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Abstract. For fixed I > 0and m > 1, let X%O), XS), ... ,ng) be in-
dependent random n X n matrices with independent entries, let FSP ) =
X%O)(X%I)Yl ... (XSP)*, and let F$}), .. ,Fﬁf”’ be independent ran-
dom matrices of the same form as FS}). ‘We show that as n — oo, the
matrices F510> and m_(l+1)/2(F§3) +...+ F;m)) have the same limiting
eigenvalue distribution.

To obtain our results, we apply the general framework recently intro-
duced in Gotze, Kosters, and Tikhomirov (2015) to sums of products of in-
dependent random matrices and their inverses. We establish the universality
of the limiting singular value and eigenvalue distributions, and we provide
a closer description of the limiting distributions in terms of free probability
theory.
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1. INTRODUCTION AND MAIN RESULTS

The investigation of the asymptotic spectral distributions of random matrices
is a major topic in random matrix theory. In recent years, sums and products of
independent non-Hermitian random matrices with independent entries have found
increasing attention; see e.g. [I], [B], [IT], [I3]-[0R], [20], [25], [27], [29], [31],
[B5]-[37] for results on global spectral distributions, and also the survey paper [Z]
and the references therein for results on local spectral distributions. In particular,
the paper [[[8] provides a general framework for the investigation of the limiting
(global) spectral distributions of products of independent random matrices with
independent entries. Furthermore, the paper [37] shows that this approach proves
useful for the investigation of sums of products as well. The aim of the present
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360 H. Kosters and A. Tikhomirov

paper is to show that certain products of independent random matrices give rise
to random matrices with stable limiting eigenvalue distributions, in the sense that
the sums of several independent copies of these products have the same limiting
eigenvalue distribution after appropriate rescaling.

Throughout this paper, for each n > 1, let X,(ll), X,(f), XS’), ... be indepen-
dent random matrices of size n X n with independent entries. More precisely,
we assume that

(@ — (L yv@
(1.1) Xy (ﬁXﬂf )j,kzl,...,n’

where (Xj(.g)) j.k,qeN 1s a family of independent real or complex random variables

such that

(1.2) EX =0, E(X{?)? =1 in the real case,

and

(1.3) EX](.Z) =0, IE(XJ(,/Z))2 =0, E]XJ(Z)P =1 inthe complex case,
and we additionally assume that this family is uniformly square-integrable, i.e.

(1.4) lim sup E(IX[?1
N

400 jk,q€

] = 0.
{|X§k>|>a})

In this case we also say the matrices X%q) are independent Girko—Ginibre matrices.
In the special case where the entries have real or complex Gaussian distributions,

we usually write Y= (ﬁYj(,g) instead of X\ = (ﬁX;Z))j k=1,...,n

(@)

and call the matrices Y’ Gaussian random matrices or Ginibre matrices. Note
that the assumption (I4) is clearly satisfied in this special case, the random vari-
ables Yj(,g) being independent and identically distributed (i.i.d.).

We will be interested in the limiting spectral distributions of random matrices
(q)
n

)j,k:l,...,n

F,, given by sums of products of the matrices X, and their inverses. Let F;, have
the singular values s1(F,,) > ... > s,(F,,) and eigenvalues A1 (F,), ..., A\, (Fy).
Then we write v, := v(F,,) := % Z?zl ) s;(F,,) for the (empirical) singular value
distribution of ¥, and p,, := pu(Fy,) = % Z?:l Oy, (F,,) for the (empirical) eigen-
value distribution of F,,. The corresponding weak limits in probability (if existent)
will be denoted by v := vg and u := uy, respectively. Note that p will in general
be a probability measure on the complex plane, the random matrices F,, being non-
Hermitian. The density of p (if existent) will be denoted by f(z), or by f(r) (with
r = |z|) in case it is rotation-invariant with respect to the origin.
Let us mention some relevant results from the literature.

EXAMPLES 1.1.
(@) (Circular law) Let F,, = X\, Then f(r) = L 154(r), i.e. u is the uni-
form distribution on the unit disk.
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Sums of products of non-Hermitian random matrices 361

(b) Let F,, = XS) + ...+ Xﬁ{”). Then F,, is a random matrix with inde-
pendent entries of mean zero and variance m/n, so, by simple rescaling, f(r) =
% Lo, m (r). In particular, for the rescaled matrices ﬁFn, the limiting eigen-
value distribution is again the uniform distribution on the unit disk.

(© Let F, = XPXP. Then flr) == 119,1)(r), i.e. p is the induced dis-
tribution of the uniform distribution on the unit disk under the mapping z — 2.
See e.g. [X], Section 8.2.2, for a “simple” derivation.

dLetF, = XPxX® 1 £ x@UxCm ppen

1

10) = g Lol

see [37], Section 2.
(e) (Spherical law) Let F,, = XS)( 22))*1. Then

1
f(r)= m,

i.e. p is the spherical distribution on the complex plane.

@ LetF, = XV X)) + ..+ X" DX~ Then

m2

f(T):m;

see [B7], Section 3. Thus, for the rescaled matrices %Fn, the limiting eigenvalue
distribution is again the spherical distribution on the complex plane.

In view of examples (b) and (f), it seems natural to ask whether there exist
further examples of random matrices F7(10) such that for any m € N, the sums of
m independent matrices of the same form as F%O) have the same limiting eigen-

value distribution as the original random matrices F%O), after appropriate rescaling.

We will answer this question in the affirmative by proving the following result,
which contains examples (b) and (f) as special cases:

THEOREM 1.1. Fixm € Nandl € Ny, let
(1.5) FP = (X)X~ (X )

where Xﬁf’), Xg), .. ,Xg) are independent random matrices as in (IL1)—(C4),
and let F%l), o ,Fng) be independent matrices of the same form as Fq(mo). Then
the matrices m~(+1)/2 (FS) +...+ F;m)) and F;O) have the same limiting eigen-
value distribution u. More precisely, we have p = H(as(l_%l)), where as(l%)
is the symmetric B-stable distribution with parameter 14%1 (see Section I3) and
H (0‘3 (Hll)) is the associated rotation-invariant distribution on C (see Section IZ1).
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Moreover, as we will see in Section 3, apart from a possible permutation of the
exponents 1, the matrices F%O) in Theorem [T are the only examples of products
of independent Girko—Ginibre matrices and their inverses such that for any m € N,
F%O) and Fg) + ...+ F&m) have the same limiting eigenvalue distribution after

appropriate rescaling. In particular, the matrices
(1.6) FO .= X xXE)(xk+))=1 - (x(k+))=1

with £ > 1 do not share this property.
However, the same limiting eigenvalue distributions may arise for products
involving powers of random matrices:

