Condition
(I53) is required by an application considered in Subsection B1I.
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Now we want to find an explicit formula for one possible function B. We
define the function B: D — R as

1 1 1
(1.7) B(u,v,w, U, V,W) := Cqu<pU—|— 6v+ TW) — A(u,v,w),

where A: [0,00)% — R is given by

Au,v,w) :=

AuP 4+ Bv? + Cw", uP < w" < v,
AL—1=Cyp Bvq + CBar I, w” < uP <l
A(p— ;_EB—FC)UP‘F ’U/Uq q/p+ ,wrfT/p w” < 4 < tu
A(p—l):£B+C)up+ Ba,. w1 r/a 4 2C’p;"r(fp§t§ ) " r/p vl < w' < uP,

QAT(P_l)_B(‘H‘T) p—2p/q,2  Balg=r) 2,  r—2r/q

2r(p—1) g ( 2)u ! +zc(q32 S
+r27Ter7 vl < uP < w'
Bq(q—7),2, r—2r 2Cr—B(q—r), r r
q q(g— q p q

AuP +p(q2)v+2r(q2)vw 1+ 2r W wsvisw

The coefficients A, B, C' > 0 will be appropriately chosen depending only on the
exponents p, ¢, 7 and then one will be able to take C,, , » = max{Ap, Bq, Cr}. We
see that the function A has a similar form to the one constructed by Nazarov and
Treil [T7], which can in our notation be written as

q “1w" q
NT(v,w):A(vq—i-w)—i-B{:;_T( Ju', v

w

wT‘

It corresponds to the endpoint case p = 0o, 1 < r < 2 < g < oo. Instead of one

critical curve v? = w" for N'T, we have three critical surfaces:

(1.8) w? =01, wWP=w", vi=w".
Finally, we are ready to state our main result.

THEOREM 1.1. For the exponents p,q,r satisfying (L) it is possible to
choose the coefficients A, B,C such that the function B defined by (1) is of
class C on the whole domain D and satisfies the conditions (B2) (with Cp 4, =
max{Ap, Bq, Cr}), (B3), and (B4). One possible choice of the coefficients is

Q

11¢3r
(r=1)(g—7)

88qr
(p—1(r—1)(g—1)

which yields

A= B=1, and C=

o 88pqr
POT (o= 1) (r = 1)(g—7)
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The claim that B is of class C! on I should be understood in the sense that the
function A is continuous on [0, 00)3, A is continuously differentiable on (0, 00)3,
and the partial derivatives of A can be continuously extended to [0,00)3. At a
boundary point the differential d3 in (IB4) is interpreted as the linear form whose
coefficients are the aforementioned continuous extensions of partial derivatives to
that point.

The motivation behind finding the explicit Bellman function (instead of just
using the abstract one) is that in some contexts the explicit formula could be useful.
For example, Carbonaro and Dragicevic¢ in [[Z] and [R] made use of the fact that the
explicit Bellman function N7 involves powers. Another source of motivation is
that we would also like to find a direct proof (without stopping time arguments)
of the estimates for the “twisted” paraproduct considered by one of the authors
in [I5] or the “twisted” quadrilinear form considered by Durcik in [T2] and [I3].
This could also extend the range of exponents for a non-adapted stochastic integral
considered by the authors in [I6] or for the norm-variation of ergodic averages
with respect to two commuting transformations [23]. So far we can only say that
the Bellman function that has to be constructed for any of the mentioned problems
should necessarily encode some structure of the function from Theorem [T, as
dyadic paraproducts are the simplest and prototypical multilinear multipliers.

The Bellman function that we construct certainly does not give the best possi-
ble constants C,, 4 in (IT3). Indeed, the sharp constant for any triple of exponents
from the generic range (I4) has not yet been determined to the best of our knowl-
edge. Search for the abstract Bellman function B would lead us to the equations

(1.9)

2B 0,0,B 0y, 0B 0,0yB  0,0yB  0,0wB
0,0y B 0’B 0yOuwB +u 0,0uB 0,0vB 0,0wB
0u0yB  0,0,B £ u 2B OwOuB  0,0vB  0,0wB
0u0uB 0,0uB OwOuB O(B  OydyB  OyowB

0,0vB 0,0y B 0wOyB  OyoyB  9ZB  OvowB
| 0uOwB 0, 0wB 0wOwB  OydwB OyvowB 03B ]

det

One way of simplifying (I9) is to consider the non-homogeneous function B of the
form (7). The function B is now a supersolution of the equation for the true Bell-
man function B, but a function of that form can still yield the optimal (unknown)
constant. This way (C9) reduces to

(1.10) det Ay = 0,

where A are the matrices defined in (Z3) below. Alternatively, one can use the
homogeneities of B to reduce the dimension in (IC9). Equations like (ITd) can
sometimes be turned into the Monge—Ampere equation by an appropriate change
of variables, which does not seem to be the case here. At the moment, we do not
know how to solve (ICT0), so we impose slightly weaker conditions on our function
B that result in a constant C,, , » which is not optimal. It would be interesting to find
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a Bellman function B that yields the optimal constant, or perhaps even the exact
abstract Bellman function B. Let us remark once again that this was achieved by
Baiiuelos and Osgkowski [B] in the endpoint case p = oo, f = 1.

We have organized the remainder of the paper as follows. In the next section
we present the proof of Theorem [l In Section B we apply Theorem [T to re-
prove the well-known LP estimates for martingale paraproducts and the heat flow
paraproducts.

2. PROOF OF THEOREM 1.1

The continuity of .4 on [0, 00)? is obvious. Indeed, observe that all exponents
appearing in the definition of A are positive. Thus, A is clearly well-defined and
continuous on each of the six closed regions determined by the inequalities for
u, v, w and it is straightforward to verify that the six formulas are compatible on
the common boundaries.

To see that A is continuously differentiable on the open octant (0, 00)?, we just
calculate the first order partial derivatives in the interior of each of the previously
mentioned regions. The formula for each of these derivatives inside any of the
regions continuously extends to the whole open octant. Moreover, these formulas
coincide on the boundaries of each of the two adjacent regions, so we can deduce
that A really is of class C! on (0, c0)3. For instance, both formulas for %—ﬁ (u, v, w)
at the common boundary of the two adjacent open regions v? < uP < w" and u” <
v? < w", which is a subset of uP = v, simplify to ApuP~!. All other cases are
treated in the same manner.

Also, it is easy to see that the partial derivatives have limits at each point of
the boundary of [0, o) and hence they can be continuously extended to [0, c0)3.
For example, if 0 < v? < w” < uP, then the partial derivative of .4 with respect to
w equals

%(u,v,w):B(q_r) +20r—B(q—r)

ow 2
Obviously, the only problematic points are the ones on the part of the boundary
lying on the plane w = 0, but since v?/w” < 1, the limit as w — 0 still exists and
equals zero. The existence of the other limits can be shown in a similar way.
The estimate (IB2) follows directly from the definitions of the functions .4 and
B, since

(A2) 0 < A(u,v,w) < AuP + Bv? + Cw"

w1 w1,

as long as A, B, C' > 0. This is easily seen by using Young’s inequality. The non-
negativity of B on ID is guaranteed if C,, 5, > Ap, Bq,C'r.
Observe that (I33) is equivalent to

[v1 — va| Jwy — we
u

1 1
(A3) 5/4(“177)17/“)1) + 5“4(“277)27/“)2) - A(U7'l},w) 2 92 92 9
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where (u, v, w), (u1,v1,w1), and (uz, va, ws) are in [0, c0)3 and such that

1
(2.1) (u,v,w) = i(ul,vhun) + §(u2,v2,wg),

while (I34) is equivalent to
(A4 A(ui,vi,wy) = A(u,v,w) + (dA) (u,v,w)(uy — u, v — v, w1 — W)

2

+ §u|v1 —v||lwy — w|,
where (u,v,w) and (u1, vy, w;) are in [0, c0)3. Instead of proving ((43) and ((43)
directly, we will reduce them conveniently to an inequality for quadratic forms.