THEOREM 1.2. Fixm e N,k € Nyand ly,...,lp e N, letl =11+ ...+
and define

(1.7) FO .= (XOyxWy=h - (xk))=t
where X7(10)’ ,(11), .. ,X%k) are independent random matrices as in (C1)—(I4),
and let FS), .. ,FSZ”) be independent matrices of the same form as FSLO). Then

the matrices m*(”l)/Z(Fg) +...+ Fglm)) and F%O) have the same limiting eigen-
value distribution |1, which is the same as in Theorem [l

Theorem [l will be deduced from a more general result about random matri-
ces of the form

m 1
(1.8) F,(X):=>) F Z H X( q-1) l+r))s ,

q=1

where m,l € Nand ey, ...,g; € {+1, —1} are fixed. (Thus, the matrices F(q)(X)
are independent random matrices of the same form as the matrix H X(r))gr )

Let us note that under the assumptions (I1)—(4), each matrix X%) is invertible
with probability 1 + o(1) as n — oo (see e.g. Lemma B9), so that F,,(X) is de-
fined with probability 1 + o(1) as n — oo. Here we have the following result,
which establishes the existence of the limiting singular value and eigenvalue dis-
tributions and provides a closer description of them in terms of free probability
theory:

THEOREM 1.3. Let the matrices F,(X) be defined as in (LR). Then there ex-
ist non-random probability measures v and p on (0,00) and C, respectively, such
that lim,, oo V(Fn(X)) = v and lim,_, M(Fn (X)) = u weakly in probability,
and the limiting distributions are the same as those for the matrices ¥, (Y) derived
from Gaussian random matrices. More precisely, the limiting measures v and s are
given by

Hm

(1.9) Sv=(Q (' K...K4%)) and = H(Sv),
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Sums of products of non-Hermitian random matrices 363

where ~y is the Marchenko—Pastur distribution, v~ is the inverse Marchenko—

Pastur distribution, B and X denote the additive and multiplicative free convolu-
tion, and S, Q and 'H are the operators described in Section 1 below.

In particular, this result shows that the limiting spectral distributions are uni-
versal, i.e. they do not depend on the distributions of the matrix entries apart from
a few moment conditions as in ([C2)—(4).

REMARK 1.1. As will follow from the proof, Theorem extends to cer-
tain sums of products of powers of independent Girko—Ginibre matrices and their
inverses, namely to random matrices of the form

k
H ((X%(q—l)k—i-?’))er)lr’

q 1r=1

INE

1L10)  Fo(X) = 3 FO(X) =
q=1

where m,k € N ey,... e € {—1,+1} and ly,...,l; € N are fixed, and
(1.11) forsomer =1,... k, wehavel, = 1.

Here, with the notation as above, the limiting measures v and | are given by

Hm

12) Sv=(Q (MR HEHT)) T and = H(Sw).

This will be important for the proof of Theorem [,

To obtain the preceding results, we apply the general framework from [[I¥]
for the investigation of (global) limiting spectral distributions to sums of products
of independent Girko—Ginibre random matrices and their inverses (see Section B).
Related results for various special cases can be found e.g. in [[II], [B], [IT], [T3],
(4], [06], [PO], [25], [277], [29], [35], [BZ]. In particular, in the Gaussian case,
the limiting eigenvalue and singular value distributions of the products (ICH) were
recently obtained in [[II] and [I6], respectively.

To apply the framework from [IR], we need to verify certain technical condi-
tions, see Conditions A, B and C in Section B2 for details. This will be achieved
by means of a suitable induction argument, which forms the major part of Sec-
tion 4 and which represents the main contribution of this work. Furthermore, to
identify the limiting spectral distributions, we use tools from free probability the-
ory. Here it is worth emphasizing that for the matrices in Theorems [l and [ the
limiting spectral distributions may be described relatively explicitly. It seems that
comparable results are available only in a few special cases, see e.g. [I0], [21],
[22], [26]. Let us mention, however, the very recent work [B], [33], [[Z] which pro-
vides an algorithm for calculating the Brown measures of general polynomials in
free non-commutative random variables. This should yield many further examples
where the limiting spectral distributions may now be determined.
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2. BACKGROUND

In this section we recall some well-known concepts and results from the liter-
ature which will be needed later.

2.1. Results from random matrix theory. The derivation of our results on
limiting eigenvalue distributions will be based on Girko’s Hermitization method
(see also [M]). Thus, we will first study the limiting eigenvalue distributions of the
Hermitian matrices

(2.1 V, = { F(‘)* FO ] and W, :=F F,.
Note that if the singular values of F,, are given by s1, ..., s,, then the eigen-
values of V,, and W,, are given by +s1,...,+s, and s7,...,s2, respectively.

It is easy to see that knowledge of one of the distributions v(F,), u(V,,), u(Wp,)
(or its convergence) implies knowledge of the other two (or their convergence).
More precisely, if S denotes the operator which associates with each distribution v
on (0, c0) its symmetrization on R*, and Q denotes the operator which associates
with each symmetric distribution £ on R* its induced distribution on (0, co) under
the mapping x — 2, the operators S and Q are one-to-one, and we have

2.2) #(Vn) = Sv(Fy) and  p(Wy) = Qu(Vy).
Furthermore, given a symmetric distribution py on R* such that
(2.3) Jlog™ [t] dpv (t) < oo,
we write Huv for the rotation-invariant distribution on C (if existent) such that

24) Uv(a):=—[log|z — a|d(Hpv)(z) = — [ log x| d(uv B B(a))(x)

for any a € C. Here, the function Uy («v) is the so-called logarithmic potential of
the measure Huvy, B(a) := %6_|a‘ + %5+‘a| denotes the Bernoulli distribution,
and H denotes free additive convolution. It follows from basic results in logarith-
mic potential theory that such a distribution Hpv, if it exists, is uniquely deter-
mined by (Z4), see e.g. [BZ], and also the comments at the end of Section P2

Girko’s Hermitization method (see also [I2]) now states that under appropriate
assumptions, the weak convergence of the eigenvalue distributions u(F,,) follows
from the weak convergence of the singular value distributions v(F,, — al,,) of the
shifted matrices F,, — o, for all € C. We will only need the followmg special
case:

THEOREM 2.1 ([I8], Theorem 7.6). If the random matrices ¥, satisfy Con-
dition C in Section B below and there exists a non-random probability measure vg

on (0,00) such that for all « € C, Sv(F,, — al,) — (Svr) B B(«a) weakly in
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Sums of products of non-Hermitian random matrices 365

probability, then u(F,,) — pg := H(Svr) weakly in probability. Moreover, with
the notation from [I8] and under regularity conditions, the measure pg has the
Lebesgue density

1 0 0
(2.5) f(u,v)—W<ua:f+v8f>,

where o = u + v and v is a continuous function on C* taking values in [0, 1] and
satisfying

@26 b(a)(1 - (@) = —Jal(1 - v(@)*(sv( ~ (1 - v(@)))

Here, Sy denotes the S-transform of the symmetric probability measure v =
Svr (see [BU], [4], [IR]).