Let (u,v,w) € (0,00)% be a point that does not lie on any of the three crit-
ical surfaces (I¥). This means that A is of class C2 on an open ball around that
point. If we take (u1, v1,w1), (ug, v2, we) from that open ball such that (Z1) holds,
then substituting v = (u; + u2)/2, Au = (u; — u2)/2, etc., and adding Taylor’s
formulas at (u,v, w) for A(u + Au,v £ Av,w + Aw) gives us the infinitesimal
version of ((43):

(A3)) (d2A) (u, v, w)(Au, Av, Aw) > 2u|Av||Aw).

Here d?.A denotes the second differential of A as a quadratic form, which we con-
sider at the point (u, v, w) and apply to the vector (Au, Av, Aw). Notice that ((431)
does not hold on the whole domain of the function A, which is [0, 00)?3, but it does
hold on the interior of each of the six regions into which the three surfaces divide
(0,00)3.

Conversely, ((43]) implies ((43), i.e. the two inequalities are equivalent for
continuously differentiable functions, which is enabled by the convexity of the
domain. To show the converse, first take a point (u,v,w) € (0,00)3 and a vector
(Au, Av, Aw) € R3 such that also (u &+ Au,v + Av, w + Aw) € (0,00)3. Now
define the function a: [—1,1] — R as

(2.2) a(t) == A(u + tAu,v + tAv, w + tAw).

This function is continuously differentiable on [—1,1] since A is of class C! on
(0,00)3. Also, « is piecewise C2 on [—1, 1]. This follows from the facts that A is
of class C? on (0,00)? outside the surfaces (ILR), it has bounded second deriva-
tives away from the coordinate planes u = 0, v = 0, and w = 0, and the segment
{(u+tAu,v + tAv,w + tAw) : t € [—1,1]} intersects the three critical surfaces
at finitely many points. Using the integration by parts and the fundamental theorem
of calculus (both in the versions for absolutely continuous functions; see [J]) gives
us the equality

—a(l)+ -a(-1) — = j 1 — |t])a” (t)dt.
“1

[\
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From the above identity we deduce
1 1
QA(u + Au, v+ Av,w + Aw) + iA(u — Au,v — Av,w — Aw) — A(u, v, w)

1
f 1 — [t (d?A)(u + tAu, v + tAv, w + tAw)(Au, Av, Aw)dt.

[\ \

Finally, by ((43]) applied at all but finitely many points, the last expression is at
least

1
f 1 —t])2(u + tAu)|Av||Aw|dt = u|Av||Aw|,

DN | =

which gives exactly ((43).

Moreover, ((431) implies ((44). To verify this, we also take (u, v, w) € (0, c0)3
and (Au, Av, Aw) € R? such that (u + Au,v + Av,w + Aw) € (0,00)3. We
define a: [0,1] — R again by the formula (Z7). Integration by parts, the funda-
mental theorem of calculus, and ((43]) this time give

1
a(1) = a(0) + o/(0) + {(1 —t)a(t)dt,

and therefore,
A(u+ Au,v 4+ Av,w + Aw) > A(u, v, w) + (dA)(u, v, w)(Au, Av, Aw)

1
+ [(1 = 1)2(u + tAu)| Av||Aw]|dt.
0

Since u + tAu = (1 — t)u + t(u + Au) > (1 — t)u, the integral in ¢ on the right-
hand side is at least (2/3)u|Av||Aw|, which establishes ((44).

This way we proved that ((43]) implies ((43) and ([44), but only on (0, c0)3.
To see that these two also hold on [0, 00)3, we just have to extend the obtained
inequalities by the continuity of A and d.A. We have commented in the introduction
how we interpret d.4 at the boundary of the domain.

Now we are left with proving ((431), which is equivalent to showing that the
two matrices

02A DuOp A 040w A
(2.3) Ay = | 0,0,A 02A DpOuwA £ u
DuOw A 00w A+ u 92A

are positive semi-definite on each of the six open regions into which the surfaces
(CR) split (0, 00)3. To do so, we will use Sylvester’s criterion and verify that all
three principal minors are positive. More precisely, we will prove that the constants
A, B, C can be chosen so that this is fulfilled.
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We can simplify the calculations a bit by substituting t = v?/u?, s = w" /u?

and noting that
(2.4) Alu,v,w) = uwPA(t, 5),

where 7: (0,00)% — R is given by

A+ Bt+Cs, 1<

Alp— 1) C+Bt+p s1=1/p s <

A(p— 1) £B+C) 4+ Bp tl p 4 Cp s1=1/p, s <

y(t, s)= Ap— 1) £B+C)+Bqt2/q51/r 1/q+2Cp;‘T(IJ)3p§c)1—T) l—l/p’ t<

2Ar(p—1)—B(q+r) 2 q(g="r) 42/q 1-2

szr(pfl)q T + 2p(q 2)t /q_|_%t /qs /q

+2Cr 5 B(q— T')S7 t <

A+ (quQ)t—i- Bq((q T))tQ/qsl 2/q 4 20r=Blg=r) 2T(q s, 1<

~ VA +~ = o

IN N
»

NN N A
= o= s

»

After plugging (Z4) into (Z3) and multiplying from both sides with the diag-

onal matrix diag(u'=P/2, uP/1=P/2 4P/7=P/2) we obtain the matrices M =

where
mi1 = p(p — 1)y(t, ) — p(p — Dtdey(t,s) — p(p — 1)s057(t, s)
+ 2p°ts0105Y(t, 8) + p*t20%(t, 5) + p*s2924(t, 5),
miz = ma1 = —pat' "V 9s8,057(t, 5) — pgt> V192 (t, ),

miz = ms] = —prtslfl/?aatﬁsfy(t, s) — prs271/’”832’y(t, s),
mas = q(q — D 290~(t, s) + 227219924 (t, s),

Mog = M3y = qrtl_l/qsl_l/rﬁtasfy(t, s)+£1,

mas = r(r — 1) 729y (t, ) + r2s2 2T 0%(t, 5),

[m;],

and the problem is reduced to verifying that these matrices are positive definite on
the interior of each of the six regions determined by the inequalities for ¢ and s.
First, we will calculate the three principal minors of the above matrices for each
region, and then we will explain why we can choose the constants A, B, C' such

that all of them are positive.
The following expressions were calculated using Mathematica [26].

Region 1: 1 < s < t. Minor 1 x 1: ‘Ap(p— 1)‘

Minor 2 x 2: | ABp(p — 1)q(q — 1)t'=2/¢

Determinants (with £):

ABCp(p — 1)q(q — 1)r(r — 1)t =2/a51=2/m | — Ap(p — 1)
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Region 2: s < 1 < t. Minor 1 x 1: p(A(p —-1)— C)

Minor 2 x 2: | Bp(A(p — 1) — C)q(q — 1)t1-2/a

Determinants (with +):

BC’p(A(p —-1)— C’) (q — 1)r2tt=2/agl/a=1/r

— BC’2q(q — 1)7“2251_2/‘]52/‘1 - p(A(p —-1) - C)

Region 3: s <t < 1. Minor 1 x 1: | p(A(p —1) — B—C)

Bp(A(p—1) - B—-C)¢?

Minor 2 x 2: ti/r=1/q

_ B2q2t2/r

Determinants (with +):

BCp(Ap(q+ 1) — qr(B + C))t/r=Yagl/a=1/r| B2Cgr2¢?/rgt/a=1/r

— BC?@rtt/r—ag?a p(A(p —-1)—-B-— C’) + 2BCqrt'/" s/

Region 4:t < s < 1. Minor 1 x 1: ‘p(A(p— 1)-B-C)

Minor 2 x 2: Bp(A(p —1)—B— C)qsl/rfl/Q‘ _ B2q2t2/q32/7’*2/q

Determinants (with +):

(A(p—1)— B —C)(Bpr(2Cr — B(q—r)) — 2p)
2

4 B2q(q o T)tB/qsl/r—Z/q

3 - - 9
+2Bp(A(p —1)—B—C)(q — )t /as=1/a 4 Bq(q Z)(3q T)t4/q81/7"75/q

BPp(Alp —1) =B - C)(q =)0 =) 5/ 2,

+ Bq(2Cr — B(q — r))tl/qsl/r
)