Furthermore, as the starting point for the proof of Theorem I3 (which will be
by induction on the number of factors and summands in (CR)), we will rely upon

the well-known Marchenko—Pastur theorem, which states that when F,, = Xg),

n € N, then u(W,,) — v weakly in probability, where

1 4 —
2.7 y(dz) = o \/ T;E 10,4y (%) A(dzx)

is the Marchenko—Pastur distribution (with parameter one). Therefore, when F,, =
(X)=1, n € N, we have u(W,,) — 7! weakly in probability, where 4~ is the
induced measure of  under the mapping x +— . We will call this measure the
inverse Marchenko—Pastur distribution. Finally, let us note that the S-transforms
of v and y~! are given by

(2.8) S,(z) =

o and S,-1(2) = —z,

respectively, see e.g. Section 8.1.1 in [IX].

2.2. Results from free probability theory. To describe the limiting singular
value distributions of the random matrices F,, in Theorem 3, we will use various
concepts and results from free probability theory. See e.g. [B8], [Z8] for a thorough
introduction to free probability theory, or Section 5 in [[I&] for a brief introduction
tailored to our purposes. In particular, we will use the free additive and multiplica-
tive convolutions B and X, the associated R and S transforms (also for probability
measures with unbounded support), and the asymptotic freeness of random matri-
ces. Furthermore, we will frequently use the following result:

PROPOSITION 2.1 (Asymptotic freeness). For each n € N, let A, and B,
be independent bi-unitary invariant random matrices of size n. X n such that

sup max {E(2 trace(AnA;;)k) E( trace(BnB;;)k) } < oo
neN
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for all k € N, and suppose that there exist compactly supported (deterministic)
probability measures iaa~ and pugp= on (0,00) such that u(A,A}) — LaA
and p(B,B}) — pupp+ weakly in probability. Then one has the following:

(a) The families {A,,, A}} and {B,,, B} } are asymptotically free, and

(A;B,)(A.,B,)" — uaa+ X ugp+ in moments.

(b) For any k,l € N, the matrices (AE)*AL and Al,(AL)* are asymptoti-
cally free, and for any k € N,

ARARY = 1B L in moments.
(c) The matrices V,(Ay,) and V,(B,,) are asymptotically free, and
Vi(An) + Vi(Br) — pva) B py () in moments.
(d) The matrices V,,(A,,) and J,,(«) are asymptotically free, and

Via(An) + Jn(a) — py(a) B B(a) in moments.

Here, V(A,,) and V (By,) are defined as in equation (I), jixy(a) and v (B)
denote the corresponding limiting distributions, and

(2.9) Jn(e) = [ —(E)In —%In ]

Parts (a) and (b) follow from the results in Section 4.3 in [23], part (d) is proved
in Section 5 in [[I8], and part (c) follows by similar arguments. Also, let us mention
that part (c) is already implicit in [B7].

REMARK 2.1. Observe that Proposition Il may be used to establish the weak
convergence of the mean singular value distributions of the matrices A,B,,, AF
and A,, + B,. However, in most of the situations in which we will use Propo-
sition I later, this already implies the weak convergence in probability of the
singular value distributions of these matrices (see e.g. Section A.1 in [IR]).

It is worth mentioning that there is another description of the limiting density
f(u,v) in Theorem 211 due to Haagerup and Larsen [21] and Haagerup and Schultz
[22]. Actually, in these papers, the density f is shown to describe the Brown mea-
sure of a so-called R-diagonal element in a W*-probability space. Roughly speak-
ing, an R-diagonal element is a non-commutative random variable of the form uh,
where u is Haar unitary and h is a positive element *-free from w.

For our purposes, this description of the density f may be summarized as fol-
lows. In the situation of Theorem 1, let vg be the limiting singular value distri-
bution of the matrices F,, set uv = Svr and pw = Quv (which are the limiting

Probability and Mathematical Statistics 38, z. 2, 2018
© for this edition by CNS



Sums of products of non-Hermitian random matrices 367

eigenvalue distributions of the matrices V,, and W,, in (EI), respectively), and
suppose that pw is not a Dirac measure. Let Sw denote the S-transform of pvy,

and set
1

Vow(t—1)

Then F' is a smooth bijection from the interval (0, 1) to the interval

(a,b) := ((f:c_z dI/F(ZL’))ilm, (fx2 dVF($))1/2>

(where 1/00 := 0 and 1/0 := o00), and the limiting eigenvalue distribution pp =
Hpv of the matrices F,, has a rotation-invariant density f(r) given by

F(t) =

1
T o F (F‘l(r)) Lias)(7)

(2.10) flr)

(see [2T], Section 4, and [22], Section 4). Clearly, the connection to Theorem Tl
arises from the fact that ¢» = F~' on the interval (a, b). Moreover, equation (ZZ10)
shows that F'~1(r) = for 27s f(s) ds, which implies that pw, and hence v, is
uniquely determined by py. Thus, the mapping pv — ug is one-to-one.

Furthermore, it follows from the results in [2T], [22] that the measure H v
exists for any symmetric probability measure pyy on R* satisfying (Z3) and that
the operator H thus defined furnishes a one-to-one correspondence between the set
of these distributions on R* and a certain set H of rotation-invariant distributions
on C. Finally, it is easy to see that for any symmetric distribution p on R* satisfying
(3), we have

@.11) H(Deps) = DM (1)

for all ¢ > 0, where D, is the scaling operator which maps a probability measure
on R or C to its induced measure under the mapping = — czx.

2.3. Results on fB-stable distributions. Let us collect some results on H-stable
distributions which will be needed later. A distribution p on R is called (strictly)
H-stable if there exists a constant & > 0 such that =" = D, 1/ap for all m € N.
Here, D, is defined as in equation (ZZIl). We will often call the constant o the
stability index of p.

The (strictly) B-stable distributions have been investigated in [9], [R] and [2].
First of all, let us recall that for any E-stable distribution, « € |0, 2]. We will need
the following result, which is contained in Appendix A of [R] and in [&]:

PROPOSITION 2.2. Fix « € |0,2]. For a symmetric probability measure . on
R*, the following are equivalent:
(i) w is (strictly) EB-stable with stability index c.
(i) R,(z) = bz*"1, where b € C* with argb = —7 + ar/2.
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(i) Sy(2) = z1/=L/pl/ where b € C* with argb = —m + ar/2.
Moreover, in this case, the constants b in parts (ii) and (iii) are the same.

Here, for the S-transform S,,(z), we make the convention that we take argu-
ments in |—, +7| to define powers of b and arguments in (—27, 0) to define pow-
ers of z. Then, with i the imaginary unit, we have S,,(z) € (0, 00)ifor z € (—1,0),
in line with the convention in [IX].

Henceforward, we write os(«) for the (unique) symmetric H-stable distribu-
tion with parameters o € |0, 2] and b := e(~™+27/2)i Note that in the special cases
a = 2 and a = 1, we obtain the standard semicircle and Cauchy distribution, re-
spectively. Furthermore, let us recall from [R], Appendix A, that the distribution
os() has a continuous density f,, such that f,(z) = O(|z|~*71) as |z| — oo.
Thus, in particular, the distribution o («) satisfies condition (Z=3).

3. PROOF OF THEOREMS 1.1 AND 1.2

In this section, we prove Theorems I and 2 using Theorem and Re-
mark [T, respectively.

Proof of Theorem M. By Theorem 3, the limiting eigenvalue dis-
tributions of the matrices F,, := FS’) and F,, := m~(+1)/2 (Fg) 4+ 4+ FS”)) in
Theorem [Tl are given by

pe = H(Q 7 (v B (7))
and -
g = H<Dm7<z+1)/2 <Q71(’Y X (771)@)) >,
respectively, where D, is defined as in equation (Z_). To obtain the description

asserted in the theorem, we calculate the S-transform of Q! (y & (y~1)®!). Using
(ZR) and the relation Sy, @1, (2) = Sy, (2)Sy,(z), we find that

(—2)'
z+1

SW(Z) = S’y@(’yfl)ﬁl(z) =

b
and therefore

z+1 N R G L R Y
. Sw(z) = P N .

Sv(z) = 5971(7@(771)&)(2) =
By Proposition D2, the corresponding distribution is Q~'(y X (7_1)@) =
0s(727). the symmetric B-stable distribution of parameter ;2;. Thus, up =
H(O‘s (l%)) Also, using the defining property of a B5-stable distribution, we get

BHm Hm
Dm—(l+1)/2<<Q_1('Y|Z(7_1)&l)) ):Dmf(z+1)/2((05(l_%1)) >:Us(l_%1)~
Thus, pug = H(aS (%)) as well, and the proof of Theorem [Tl is complete. m
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Proof of Theorem 2. By Theorem I3 and Remark [, the limiting
eigenvalue distributions of the matrices

F,=F" and F,:=m EV2ED 4  LFM)

n

in Theorem [ are given by
e =H(Q (YR (7R B (1)) )
and
pg = H(Dm_<z+1)/2 (Q_l(’y Xy HE K. K (fy_l)mk’))ﬁam),

respectively. But (v )X K. K (77 1)®k = (y~1)¥ 50 the assertion follows
in the same way as in the previous proof. m

REMARK 3.1. In principle, the density of the limiting distribution ug in The-
orems [ and L2 can be found by means of Theorem 7.6 in [1R]. In our situation,
it is easy to check that equation (-8) reduces to

D) (1= (@) = |al? (1 - ()"

(Recall from Section that Sv(z) takes values in (0,00)i when z € (—1,0).)
Thus, since 1(«) is continuous with values in [0, 1] and () # 1 for a = 0 (see
Sections 6 and 7 in [IR)]), we obtain, for | = 0,1,2, 3,

a2 o 2%
Vo) =1ATS i) = gy el = 1= e
3

and therefore

fo(r) :%1(0,1)(7"), fl(r):Ma
falr) = =
2 W\/mmzrum)
27 (v(r) + w(r))
fs(r) =

T4+ 272 (1 + v2(r) + wQ(r))?”

where we have set
o(r):=(3vV4+27r2 + %\/ﬁr)l/g and w(r):=(3v4+27r2 — %\/ﬁr)l/?)

for abbreviation. m
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REMARK 3.2. It seems natural to ask whether there exist further examples of

random matrices F%O) such that for any m € N, F%O) and Fg) + ...+ Fﬁ{”) have
the same limiting eigenvalue distributions after appropriate rescaling. However,
it turns out that within the class of products of independent Girko—Ginibre matri-
ces and their inverses, there exist no further examples beyond those mentioned in
Theorem [, apart from possible permutations of the exponents +£1. Indeed, sup-

pose that F%O) is a product of p factors Yff) and q factors (Yﬁf"))—l (all of them
independent, and in arbitrary order), and let V,, and W, be defined as in ().
Then, arguing as in the proof of Theorem IL1l, we find that the corresponding S-
transforms Sw and Sv are given by
_(—2)e L (a—1)/2
SW(Z) — (1 + Z*)p and SV(Z) - (1 + Z)(p_l)/27

respectively, and by Proposition 02, the latter is the S-transform of a symmetric
H-stable distribution if and only if p = 1 and q € Ng. Now use the observation
that, by equation (1), if u™™ is not a rescaled version of i, then H(u™™) is not
a rescaled version of H(). =

REMARK 3.3. The limiting eigenvalue distribution in Theorems (L1l and T2
may be interpreted as a stable distribution with respect to an appropriately defined
convolution ®. To define this convolution, suppose that py and pe are two prob-
ability measures which belong to the class H introduced above equation (211
and that A, and B,, are independent bi-unitary invariant random matrices with
limiting eigenvalue distributions py and o, respectively. Also, suppose that these
matrices satisfy the assumptions of Theorem 1. Then, if vy and U, are the limiting
symmetrized singular value distributions of A, and B,,, we have py = H(v1) and
wa = H(v2) by Theorem 1. Furthermore, suppose that the matrix sums A, + B,
have the limiting symmetrized singular value distribution vy BB vy (which seems
natural in view of Proposition 1) and that they also satisfy the assumptions of
Theorem 1. Then, again by Theorem U1, the associated limiting eigenvalue dis-
tribution is given by H(vy B ). This motivates the following definition:

DEFINITION 3.1. Given two probability measures p1 and po of class H, set
pn @ prg = H(H ™ () BH™ (p2)).

This convolution ® may also be interpreted in terms of free probability. Indeed,
given 1 and s in H, pick R-diagonal elements x1 and x5 (in some W*-proba-
bility space) such that the Brown measure of x1 is 11, the Brown measure of x4 is
W2, and x1 and xo are x-free. Then py @ o is the Brown measure of ©1 + T3, as
follows from the results in [21] and [272].

It is now natural to introduce the concept of a (strictly) @-stable distribution:
A probability measure i of class H is called (strictly) @-stable if there exists a con-
stant o > 0 such that p®™ = D, 1/a pu for all m € N. Then, by equation (1), 7
is B-stable if and only if H(V) is ®-stable. Therefore, the ®-stable distributions in
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H are in one-to-one correspondence with the symmetric B-stable distributions on
R* and the limiting spectral distributions occurring in Theorems 1 and T2 are
special examples of this type. m

4. PROOF OF THEOREM 1.3

4.1. Overview. In this section we prove Theorem 3 using the general frame-
work from [IX]. In Subsection B2, we summarize the technical conditions and
the main universality results from [I8] to make the presentation reasonably self-
contained. Subsections B34 prepare for the proof of Theorem 3 by verifying
the technical conditions from [I8]. Subsection E-6 contains the core of the proof
of Theorem 3, and Subsection BE71 describes the necessary modifications for Re-
mark 1. Some auxiliary results from the literature are collected in Subsection E-8.