81/q+1/r

BQ(](2CT — B(q— r)) (g —2r)
+
2
Region 5:t <1 <s. Minor 1 x 1:

t2/agl/r=1/q

p(24r(p—1) — B(q+71)) L Brla=r) 5
2r 2r
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Minor 2 x 2:

Bpq(q —r)(24r(p = 1) = Bla+7)) 1o/ | B*¢*(pa+a—2p) o,

2r2(q - 2) 2p(q —2)
B?pa(q 1) ajq 124 | BE(2Ar(p—1) — B(g + 1)
2r2(q — 2) 2r(q — 2)

Determinants (with +):

Bla=7)(p+9)(24r(p = 1) = Blg+1)) (2Cr = Blg—=71)) ),
4r(q — 2)

{B(m-n _Bw><m-3<q-r>>qz<r—nsl23

4r(q —2)
p(2A7“(p —1)—B(g+ r))
2r
2 2
L BPrala—r)(r - 1)(2Cr — B(q — 1)) 2/a 2
4r3(q —2)
_ B*¢*(pg —2p+q)(r —1)(2Cr — B(g - 1)) a2 BPla—7) o
4dp(q — 2) 2r
B4 =) 1310 1/p-1/4
T
B(q=r)(a = p)(2Ar(p = 1) = Ba+7)) 2/ 2/p1
4p(q —2)
ng(q - 7“)3(617’ —2r+ q) 2(1_4/q$2/p—2/q
4r?(q - 2)
_ BPqr(pg —2p+q)(g —7)(g —p) (/g 2/p-1
4p*(¢ - 2)
- Bp(q - T) (QAT(]? B 1) B B(q + T)) tl/qsl/p—l/q
T
B*(q—r)*(2Ar(p—1) = Bla+7)) (204 =30 = 4) /4 2/p3/g
4r(q — 2)

:F

_l’_

Region 6:1 <t < s. Minor 1 x 1: | Ap(p — 1)
Minor 2 x 2:

ABpg(p — D@ =1) 1sq] {ABQQ(P —1)(g - 1)7512@
(g —2) q—2
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Determinants (with +):

AB(2Cr = Blg—r)(p =14 =r)p+4) 5,

2(¢—2)
_ABqr(p—D(¢=Dlg=r)P—a), 2/p1
2p(q — 2)
AB(20r = Blg=r)ar(p =)@ = 1)(P+a) 1 2/ 1 2/
+[ 2p(q — 2) v 20 ~Ap(p 1)
_AB(p—1)(a=1)*(209 =3 = 9) 12q 2/p-2/4
2(¢-2)

T 24Bp(p — 1)(q — r)t"/ oM /P

In each of the expressions there is a unique dominant term (regarding the ex-
ponents of ¢ and s) and it is double framed. We choose B arbitrarily (say B = 1),
then take C large enough (depending on p, ¢, r, B), and finally take A large enough
(depending on p, q, 7, B, C). While doing so, we take care that the coefficient of the
double framed term is greater than the sum of the absolute values of coefficients
of the terms that are neither framed nor circled. We can do so because by taking
C' large enough the expression multiplying A in the coefficient of the dominant
term can be made larger than the sum of the absolute values of the corresponding
expressions in other non-circled terms that contain A. Consequently, the coeffi-
cient of the dominant term grows faster than the sum of the absolute values of the
coefficients in the other terms as A tends to infinity. This means that we can take
A large enough so that the dominant term actually dominates the sum of all other
non-framed and non-circled terms in each expression. Another way of phrasing
the argument that sufficiently large A and C' make six considered determinantal
expressions positive is to observe that each dominant term contains the product
AC, as opposed to any other non-circled term.

The only problematic terms that we cannot dominate with the dominant term
are the circled ones, because of their uncontrollable growth in A. However, just by
taking

C>B(g—r)/(2r) and A= B(qg+r)/(2r(p—1))

we make sure that all of them are non-negative, so they only contribute to the
positivity of the expressions.

To explain how the values of the coefficients A, B, and C'in Theorem [Tl were
obtained, let us consider Region 4 as a representative example. The other regions
are treated similarly.