4.2. General framework. A major step in [IR] is to prove the universality
of the limiting singular value and eigenvalue distributions, i.e. to show that these
distributions (if existent) do not depend on the distributions of the matrix entries,
apart from a few moment conditions as in (IC2)—(I4). To state this more precisely,
we need two sets of random matrices.

To this end, it seems convenient to regard F,, in (LX) as a matrix function
(by slight abuse of notation) and to write

4.1) Fo(ZM, ... Z(m)) i ﬁ(z%q—l)””)&,
q=1 r=1

where m,l € Nand ¢1,...,e; € {—1,+1} are the same as in (I:8), and z$?) =
(Z](.Z)) jk=1,..n is @ matrix in the indeterminates Z;Z)
may write F,,(X) := F (X(l) . Xﬁ{”l)) for the random matrices built from the
l
random matrices X9 := (\}Xj(k)>j,k:1,...,n’ and F,,(Y) ::Fn(YS), .. ,Y;m ))
for the corresponding random matrices built from the Gaussian random matrices

,q=1,...,ml. Then, we

YW = (ﬁYj(g))j 1 - Wealways assume that the families (XJ(Z))j,k,qEN and
(}/}(kq) )j.k.qeN are defined on the same probability space and independent. When the

W x

choice of the matrices X, is clear from the context, we also write F',

instead of F,,(X).

REMARK 4.1. More generally, using the arguments from this section, we
might deal with matrix functions of the form

Fn(zgwl)vz(Qn)v n) = Z l_q[ lqr 5q7

where m, 1y, ..., 1y € N, g4, € {+1, =1}, the indices i, € N are pairwise diffe-
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rent, and all parameters do not depend on n. That is to say, the numbers and the
types of the factors in the m summands need not be the same.

In our investigation of the limiting spectral distributions of the matrices F,,,
we will also consider the shifted matrices F, — al,,, with « € C, the regularized
matrices F,, ¢, with t > 0, and their combinations F,, ; — al,,. Here, the regularized
matrices F,, ; arise from the regularized matrix functions

m ]
4.2) Fo(ZV, ... Zzm)) .= Y 1‘[1 —Dim)yer
g=1r=

where (Z,,)§ := Zy, for ¢ = +1 and (Z,); := (Z} %, + t1,)"'Z} for ¢ = —1.
Note that, by definition, the regularization has no effect when ¢ = +1 and that
limy|o(Z,); b = (Z,)~! when Z,, is invertible.

Furthermore, fix a sequence (7, ),cn of positive real numbers such that 7, — 0
and 7,4/n — 00, and for 0 < ¢ < /2, set
+(sin ) Y(q) 1

ZW(p):=(cos ) X1 (j: k,q€N),

{1X'9 1< v/} {70 |<mvn}

Z(0):= (= 20(0)) 4. @E N, Fa(0):=Fn(Z(p), ..., 20" ().

Note that the matrices Zﬁﬁ) () provide an interpolation between truncated versions
of the matrices X'? (for ¢ = 0) and Y9 (for o =7/2).

With this notation, we have to check the following Conditions A, B and C.

CONDITION A. For F,, = F,,(X) and F,, = F,,(Y), the matrices F,, satisfy
the following condition:

For each a € C and z € C*, we have limy_o lim sup,,_, o, |$n.t(2) — sn(2)|=0
in probability, where s,,(z) and s, ¢(z) are the Stieltjes transforms of the Hermitian
matrices (F,, — ol,,)(F,, — ol,)* and (F,; — al,,)(Fy: — al,,)*, respectively.

CONDITION B. Foreacht > 0, a € C, z € C*, we have

SUp Sup max HE{Dg ‘XJ(Z),Y](,;] }Hoo < A < o0,
pEel0;m/2] 4,3,k

where the maximum is over all partial derivatives D of orders zero, one and two in

the matrix entries Re Z (k) and Im Z (k) gj( k)(gp) may be either

(9) _ 9 C) -1
gj,k;(‘P) = (3Re Z(Z) trace (Vn,t(aa ©) ZIZn) )’ ]_k) ;Z)

or

@) — 9 . -1
9ik(¥) = <(91mZ(Z) trace (Vi ¢(as ) — 2Xan) )‘Z;'Z)—"’Z;ZV
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the V,, +(«a; ¢) are the Hermitizations of the matrices F',,(¢), but with F,, replaced

by F,,; — al,, and 0 (the rescaling parameter in the substitution Z](.qk) — QZJ(.(Q)
is a random variable which is uniformly distributed on [0, 1] and independent of

everything else.

ConDITION C. For F), = F,,(X) and F,, = F,,(Y), the matrices F,, satisfy
the following conditions:

(CO) There exists some p > 0 such that 2 > | s?(F,,) is bounded in proba-
bility as n — oo.

(C1) For any fixed o € C, there exists some () > 0 such that

lim P(s,(F, —al,) <n %) =0.
n—oo
(C2) For any fixed o € C, there exists some 0 < v < 1 such that for any
sequence (0y, )nen With 6, — 0,

lim P(2 Y |logs;(F,—al,)|>¢) =0 foralle >0,

n—oo .
n1<J<n2

where n; = [n — nd,] + 1 and ng = [n — n7].

REMARK 4.2 (Condition Cgmpie). It will be convenient to consider Condi-
tion C for more general random matrices ¥,, (with ¥, of dimension n x n) than
in (CR). If a sequence of random matrices ¥, satisfies Conditions (C0), (C1) and
(C2), we say that the matrices ¥, satisfy Condition C. Also, if a sequence of ran-
dom matrices ¥, satisfies Condition (CO) as well as Conditions (C1) and (C2) with
a = 0, we say that the matrices F, satisfy Condition Cgjpple.

The following universality result is implicitly contained in [IR]:

THEOREM 4.1 (Universality of singular value and eigenvalue distributions).
Let F,,(X), F,,(Y) be defined as above, and let v, (X), v, (Y) and i, (X), pin(Y)
denote the associated singular value and eigenvalue distributions, respectively.

(a) If Conditions A and B hold, v,(X) — v,(Y) — 0 weakly in probability.

(b) If Conditions A, B and C hold, j1,(X)—pun(Y) — 0 weakly in probability.

Proof. (a)Seta:=0.ForZ=Xand Z =, let m,(z;Z) and s,,(2; Z)
denote the Stieltjes transforms of the Hermitian matrices

_[ 0 F.2 _ :
and let my, +(2;Z) and s, (2;Z) denote the corresponding Stieltjes transforms
when F,(Z) is replaced with F',, ;(Z). Fix t > 0. By Condition B and Theorem 3.2
in [I8], we have, for each z € CT, my, 4(2; X) — my1(2;Y) — 0 in probability,
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and therefore s, ¢(z; X) — 55, +(2;Y) — 0 in probability. (Note that the Lindeberg
condition in [I¥] holds by our assumption (I4), while the rank condition in [I¥]
follows from basic inequalities for the rank of matrix sums and matrix products.) It
therefore follows from Condition A that, for each z € C*, s,,(2; X)—s,,(2;Y) —0
in probability, which implies the claim.

(b) By the same argument as in (a), the conclusion of (a) holds not only for
the singular value distributions of the matrices F',,, but also for the singular value
distributions of the shifted matrices F',, — al,, for any fixed o € C. Thus, the claim
follows from Condition C and Remark 4.2 in [I8]. =

REMARK 4.3. As follows from the proof, if one is only interested in the lim-
iting singular value distributions of the matrices ¥,,, it suffices to assume that
Conditions A and B hold with o = 0.

We will use Theorem Bl to establish Theorem 3. This requires verifying
Conditions A, B and C, of course. For this purpose, we provide some auxiliary
results in the next three subsections.

4.3. On Condition A. Let F,, = F,,(X) be defined as in (I.8). To obtain a

matrix function which is smooth in the matrix entries (as needed for Condition B),
we replace all inverses (X%q))_1 with regularized inverses (X%q)); 1. We do this
in a step-by-step fashion. Hence, fix ¢ > 0, fix an index @) such that e = —1,
and for all the other indices ¢ with ¢, = —1, fix a choice between (X£{1>)—1 and

(X%’)); 1. Then it suffices to consider random matrices of the form

(43) Fn = An(Xn)_an + Cn7

where X,, = X%Q) (we omit the index () for simplicity) and A,, B,, and C,

depend only on the matrices Xﬁﬁ) with ¢ # Q.
Fix o« € C, and for 0 < u < t, let

(44) Foo.:=A,(X,),'B,+C, = A, (XEX, +u) ' XEB, + C,
and
4.5) Spu(z) = %traee ((Fn,u —ol,)(Fpy —aly)" — zIn)_l.

Note that F';, o coincides with F,, if X, is invertible. Then, by way of induction, it
will suffice to prove the following lemma:

LEMMA 4.1. ForeachneN, let X, = (ﬁxjk)j’ ket be as in (CIH~(TA).
Furthermore, for each n € N, let A, B,, and C,, be random matrices of dimen-
sion n X n such that the singular value distributions of the random matrices B,
and C,, converge weakly in probability to (non-random) probability measures on
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(0,00) and [0, 00), respectively, and let ¥, ,, and s,,,,(%) be defined as in (B2)
and (B3). Then, for any z = u + iv € CT, we have

(4.6) lim lim sup |$p ¢(2) — sn0(2)| = 0 in probability.
t—0 N0 ) )

REMARK 4.4. Let us emphasize that although the matrices A.,,, B,,, C,, and
X, in the decomposition (B3) are independent, this is not required in Lemma Bl

REMARK 4.5. Lemma 8.16 in [[IR] contains a similar result for the case
C,, = 0, although under additional assumptions and with a proof which does not
seem to extend to the case C,, # 0. The main difference in the proof of Lemma Bl
(as compared to that of Lemma 8.16 in [I8]) is that we control the auxiliary modifi-
cations of the matrices B,, and C,, via the matrix rank, and not via the resolvent.

REMARK 4.6. Let us illustrate the way Lemma Bl will be used later. Consider
an l-fold product F,(X) = (Xg))61 . (Xg))sl, where 1,...,e € {—1,+1},
and suppose by way of induction that we have weak convergence for any matrix
product with less than | factors, possibly regularized. Then, setting ¥, 4, . 4 =

(X (x Pzt and

-1
Sp(try ... t;2) = %trace ((Fn,tl,...,tl —aoly)(Fpgy,.. 1, —oly) — zIn)

and writing ty, := (t,...,t,0,...,0) for the vector consisting of k t’s and | — k
0’s, we have the estimate

!
4.7 |8n.t(2) = sn0(2)] < Y. |sn(tk; 2) — sn(tr—1;2)].
k=1

Now, for each k =1, ..., the kth summand on the right-hand side in (EZ1) satis-
fies (BER), either trivially (when ¢, = +1) or by Lemma Bl (when €, = —1). Thus,
the left-hand side in (BEZD) satisfies (B8) as well, and Condition A is proved for
the l-fold product F,,(X).

Proof of Lemma B For the sake of simplicity, we consider only the
case a = 0 here, the extension to the case o # 0 being straightforward. We have
to show that for any given ¢ > 0 and § > 0,

(4.8) lim sup lim sup P(| sy ¢(2) — sn,0(2)] > €) < 6.
t—0 n— 00
Hence, fix ¢ > 0 and § > 0. As in the proof of Lemma 8.16 in [I8], we introduce
auxiliary modifications of the matrices B,, and C,, before we regularize the inverse
matrices X, 1.
For an n x n matrix M, let s1(M) > ... > s,(M) denote the singular values.
Since the singular value distributions of B,, and C,, converge weakly in probability
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to (non-random) probability measures on (0, c0) and [0, 00), respectively, we may
find K > 1 and N € N such that for n > N, we have

12 eV 12 v )
Pl — 1 - > — — 1 > — | < -
<n kgl {sx(Bn)<K~Lorsy(By)>K} > 5y Of nk; (5(Cn)>K} 24> 5

Then, the modifications ]§n and én are defined as follows. For the matrix C,,,
take the singular value decomposition C,, = UAV™, let A be the diagonal matrix
obtained from A by replacing the diagonal elements Ay with Akk = A NK,
and set C,, := UAV*. For the matrix B,,, take the singular value decomposition
B, = UAV*, let A be the diagonal matrix obtained from A by replacing the
diagonal elements Ay with App = (Apr A K)V K71, and set B, := UAV*,
Then we have

49) IBull < K, IB;Y <K, [Cull <K,
and for n > N, with a probability of at least 1 — §/2, we also have

(4.10) i rank(B, — B,) < ev/24, L rank(C,, — Cn) < ev/24.
Furthermore, let f‘nu and 5, ,(2) be defined as in (24) and (B3), but with B,
and C,, replaced by B,, and C,,. It then follows from (BI0) that for n > N, with
a probability of at least 1 — §/2, we have

L rank(F,,  Fp, — FnuFp,) < €v/6,
and therefore, by the rank inequality (compare e.g. [§], Lemma 6.9),
|$nu(2) — Snu(2)] < g/3.
Thus, we have reduced the proof of (B=R) to showing that

4.11) lim lim sup | Sy, +(2) — $,,0(2)| = 0 in probability.
=0 p—oo
Since we only deal with the modified matrices for the rest of the proof, we omit
the tildes and write B,,, C,,, Fy, ,, and s,, ,,(2) instead of B,,, C,,, F,, ,, and s, . (2),
respectively. Moreover, for brevity, we usually omit the index n.