First, notice that the double framed term really is the dominant one, since
t < s < 1implies

3 1.2 1 _1 4 1_3 2 _2 1

s 1_<2 1 _1 4 1 3 2 _2 1 1 1,1 2 1_1 0.0
tasr a,tes a,tesr ates a,taesr, s v tast ¢ < 1l=1t"s".
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We can choose B = 1 and then take C' large enough such that
r(2Cr —q+r) > max{28(q¢ — r) +2,7(q¢ — r)(2¢ — r) + 2}.

Clearly, C' = 11¢%r/((r — 1)(q — 7)) satisfies the above condition. This way the
expression multiplying A in the coefficient of the dominant term is seven times
larger than the expressions multiplying A in the coefficients of the two non-framed
terms that contain A. Now we just have to take A large enough such that

(A(p -1)-C-— 1) (pr(QCr —q+r)— 2p)

is at least
7 2
max 5q(2C’r —q+r)°, 14q9(2Cr —q+r), 79(2Cr — q+1)|q — 27|,
7
14q(q — 1), 561((1 —7)(3q — 7")}-

It is easy to see that A = 88¢*r/((p — 1)(r — 1)(g — r)) is one possible choice.
Now the dominant term is more than seven times larger than the absolute value of
any other term, which means that the dominant term dominates the sum of all other
terms.

This way we accomplish the positivity of each of the expressions, which is
exactly what we needed and the proof of ([43]) is completed. This also completes
the proof of Theorem [Tl

In the next section, it will sometimes be more convenient to use the infinitesi-
mal version of (B3):
(B3')

—(d?B) (u,v,w, U, V,W)(Au, Av, Aw, AU, AV, AW) > 2u|Av||Aw|.

Again, (B31) holds only for points (u, v, w, U, V, W) at which the second differen-
tial of B is well defined, i.e. for the points such that (u, v, w) does not lie on any
of the three critical surfaces. The equivalence of (B31) and (IB3) follows from the
equivalence of ((431) and ((43).

3. APPLICATIONS

Here we present several applications of the existence of the Bellman func-
tion from Theorem 1. We need to emphasize that the following problems are
quite classical and can be solved using more standard tools. We only provide quite
straightforward solutions based on Theorem 1. Moreover, only the existence of
the Bellman function with properties (IB1)—(IB3) is needed, even though (I34) is
quite convenient in Subsection B. This existence can also follow if bounded-
ness of the dyadic paraproduct is established in some other way, as commented in
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the introduction. However, our goal is to illustrate how several classical problems
become methodologically simple once we explicitly construct the function as in
Theorem [l

For two non-negative quantities A and B we will write A <p B if there exists
a finite constant C'p > 0 depending on a set of parameters P such that A < CpB.

3.1. Discrete-time martingales. Let us consider two martingales X =
(Xn)22o and Y = (Y},)52,, with respect to the same filtration (F,)5,. Their
paraproduct is a stochastic process ((X - Y)n):ozo defined as

G (X-Y)e:=0, (X-YV)p:=Y Xp1(Ye—VYs1) forn>1.
k=1

This process can be regarded as a particular case of Burkholder’s martingale trans-
form [5] of the martingale Y with respect to the shifted adapted process X. We
have also imposed the martingale property on X, since we want to treat X and Y
symmetrically and since this is required by the existence of the L? estimates in the
interior of the Banach triangle in Figure [. We want to prove that for the exponents
p, q, r satisfying (IC4) the estimate

(3.2) X Y)ull o Spagor [ Xnllze[[Yalla

holds uniformly in the positive integer n, where 7’ is the conjugate exponent of 7.
Instead of proving (B22) directly, we will rather show the estimate for the dualized
form, i.e. that for an arbitrary random variable Z € L' the inequality

(3.3) E(X - Y)nZ)| Spar 1 Xnllze | Yallzal| Z]| -

holds. This inequality is trivial unless all norms on the right-hand side are finite.