To establish (EIT), we may proceed as in the proof of Lemma 8.16 in [IX].
Setting R,, := (F,F — 2I)71, 0 < u < ¢, we have the estimates

Rl <o [FIRGF <1+ 2o,

1/2

(4.12)
IRFL[< (0 1A+ [2l0h)) "7, IFsRuI< (v (1 +|2lv7))

1/2
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as well as the representation

L dR, L d(F,F)
4.13 R; —Ro = du = — [ Ry, — "R, du.
( ) t 0 { du “ { du “

Thus, it is straightforward to check that

|1 trace(R; — Ro)| < [ |2 trace (R, F, B~ (XX*+ul) " 'BF;R,)|du

O\:ﬂ-

_l_
3=

trace (R,CB ™ (XX*+ul) 'BF;R.,)|du

S|=

trace (R, F,B*(XX*+ul) "' (B*) 'F;R,)|du

_l’_

_l_
O%w O%H— O%H—

S=

trace (R, F,B*(XX* +ul)~! (B*)AC*RU) ’du.

Using the inequality [trace(IM;MaM3)| < ||[M;]|||M3]|| trace(Mz2) (which holds
for any n x n matrices M1, M5, M3 such that M is positive definite) as well as
(E9) and (E12), we therefore obtain

—

t
“4.14) ‘%trace(Rt - R0)| < C’(}'{7 Z) f % trace(XX* + uI)_l du,
0

where C'(K, z) is some constant depending only on K and z. Thus, it remains
to show that

t
(4.15) lim lim sup [ % trace(X, X}, + ul,) " du = 0 in probability.

- n—oo ()
But this follows from the fact that the random matrices X,, satisfy Condition C;
see the proof of Lemma 8.14 in [I¥] for details. =

4.4. On Condition B. Here we have the following result:

LEMMA 4.2. With ¥, defined as in equation (IR), Condition B holds.

The proof follows from similar estimates to those in Section 8.1 in [I8]. Since
the required modifications are relatively straightforward, we omit the details.

4.5. On Condition C. Here we provide a number of lemmas which will be
helpful in verifying Conditions C and Cgjpple. Recall that Condition Cgjpple Was
introduced in Remark B2,

LEMMA 4.3. For eachn € N, let F,, and G,, be random matrices of dimen-
sion . X n. If the matrices ¥,, and G, satisfy Condition Cgnple, then the ma-
trix products ¥, Gy, also satisfy Condition Cgipple.
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Since this result follows from similar arguments to those in the proof of The-
orem 8.22 in [[I¥] or to those for Lemma B8 below, we omit the proof.

LEMMA 4.4. For each n € N, let X,, = (%Xjk) o be as in the as-
n 7,k=1,...,n
sumptions (LN)—(4). Then the matrices X,, and X, L satisfy Condition C.

For the matrices X,,, Condition C is checked in [20] (in fact, it follows from
the relation E||X||2 = n and from Lemmas &9 and Z10), and for the matrices
X1, Condition C follows from the arguments given in the proof of Theorem 8.22

n [IR]. We therefore omit the details.

REMARK 4.7. A careful analysis of the proof of Theorem 8.22 in [IR] shows

that if the matrices Gy, satisfy Condition Cginple, then the inverse matrices G, 1
satisfy Conditions (C1) and (C2) with o = 0.

LEMMA 4.5. Let F,, = (X))o (X))t where 1 € N, 4q,...,5 € N
(not necessarily different), and 1, . ..,&; € {—1,+1} are fixed. Then F,, satisfies
Condition Cgiyple.

Proof. By LemmaBd4, the claim is true (even with the stronger Condition C)
for [ = 1. By Lemma B3 and induction, the claim remains true for/ > 1. =

LEMMA 4.6. For eachn € N, let X,, = (ﬁXjk)j’k:me be as in the as-
sumptions (CI)—(IC4A). Furthermore, for eachn € N, let A,,, B,, and C,, be ran-
dom matrices of dimension n X n such that A.,,, B,,, C,, and X,, are independent.

(a) If the matrices A, and B,, satisfy Condition Cgmple and the matrices C,,
satisfy Condition (CO), then the matrices A, X, B,, + C,, satisfy Condition C.

(b) If the matrices A, and By, satisfy Condition Cgimple and the matrices Cy,
satisfy Condition C or C,, = 0 for all n € N, then the matrices AnXT_Lan + C,

satisfy Condition C.

Proof. To shorten the notation, we omit the index n throughout this proof.
First of all, let us note that if a sequence of random matrices G,, (with G,, of
dimension n x n) satisfies Condition (CO), there exists some Lg > 0 such that

(4.16) lim P(||Gy|| > n*¢) = 0.

In fact, if p > 0 is such that "' | sP(G,,) is bounded in probability as n — oo
and € > 0 is arbitrary, it follows that

limsup P(s1(Gp) > n(1+5)/p) <limsupP(2 Y s8(Gy) > n®) =0,

n—00 n—o00 k=1

so that the assertion holds for any Lg > 1/p.
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(a) Condition (CO) follows from Lemmas BER and B4, Holder’s inequality,
and the fact that the matrices A, B, C and X satisfy Condition (C0). To prove
Conditions (C1) and (C2), we use the factorization

AXB+C-ol=A(X+A'(C-aol)B™")B.

Then it remains to check that for each of the three factors IM,, on the right-hand
side, we have, for some () > 0,

P(sn(M,) < n_Q) =o0(1) and 2 > log”s;(M,)=op(l).

n1<NLne

For A and B, this is true by assumption. For X + A~!(C — aI)B~1, this follows
from Lemmas B9 and BT0. More precisely, if the matrices A and B satisfy Con-
dition (C1) with o = 0 and ) > 0, and the matrices C satisfy (I8) with L > 0,
we have P(s1(A71(C — oI)B™!) > 2p2@+Ec) — 0 by Lemma 2. Thus, we
may use Lemmas B9 and BET0 conditionally on A, B, C, and on the set of prob-
ability 1 4 o(1) where s1(A~1(C — oI)B™!) < 2n%@tlc,

(b) We consider only the case that the matrices C satisfy Condition C, leaving
the simpler case C = O to the reader. By reasoning as above, we see that Condition
(CO) follows from Lemmas B and B71, Holder’s inequality, and the fact that the
matrices A, B, C and X! satisfy Condition (C0). To prove Conditions (C1) and
(C2), we use the factorization

AXT'B+C—-al=AX"!(B(C—-al) 'A+X)A'(C - ol).