Let us introduce the third martingale (Z,,)2° , with Z,, := E(Z|F,,). By split-
ting Z = Zy_1 + (Z — Zx—1) + (Z — Zj) and using the martingale property in
the form of E(Yy, — Yy—1|Fk—1) = 0 and E(Z — Zy|Fi) = 0, we can write

E(X-Y),2) = 3 E(Xp 1 (Y — Yi1)2)

x
3 (X (Ve = Vi)~ Zic).

The estimate (B3) is now a clear consequence of the Cauchy—Schwarz, Holder,
Doob and Burkholder—Gundy inequalities. Again, we will give a more direct proof
using the Bellman function (I1).

It is enough to consider the times £k = 0,1,...,n, but we need to show the
estimate that is uniform in n. We can assume that X, Y}, Z, > 0for0 < k < n,
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as otherwise we split the variables X,,, Y;,, Z,, into positive and negative parts, and
introduce three new martingales (for a fixed n):

Uy = E(XP|Fr), Vi=EY]F), Wy:=E(Z;|F).

If we write X, = (Xg, Yi, Zi, Ug, Vi, Wi ), then property (B4) of the Bellman
function B gives us

B(X 1) + (dB)(Xp—1)(Xp — Xp-1)

2
> B(X) + ngfl‘Yk — Y1l Zk — Zi—1],

from which we deduce
2
B(Xj-1) = E(B(Xk)|Fr1) + gE(kaﬂYk — Yol Zk — Zi—1| | Fi-1),

by taking the conditional expectation with respect to Fj_1 and using the martingale
property. Finally, taking the expectation of the above inequality, summing over
k=1,...,n, telescoping, and using (I32) gives

2 n
gz (Xk—11Ye — Y1l Zk — Zk—1|) < EB(Xo) — EB(X,)

1 1 1 1 1
< CparB( 500+ 1o+ W0 ) = Cpar (SIXalty + SVl + 120 ).

Homogenizing the above inequality, we get the desired estimate (33) and hence
also (B2).

3.2. Continuous-time martingales. Let X = (X;)¢>0and Y = (Y;):>0 be two
continuous-time cadlag martingales with respect to the filtration (F;):>0 that sat-
isfies the “usual hypotheses” [22]. In this case the martingale paraproduct is also

a stochastic process ((X . Y)t) +~0> but now defined via the stochastic integral

t
(3.4) (X -Y) = [ X,_dY,.
0+

Since we are allowed to choose dense subspaces on which the initial definition
makes sense (and later extend by continuity), we can conveniently assume that X
is bounded in L™ and Y is bounded in L?. We want to prove that (B34) satisfies the
same LP estimates as (B). To do so, we take (7, )oc_; to be a refining sequence
of partitions

0=1t" <™ <t <. <) =1
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such that lim,,_,~, mesh(m,,) = 0. We can calculate (34) as the limit of the Rie-
mann sums in the following way:

n(m)

(3.5) fX ~dY, = lim_ Z X(m) Y(m) —Y(m>)

The above limit is interpreted as the convergence in probability; for more details
see [22]. Notice that the right-hand side of (B3) is actually a limit of discrete-time
martingale paraproducts (B8). By passing to an a.s. convergent subsequence, using
Fatou’s lemma, and applying (B2), we get the desired estimate for (B-4):

[(X - Y)ell o < supH Z Xyom (Yo = 522@1)|

o Spar 1 Xellze Vel 2o

for the exponents p, g, r satisfying (I4).

As a special case we can consider martingales with respect to the augmented
filtration of the one-dimensional Brownian motion (B;):>0. If we also assume that
Yy = 0, then

t
(3.6) (X-Y): = [ XsdYs,
0

because (X¢)¢>0 and (Y;);>0 now a.s. have continuous paths. We remark that (36)
are the martingale paraproducts studied by Bafiuelos and Bennett in [2] and they
established LP, H?, and BMO estimates for (B86). Their proof of the LP estimates
uses Doob’s inequality and the Burkholder—Gundy inequality.

Yet another short proof of the LP estimates in this particular case can be given
by applying It6’s formula in combination with (I32) and (B3]), instead of approxi-
mating by discrete-time processes. However, for that purpose our Bellman function
should be of class C? on the whole domain. This is achieved by shrinking the do-
main slightly and passing to B. as in the next section; we omit the details.