Then it remains to check that for each of the five factors M,, on the right-hand
side, we have, for some () > 0,

P(sp(M,) <n %) =0(1) and 1 > log~s;(M,)=op(1).

n1<nNng

But this is true (i) by assumption, (ii) by Lemma B4, (iii) by Lemmas B9 and BET0
(applied conditionally on A, B, C), (iv) by Remark 4.7, and (v) again by assump-
tion. m

4.6. Proof of Theorem 1.3. After the preparations above, we may turn to the
proof of Theorem 3. Given a sequence of random matrices (G, )necn, We write
v(G,,) for the singular value distributions, u(G,G}) for the squared singular
value distributions, Sv(G,,) for the symmetrized singular value distributions, and
va, aa+ and Svg for the corresponding weak limits in probability (if existent).
Furthermore, for ¢ > 0, let fy;r b= vt :=~, and let Ve ! be the induced measure
of v under the mapping z +— (x + t)~z(z + t)~L. These notions are motivated
by our regularization procedure in equation (E2).
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Let us start with the singular value distributions. We will first use induction
on [ to prove the claim for the case m = 1 and then use induction on m to prove
the claim for the case m > 1. More precisely, we will show the following:

The matrices F,,(X) from (C) satisfy Conditions A and B, and for any
t > 0, the singular value distributions of the matrices F,, ;(X) converge
weakly in probability to the probability measure 4 on (0, c0) with sym-

metrization Sv; = (Q_l(%al X...X %El))EEm-

4.17)

Indeed, by Condition A, we may then let ¢ — 0 get the limiting singular value
distribution of the matrices F,,(X). Note that Condition B has already been estab-
lished in Lemma B, so that it remains to check Condition A as well as the claim
about the limiting distribution.

Products of independent random matrices. For F,(X) = X,,, Condition A
holds trivially, and for F,,(X) = X!, Condition A holds by Lemma &1l Further-
more, the Marchenko—Pastur theorem implies that, forany ¢t > Oande € {—1,+1},
we have (1 (X5, ,(X¢ ;)*) — ~f. Thus, (BI3D) is true for [ = 1.

Now let [ > 1, let F,, be an [-fold product of independent random matri-
ces, and suppose that (E17) holds for any product G,, with less than [ factors.
It then follows from Lemma BT that the matrices F,,(X) satisfy Condition A;
see Remark B4 for details. Now consider the particular decomposition F,,(X) =
X: G (X), where ¢ = +1 or e = —1 and X, and G,,(X) are independent. Then,
for any ¢ > 0, the matrices Y7, ; and G, +(Y) are independent bi-unitary invariant
matrices with

(Y5 (Y5 )) =i and  p(Gni(Y)Gy (YY) = tamaer

by the inductive hypothesis in the latter case. Therefore, by asymptotic freeness
(see Proposition Tl (a)),

1(Fn () (YY) = % R ugwa:-

Thus, by Theorem Bl (a), (EI7) holds for the matrices F,,(X) as well.
Hence, by induction on [, we come to the conclusion that (B-T2) holds for any
product of independent matrices (i.e. for the case m = 1).

Sums of products of independent random matrices. We have just proved (B-11)
for m = 1. Now let m > 1, let F,, be an m-fold sum of products of independent
random matrices, and suppose that (BI17) holds for any such sum C,, with less
than m summands. It then follows by Lemma Bl and a similar argument to that in
Remark B4 that the matrices F,,(X) satisfy Condition A. Now consider the par-
ticular decomposition F,,(X) = G,,(X) + C,(X), where G,,(X) is a product,
C,(X) is an (m — 1)-fold sum of products, and G, (X) and C,(X) are inde-
pendent. Then, for any ¢ > 0, the matrices G, (Y ) and C,, ;(Y) are independent
bi-unitary invariant matrices with

SI/(Gmt(Y)) — SVG(t) and SI/(Cnyt(Y)) — SVC(t)
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by the result for the case m = 1 and the inductive hypothesis, respectively. There-
fore, by asymptotic freeness (see Proposition P11 (c)),

Sl/(Fn’t(Y)) — SVC(t) H SVG(t)'

Thus, by Theorem Bl (a), (EI7) holds for the matrices F,,(X) as well.

Hence, by induction on m, we come to the conclusion that (E17) holds for
any sum of products of independent matrices (i.e. for the case m > 1).

Let us now consider the eigenvalue distributions. To begin with, by Lemma B,
we may check by induction on m that the matrices F,, (X) satisfy Condition C, too.
Therefore, we may use Theorem Bl (b), and it remains to determine the limiting
eigenvalue distributions in the Gaussian case, i.e. for the matrices F,,(Y). Here,
it follows by asymptotic freeness (see Proposition Z11(d)) that Sv (Fn,t (Y) — aIn)
— Svp o = (Sry) B B(«), with B(«) as in Theorem 1. Letting t — 0 and using
Condition A, it further follows that Sv(F,,(Y) — al,,) — Sv, := (Sv) B B(a),
where v is the probability measure described in the theorem. Now apply Theo-
rem 0. =

4.7. Proof of Remark 1.1. A slight variation of the preceding arguments shows
that Conditions A, B and C continue to hold for random matrices F,, of the form
(CI0), provided that the extra condition (ICIT) holds:

Condition A. Here we can regularize the matrices (X !)! by means of

((Xn); 1)l (i.e. each factor in the power is regularized individually) and invoke
Lemma BT, For this, it is important that the matrices A,,, B,, and C,, in Lemma B
need not be independent of X,,; see Remark B4,

Condition B. Here we may extend Lemma B2 to products of powers of
independent Girko—Ginibre matrices, using similar arguments to those in Sections
8.1.3 and 8.1.4 in [IX].

Condition C. Under the extra condition (IIT), it follows from Lemma E-&
(applied with X = Xy and by induction on m that the matrices F, satisfy Con-
dition C. (Unfortunately, without the extra condition (IT1l), Lemma B does not
allow us to draw this conclusion in general, even though we would expect that
Condition C continues to hold in this case.)

Now, the proof of Remark [T is quite similar to that of Theorem 3, which is
why we omit the details. m

4.8. Auxiliary results. In this subsection we collect several auxiliary results
from the literature which we have used to verify Condition C. Let A and B be
n x n matrices, and recall that s;(M) > ... > s, (M) denote the singular values
of the n X n matrix M.

LEMMA 4.7 ([24], Theorem 3.3.14). Forallp > Oandallk =1,...,n, we
k
have Z | (s;(AB))” <D (sj(A)s;(B))".
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LEMMA 4. 8 ([)4 Theorem3 3.16). Forall p>0, we have ZJ 15 P(A+B)

< Cp( ZJ 1 ] )+ Zj 1 j ) where Cy, is a constant depending only on p.
Since sj(M_l) =5 1. (M), j=1,...,n, it is clear that similar results

n—j+1
hold for the smallest singular values.

LEMMA 4.9 ([20], Section 5). Suppose that the conditions (LT)—(IC4) hold.
Then, for any fixed K > 0 and L > 0, there exist positive constants A and B such
that for any non-random matrices M,, with | M, ||z < Kn’, we have

]P’(sn(Xn -M,) < n_A) <n B.

LEMMA 4.10 ([20], Section 5). Suppose that the conditions (ILI)—(IC4A) hold.
Then, for any fixed K > 0 and L > 0, there exists a constant 0 < v < 1 such
that for any non-random matrices M,, with |M,,||2 < Kn" and for any sequence
0n — 0, we have

nll_%lo % > log” sj(X,, —M,,) = 0 almost surely,

n1<I<n2
where ny = [n — ndy] + 1 and ny = [n —n"].
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