3.3. Heat flow paraproducts. In order to be able to use the constructed Bell-
man function in relationship with the heat equation, we should first “smoothen it
up”. Let us fix a non-negative even C* function ¢ supported in (—1, 1) with in-
tegral one. For any € > 0 we define the function A, : (¢,00)? — R by the formula

Ac(u,v,w) = [ e3p(eta, e, e e) A(u — a,v — b,w — ¢)dadbde.

(_€7€)3

In words, the function A, is the convolution of A with the L!-normalized dila-
tion of ¢. The newly obtained function is clearly of class C>°. We integrate ([43)
translated by (a, b, ¢) and multiplied by e 3¢ (e ~1a,e7'b,e71¢), and then “sym-
metrize” in (a, b, ¢) and use the fact that ¢ is even. That way we conclude that
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A_ still satisfies the condition ((43) and consequently also ([43]) at every point of
its domain. By the formula (IZ) with A, in the place of A we can define a C*°
function B. satisfying property (B31) for any u,v,w > e and U > uP, V > 09,
W > w". Moreover, property ((42) is retained up to an additional loss by the fac-
tor max{2P, 2%, 2"}, which in turn guarantees (I32) for some (sufficiently large)
constant C, 4 independent of €.

Now suppose that f, g, h are compactly supported C*> functions on R. Also,
let k(z,t) := \/;W exp (—z?/(2t)) be the heat kernel on the real line and u be the

heat extension of f:

ff x_ya )dy

Note that u is the solution of the heat equation Jyu = %6§u with the initial condi-
tion limy o4 u(x,t) = f(x). Analogously we define v and w to be the heat exten-
sions of g and h.

We can define the heat paraproduct, i.e. the paraproduct with respect to the
heat semigroup as a trilinear form

(3.7) A(f,g,h) = fofu(a:,t) Ogv(x,t) Opw(z,t) dt dx.
R O

If we define
vs(z) = k‘($,82), Ys(x) = —91/24 Ok (x, 32)
and substitute t = s2, we get a more familiar expression:

(38  A(f,9,h) ff [ os)( g*%)(w)(h*ws)()@daz

Smooth paraproducts like (B8) appear naturally in the proof of the T1 theorem
(see [M0]), although one usually needs to be more flexible when choosing a bump
function s and a mean zero bump function ;.

Again, we want to prove some LP estimates for (B72), i.e.

(AL 9. M| Spaar 1 | o @) gl oy 2]l )

where p, q, r are exponents satisfying (IC4)). To do so we will imitate the “heating”
technique by Nazarov and Volberg [19] or Petermichl and Volberg [T].
Assume that f, g, h are non-negative and that none of them is identically zero.
Fix R > 0,6 > 0,7 > 26, and observe that u(zx,t),v(z,t),w(z,t) > ¢ whenever
€ [-R, R],t € [0, T — 4] for some sufficiently small e > 0 depending on R, §, T,
and the functions f, g, h. We introduce U, V, W as the heat extensions of fP, g%, h"
respectively and define

b(x,t) := B (u(:v, t),v(z,t),w(x,t),U(x,t), V(x,t), W(x, t)),
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where B; is as above. It is easy to calculate that

(8t - %aa%)b(wvt) = (VB:)(u,v,w,U,V,W) - (at - %83) (u,v,w, U, V,W)
— %(dQBE)(u, v,w, U, V, W)(0u, 0yv, Oyw, 0,U, 0, V, 0, W).

(We have omitted writing the variables x, ¢ on the right-hand side.) Since u, v, w,
U,V, W all satisfy the heat equation, the first term on the right-hand side is zero
and by (B31) we get

(0 — 302)b(x,t) > £u(z,t) Opv(z,t) pw(w, t).

It remains to integrate this inequality over [— R, R] x [, T — 0] with an appropriate
weight, use Green’s formula, and then let § — 0, R, T" — co. We omit the details
and refer to [19] and [2T].

Let us emphasize once again that the previous trick of “smoothing” the Bell-
man function was already used in [[9] and [2T] and no explicit formula is needed
for its application.
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